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PREFACE 


The object of this book is to give a more systematic account of the 
elements of the theory of Fourier int^als than has hitherto been 
given. I have, however, not attempted to deal with a number of 
important topics of recent growth: Wiener’s Tauberian theorems; 
applications to almost periodic functions, quasi-analytic functions, 
and integral functions; Stieltjes integrals; harmonic analysis in 
general; and Bochner’s generalized integrals, and the theory for 
functions of several variables, of which an account is given in 
Bochner’s book. 

The reader requires only a general knowledge of analysis, though 
he will presumably be familiar with the elements of the theory of 
Fourier series. The book may be read as a sequel to my Theory of 
Functions. 

A great variety of applications of Fourier integrals are to be found 
in the literature, often in the form of ^operators’, and often in the 
works of authors who are evidently not specially interested in analy- 
sis. As exercises in the theory I have written out a few of these 
applications as it seemed to me that an analyst should. I have 
retained, as having a certain ]pictpresqueness, some references to 
‘heat’, ‘radiation’, and so forth ; butj^the interest is purely analytical, 
and the reader need not know whether such things exist. 


NEW COLLEGE, OXFORD, 

1937. 


E. C. T. 
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CONVERGENCE AND SUMMABILITY 


1.1. Fourier’s formulae. The origin of the theory of Fourier 
integrals is to be found in Fourier’s Analytical Theory of Heat,’\ 
Fourier’s argument, which would not now be called a proof, is sub- 
stantially as follows. Suppose that a function f(x)y of period 27rA, is 
represented by the Fourier series 


fix) ^ K+ 2 («»cos^+6„sinH]. 

The coefficients are obtained formally by multiplying by 

cos(ma;/A) or sin(ma:/A), and integrating term-by-term over (— ttAjTtA). 
This gives 

-iA -iA 

and the formula may be written 

= 4 J + i S J y-- *. 

— ttX n 1 _ 

Putting njX = u, 1/A = Su, and making A->oo, the sum passes 
formally into an integral, and we obtain 


du J f{t)cosu{x—t) dt, (1 1 1) 

0 — 00 

This is Fourier's integral formula. 

It may also be written in the form (analogous to that of the 
Fourier series) 

f(x) = J (a(tt)cos + b{%i)sinxu} du^ (1-1 *2) 

0 

where oo 

a(u) = i j* f(t)cosutdty b{u) ~ J /(Osint^^ dt. (1.1.3) 

— 00 *“00 



lf/(/) is an even function, then 


a(u) = - f f(t)cosut dt, 

^ J 


0 


t See list of books and monographs, pp. 370- 1. 
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while b{u) vanishes; and the formula becomes 



QOS XU du 


oc 

J 


f(t)QOSUtdtr, 


(1.1.4) 


This is Fourier's cosine formula. Similarly, if f{x) is odd, a(u) vanishes, 
and we obtain Fourier's sine formula, 



sino^t^ du 


J f(t)8mutdt. 


0 


( 1 . 1 . 6 ) 


We can also regard (1.1.1) as merely a combination of (1.1.4) and 
(1.1.6); for write 

so that g{x) is even and h(x) is odd. Then 


J f(t)coau{x—t) dt 

* 00 00 

= 2 cos tix J g(<)cos lit dt +2 sin iix J i^(;)sin tit dt, 
0 0 

and (1.1.1) gives 


y(a:)+A(a;) 

00 00 CO oo 

= - J cos XU du J g(l)co3ul dt -j-- J sinxu du J h(t)8ihut dt, 


i.e. the cosine formula for g(x) added to the sine formula for h{x). 

The above formulae were discovered independently by Cauchy t in 
his researches on the propagation of waves. The formal basis given 
by Cauchy is as follows. The right-hand side of (1.1.1) is, formally, 
the limit as 8 -> 0 of 


00 00 00 00 
1 J J f{t)COBU{x—t) dt = - jf(t)dt j c-^“cosu(x— 0 du 


— 00 


The factor multiplying /(<) tends to 0 except when t — x. We should 
t Cauchy (1), (2) ; see list of references at the end of the book. 
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therefore expect the value of the integral to be unaltered if we replace 
f{t) by f{x); and this would give 


/(*) 




8*+(a;-0* 


dt = f(x), 


again verifying (1.1.1). 

Another equivalent formula, given by Cauchy, is 

00 GO 

fix) = ^ J J f(t)e^«‘dt. (1.1.6) 

— 00 — 00 

Putting /(a:) = g((a:)+A(a;), where g is even and h odd, as before, 

00 00 00 
J dt = 2 j g{t)ooQut dt +2i J h(t)miut dt, 

— 00 0 0 
and the right-hand side of (1.1.6) is 

00 oo 00 00 

- J cos XU du J g{t)cosut + - J sinarw du J h{t)smut dt 
0 0 0 0 

= g{x)-{-h(x) =f(x). 

We shall call (1.1.6) the exponential form of Fourier's formula. 

A formula of a slightly different type is obtained by expressing the 
outer integral in (1.1.1) as the limit of an integral over (0,A), and 
inverting the order of integration. The result is 

/(x) = lim- [/(<)— (1.1.7) 

A— TT J X t 

— 00 

The same result may be obtained in the same way from (1.1.6). This 
formula is known as Fourier's single-integral formula. 


1.2. Fourier transforms. It was pointed out by Cauchy that 


these formulae lead to reciprocal relations between pairs of functions. 

If we write 

00 



Ff{u) — y j J dt, 

(1.2.1) 

then (1.1.4) is 

0 

00 



fix) = Ji^ j F^iu)cosxu du, 

(1.2.2) 


0 


and the relation between f(x) and F^ix) is reciprocal. Such functions 
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were called by Cauchy reciprocal functions of the first kind. We shall 
call functions so related Fourier cosine transforms of each other. Thus 


XttJ l+x^ 

are a pair of Fourier cosine transforms. 

Similarly, from Fourier’s sine formula, we obtain 


00 

= Ji^ J f(t)amutdt, 

0 

(1.2.3) 

00 

f{x) = j F,{u)Binxu du. 

n 

(1.2.4) 

These were called by Cauchy reciprocal functions of the second 
kind. We shall call them Fourier sine transforms of each other. 

Thus e“®, / 1 -I — - are Fourier sine transforms. 

V W 

The formula (1.1.6) leads similarly to the unsymmetrical formulae 

— 00 

(1.2.5) 

00 

(1.2.6) 


We shall call such functions simply Fourier transforms of each other. 

Thus ,,2\ 1 

/(x) = e-'-', F{x)==J{i] 


TTj 

are Fourier transforms of each other. 

lif(x) is even, F(x) = F^ix); if f(x) is odd, F(x) = iFg(x). 


1.3. Generalized Fourier integrals. The existence of the in- 
tegral defining F(u) implies a certain restriction on f(x) at infinity. 


Even if F{u) does not exist, the functions 


00 

0 

(1.3.1) 

f) 

- veil 

— 00 

(1.3.2) 
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where w = u~\-iVy may exist, the former for sufficiently large positive 
V, the latter for sufficiently large negative v. For 

J /(<)e-*V“' dt, (1.3.3) 

0 

so that F^(w) is the transform of the function equal to for 

< > 0, and to 0 for / < 0. The formula reciprocal to (1.3.3) is 


00 

J 


(u+iv)e-^^ du 


Hi* 


/(a;)e-** (x > 0) 
{X < 0), 


or 




There is a similar formula involving F_. Adding, we may write 

ia+oo ib+oo 

f(^) = -r.i— . f F+(w)e-^^ III •i f 

ia - CO ib — co 3.4) 

where a is a sufficiently large positive number, 6 a sufficiently large 
negative number. 

For example, if f(x) = e^, then 


F^{w) = - 


1 


F4w) = 


^(27r) ^ ^ 

In tliis case (1.3.4) is at once verified by the calculus of residues. 

In this form Fourier’s integral formula may be applied to a 
periodic function. Let f(x) have^the period 27r. Then for v > 0 

<x) ^ 2(n + l)7r 

0 2n7r 

00 £ 

- Hv) 2 J = V(H J 1^-2. « 


<^(w) 


where 


^(27r) 1 — 6 *"'“’ 
27r 
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= - 1^. 


4>(w) 


Simitely, 

The reciprocal formula is therefore 


{v < 0). 


ia+oo 


<6 + 00 


f(x) = — f e~i^»>dw — L f 

•'' ' 2ir J 1— C*"*'® 2jr J 1— e*"'*® 


ia-- CO 


< 6—00 


Here is an integral function. If it behaves at infinity so that 
we can evaluate the right-hand side by the calculus of residues in 
the obvious way, we obtain 

n— — 00 

We have thus returned to the Fourier series for f{x). 


1.4. The formulae of Laplace. The formula 


= J /(*)e"** dx (1.4.1) 

0 


is known as Laplace’s integral. If/(x) is the given function, ^(s) is 
in general analytic for R(s) > 0. The reciprocal formula is 


J_ 

27rt 


* + <00 



*—<00 


f{x) {x > 0) 
0 (x < 0). 


(1.4.2) 


From a formal point of view the formulae are a particular case of 
those of § 1.2, as is seen on putting s = a+it. 

As a still more special case we obtain a reciprocity between two 
analytic functions. Let 

/(x) = 2 o„x», 

n— 0 


and suppose that the integral (1.4.1) can be evaluated by term-by- 
term integration. Then 



dx=2 

n-O 



or 


1 ,/l 




n— 0 


If f(x) is suitably^ restricted, ^(«) will be an analytic function 
regular in the neighbourhood of « = oo; and, if (7 is a closed curve 
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surrounding the origin, but lying sufficiently far from it, 


7 



= fa„z^=f(z). 

n-=0 


(1.4.3) 


The function f(z) may therefore be represented as a trigonometrical 
integral, but now along a closed curve. 


1.5. The formulae of MelUn. Still another pair of formulae 
embodying the same formal idea is given by 




’(x)x*-^ dx, 

(1.5.1) 

e+ioo 

A 


J 

(1.5.2) 

C-’ioo 



The idea of such a reciprocity occurs in Biemann’s famous 
memoirf on prime numbers. It was formulated explicitly by Cahen,| 
and the first accurate discussion was given by Mellin.|| We shall call 
the formulae Mellin’s inversion formulae. 

These formulae arise naturally in the theory of Dirichlet series in 
the following way. The particular case 

00 c+ioo 

r(«) = J* dx, e-* = ~ J r(«)a;"* ds (c > 0) 

0 c—ioo 

is well knoAvn. Now let ^(#) be a function expressible as a Dirichlet 
series, 

^(s) = 

Then we have formally 

00 ~ 

2 1>) J ®'”***"* I 

00 

where /(x) = ^ 

n— 0 



t Riemann (1). 


t Cahen(l). 


II Melliii (1). (2). 
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and reciprocally 

c+ioo 


C + tOO 




C — iao 

fa,e-^ = fix). 

n^l 


The forms (1.5.1), (1.5.2) are obtained by putting <^(«)r(«) = g(5). 

Mellin’s formulae may also be obtained by a substitution from the 
exponential form of Fourier’s formula. In fact, putting x = and 
8 = c+if, (1.6.1) becomes 

00 

^(c+it) = J 

— 00 

and (1.5.2) becomes 

00 


The functions ^(27r)fi®f/(cf), g(c+iO 


are thus Fourier transforms of each other. 

Suppose that, in Mellin’s formulae, the function f(x) is analytic at 
the origin and in a region containing the positive real axis. Consider 
the integral 


J /(z){-2)*~^ dz, 


where P is a loop coming from infinity on the positive real axis, 
encircling the origin in the positive direction, and returning to 
infinity. We define (— 2 )*-^ as where log(— 2 ) is real on the 

negative real axis. 

Suppose r compressed into the real axis on both sides. The part 
of the integral above the real axis gives 


00 00 

— J == c"**" J /(*)«»-» dx, 

0 0 

and that below the real axis gives 

00 00 

J da: == — J f{x)x^^^ dx, 

0 0 

Hence J /(z)(— 2 )*“^ dz = — 2isin5wg(«). 

J' 
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Let = 8f(«)8in«ir. 

Then we obtain the reciprocal formulae 


X(«) = 



(1.5.3) 


C + IQO 




x(*)g' 

SixlTT^ 


ds. 


c— ioo 


(1.5.4) 


A simple example is f{z) — c“^ x(^) = Vr'(l— «)• Such formulto 
have important applications in the theory of functions of a complex 
variable, t but we cannot consider them further here. 


1 .6. For the early history of the Fourier-Cauchy formulae we may 
refer to the article by Burkhardt in the Encyklopddie. 

The theorems of this chapter are in the main analogous to classical 
theorems in the theory of Fourier series. We do not actually assume 
• a knowledge of the theory of Fourier series, though the reader will 
presumably be familiar with it. Almost all theorems on Fourier series 
have some sort of analogue for integrals. In some cases the theorems 
are so similar that the extension from series to integrals is hardly 
worth making. In other cases there are new points of interest in 
the integral case, which is even sometimes the simpler. 


1.7. Notation. We use 

00 

J fix) dx 
0 

to denote the Lebesgue integral off{x) over (0,oo) in the strict sense, 
implying that the integral is absolutely convergent, i.e. that 

J \f{x)\ dx 
0 

also exists. If/(a:) is integrable over (0,X) for every X, and 

X 

lim f f{x) dx 

exists, we denote the limit by 

J S(x)dx. 

0 

f Carlson (1). 

B 
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Such an integral is known as a Cauchy integral. A similar notation 
is used in the case of other limits. Thus 

1 

J /(*) da 
1 

denotes the limit of J /(*) dx 

s 


as S-*-0 through positive values. 

00 

In ‘formal’ analysis we use J f(x) dx to denote that the integral 

exists in some sense or other. There is generally little risk of confusion 
between this and the Lebesgue sense. 

We say tbatf(x) belongs to, or is, L^(a, b) if f(x) is measurable and 


We write L for 


J \f{x)\*dx< 00 . 

a 

X 

l.i.m. I f{x,(x) dx 


(limit in mean) we denote a function <^((x) such that 


V P 

lim I ^(a)— f f{x,ot) dx doc == 0, 


a, 6, and p having prescribed values. 

As complex variables we use 

z = z+iy, w = u+iv, a = cr+it, { = i+ir]. 
lif(x) is a given function, we denote by 

F(x), F^ix), F,{x), F4w), F_{w), g(s), 


the functions defined in (1.2.6), (1.2.1), (1.2.3), (1.3.1), (1.3.2), (1.5.1) 
respectively. In each case it is assumed that the integral referred 
to exists in some sense or other. The ambiguity of the expression 
‘a Fourier transform’, arising from the asymmetry of the formulae 
(1.2.6), (1.2.6), is avoided by standardizing the use of small and 
capital letters as in these formulae. 

Similarly with other letters (g, 0, 0+, O^, etc.). 

We denote by A an absolute constant, not necessarily the same 
one at each occurrence; K is used in a similar way for a constant 
depending on the data of the problem in hand. 



1.7, 1.8 


CONVERGENCE AND SUMMABILITY 


11 


We say that the convergence of a sequence /„(*) to a limit /(a:) is 
bounded if !/„(«) | < K for all n and x] and that it is dominated if 
l/n(®)l ^ ^(®)> ^(*) is L over a prescribed set. It is knownf 

lim f fjx) dx= { f(x) dx 

n-^oo J J 

if the convergence is bounded or dominated. 

1.8. Fundamental theorems. The theorem of Eiemann-Lebesgue 
is fundamental in the theory of Fourier integrals, as it is in the 
theory of Fourier series. We shall state it as follows. 

Theorem 1. Letf{x) bdong to L{—co,co). Then the integrals 

00 00 

^ f{x)coehx dx, J /(a:)8in Aa: dx, (1.8.1) 

— 00 —00 

tend to zero as A ->oo. 

Consider the cosine integral. Let e be a given positive number. 
Then we can choose X so large that 

00 -X 

J |/(x)| dx <e, j |/(x)| dx < e. 


— 00 
-X 


< t 


1 ? f 

Hence /(x)cosAxdx < «, f(x)cosXxdx 

I JC -00 

for all values of A. 

Next, we can define a function <f>{x), absolutely continuous in the 
interval (—X,X), such that 

J l/(a:)-^(*)l dx < €. 


Then 


-X 

X 


J {f{x)—i>{ix^)]ooaXxdx 


-X 


< e 


for all values of A. Finally 

X 

<f>{x)cosAx dx 


J 

-X 


A A A J 

-X 


and (for a fixed X) we can choose Aq so large that the modulus of this 

t Titchmarsh, Theory of Functions, §§ 10.5, 10.8. 
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is less than c for A > Aq. Then 


J f{x)co8Xxdx 


<46 (A > Ao). 


This proves the theorem for the cosine integral; a similar proof 
applies to the sine integral. 

Theorem 2. Let f(x) belong to 2/{— oo,oo). Then a necessary and 
sufficient condition tJiat 


>CO CO 


0 —00 

is that, for any fixed 8, 

8 


- J J f(t)coau(x—t) dt — a (1.8.2) 


(1.8.3) 


lim r {f{x+y)+f(x-y)-2a}^^^^ dy = 0. 

A-<-oo J y 

0 

Since |/(0cos«(a:— <)| < 1/(0 1 > the integral 

00 

J f(t)co8u(x—t) dt 

— 00 

converges uniformly with respect to u over any finite interval. 
Hence 

A 00 00 A 

J J f(t)cosu{x-’t) dt = j f{t) dt J* cos'w(a:— i) du 

0 —00 —00 0 

J X’—t 

— 00 

Since f(t)j(x—t) is integrable over (—oOyX—h) and (a:+8,oo), it 
follows from the Riemann-Lebesgue theorem that, for a fixed 8, 

Um 7 * - 0, Bm = 

A— ►oo J X — t A— >*00 J X — t 

-00 X-fS 

-S 0 

S AS —+00 

Ite. = f^Uv = a,. 

A-h.oo j y J V J V 


Also 


*-s 

and 3 


These equations together show that (1.8.2) and (1.8.3) are equivalent. 
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1 . 9 . We are now in a position to extend all the ordinary conver- 
gence tests for Fourier series to Fourier integrals. We shall, however, 
content ourselves with proving the two following theorems, corre- 
sponding to the tests of Jordan and Dini respectively. 

Theorem 3. Let f(t) belong to L{—co,oo). If f(t) is of bounded 
variation in an interval including the point x, then 

—►00 00 

~ ~ J J /(Ocosit(a:~f) (1.9.1) 

0 —00 

If f{t) is continvxMs and of bounded variation in an interval (a^b),- 
then 00 

f(x) “ “ J J /(Ocosw(x-“i) d^, (1.9.2) 

0 —00 

the integral converging uniformly in any interval interior to (a,&). 

Let tjt{y) =/(a;+y)+/(a:-y)-/(a:+0)-/(a;-0). 


Then ^(y) is of bounded variation over (0,8), if 8 is small enough, 
and ^(y) 0 as y 0. We may therefore write 

where ^i(y) and ^ 2 (y) positive non-decreasing bounded functions 
in (0, 8), which tend to 0 as y 0. 

Given any positive number e, there is a number rj such that 
^liy) < € for y ^ 7}. Let 



0 0 17 

By the second mean- value theorem, the first part is equal to 

0i(^) J dy = J dv (0 < |< r,), 

( 4 

and the last integral is bounded for all A and f . Hence 


J y 

' 0 ' 

for all values of A. Having fixed r), •lii(y)ly is integrable over (ij, S), 
so that 8 

lim ( dy = 0. 

X->ao J y 

V 
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Since e is arbitrary, it follows that 

lim r = 0. 

A-® J y 

0 

Similarly, the integral involving tends to 0. This proves the 
first clause of the theorem. 

If f(x) is continuous in (a, 6), ^{f{x+0)+f{x—0)} =/(a:); and, the 
function being uniformly continuous in any interval interior to 
(a, 6), the conditions used in the proof hold uniformly, and so the 
convergence is uniform. 


Theorem 4. Let f{t) belong to i(— cx),oo). Then, for a given x, 
(1.9.2) is true if 


f{x+y)-\-f{x-y)-2f{x) 

y 


dy 


(1.9.3) 


u 

exists for some positive 8; in particular it holds if f{x) is differentiable 
at the point x. 

This follows at once from Theorems 1 and 2, with a = f{x). If 
f{x) is differentiable, the integrand in (1.9.3) is bounded, so that 
the condition is plainly satisfied. 


Theorem G.f Let f{t)l(\-\-\t\) belong to L(—oo,co); let 


o,(x) = i (1.9.4) 

J y 

— ® 

W - ; J + J 

— 1 —00 1 

(1.9.6) 

be absolutely continuous over any finite interval 0 < 8 ^ a; ^ A, and 
let a(x), b{x) be their respective derivatives. Let f{t) satisfy the condi- 
tions of Theorem 3 or Theorem 4 in the neighbourhood of t = x. Then 


= J {a(u)coBxu+b{u)sinxu} du. 
-►0 

Suppose-first that f{x) = 0 for \x\ > 1. Then 

X 1 1 

~j^^j /(y)cosfy rfy ^ J == 

0 -1 -1 


t Hahn (2). 
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SO that 


1 

a{x) = ^ J f( 3 f)coBxydy 
-1 


almost everywhere. Similarly, 

1 

Hx) == “ J f{y)sinxydy 
-1 

almost everywhere. The result then follows from Theorem 3 or 
Theorem 4. 

Suppose next that f{x) = 0 for |a:| < 1. Then f{x)lx belongs to 
L(— 00 , 00 ). Hence, by Theorem 3 or 4, 


Now 


1 If 

~ " {—bi{u)co&xu-\-ai{u)sinxu}du. 
lx TT J 

0 

-*-00 ^ ^ ->00 
J bi{u)co8xudu = j J b{u)Binxudu 


since b^{u) -> 0 as ^ oo. 
Also 


—►00 

= j b{u)8\nxuduy 

X J 
*-►0 


,-►00 

J ai(i^)sin XU du = 
0 



-►00 


a{u)c 08 xu du 


= i r a{u)co8xudu, 

X J 
-►0 

since (Zi(u) tends to 0 as 0 or t4->oo. The result in this case 
thus follows. 

The general result now follows by adding functions of the two 
classes considered. 


1.10. Monotonic functions.f The next theorem is based on the 

00 

fact that, even if ^ f(l) dt does not exist, the integrals 

—►00 —►00 

f{t)co8utdt, j f{t)sinutdt 
b 0 

exist for u > 0 provided that f(t) 0 steadily as t->co. Here it 

t Pringsheim (l). 
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seems slightly more convenient to take the cosine and sine integrals 
separately. 

Theorem 6. Lei f(t) be non-increaaing over (0, oo), integrable over 
any finite interval beginning at 0, and let f(t) -*-0 aa t-^ao. Then for 
any positive x 

—*•00 -*-00 

i{/(«+0)+/(*— 0)} = ? / COBXUdu J f{t)cOBUtdt. 

-»0 0 

We have, by the second mean-value theorem, 
j f(t)coButdt = /(T-f-0) J ooBiitdt < 

T r ^ 

Hence the ^-integral converges uniformly with respect to u over 
0 < A < « < /i. Hence 

fi -*-00 —*ao fi 

J coaxudu j f(t)coButdt= j f{t)dt j cosxu coautdu 


1 f .fain n(x—t) 8inA(a:— () ainp{x+t) sinA(a:-f<)l 

0 

Now 

I r Bin /*(»-<) ^ /(T-l-0) f dt <Af(T+0), 

J x—t J x—t 

I y T 

and similarly for the integrals involving A and x+t. We can therefore 
choose T so large that 

T 

for T > Tq{€), for all values of A and fi. Having fixed T > x, 

T 

Ihn f = |^(*+o)+/(*_0)} 

/|r-*>00 J X 1 

0 

by the analysis of Theorem 3, and 

fi-*-co J x~\-t 

0 
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by the Riemann-Lebesgue theorem. Also 




X{x—t) 


dt\ < A 


J. 

J f(t) -> 0 


as A -> 0; and similarly for the remaining part. 

Theorem 7. If f{t) satisfies the conditions of Theorem 6, then for 
any positive x 

i{/(*+0)+/(a:— 0)} = I / ein XU du J f(t'^iautdt. 

As tt->0 “ ® 

I ->00 T I 

J* f(t)ainvidt = /(l+O) J sintrfd< 

1 1 ' 

_ //I 1 n\ cos« — costtT ^ 2/(l+0) 
-f(l+0) ^ -IT' 

1 

and J f{t)Qinutdt = 0(1). 

0 

Hence the i^-integral is absolutely convergent at the lower limit. 
Apart from this, the proof is the same as that of Theorem 6. 

Fourier’s formulae may be established under still more general 
conditions by adding a function of the type of Theorem 3 to one of 
the type of Theorem 6. The results of this process are sufficiently 
obvious. 

1.11. Functions containing a periodic factor. f 

Theorem 8. Let f{t) = g{t)QOBat {a > 0), where g(t) is non- 
increasing, integrable over (0,1), and g{t)->0 as Then for 

any positive x 

Q / —*€l — ♦■OO. —►00 

= ”( J + J J f{t)cosutdL 

^ W -ia' 0 


The inner integral is 


J g(t)coB at cos ut dt. 


which is uniformly convergent over any finite interval not including 
or ending at = a. We may therefore invert the integral 
0-8 ->«> 

J coBXudu J g(t)GOBatQOButdt 
0 0 

t Fringsheim (1). 
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for every 5 > 0. To prove that 


—►00 —►a 


J ^o^xudu j g{t)cosat(iOButdt= j ... J ... 


it is therefore sufficient to prove that 


lim f g(t)coBatdt f coBXUcoatUdu = 0, 

^ 0 a-S 

This is clearly true for the part 0 < < < T, with any finite T, It is 
therefore sufficient to prove that 

-►00 a 

lim I g{t)coBaidt f coBxucoButdu = 0, 


—►00 

lim I gU)coaat {' 

8-M> J I 


Clearly, if T > x, 


8ma(a;— <)— 8in(o— S)(a:— 0 


sino(a:+<)— sin(o— 8)(x+0 


I dt = 0. 


—►00 

J flp(0coso<{8ino(x— <)— sin(a— 8)(x— jj dt -> 0, 

T 

since this integral converges uniformly with respect to 8. Similarly 
for the integral involving x+t. Hence it is sufficient to consider 

J {sin a(x + 0 — sin(a~-8)(a?+ 0 — 

T 

— -sina(a;— /)+Bin(a— 8)(a:— 0} ^ 

—►00 

— 2 J °^ {co8 ax 8in ad— co8(o— 8)x 8in(a— 8)<} di. 


—►00 — ►oo 

2 J ^cosa<8in(a— 8)/d^ = j* ^{8in(2o— 8)<— 8in8^}d/, 

T T 

which converges uniformly with respect to 8 as 8 -»• 0, since 

T% T* 

J = oL(2i) J d<| = 0{g(T^)}: 
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->oo -♦oo 

Hence J ^ cos ai sin(a--S)^ dt -> 

T 

and the result follows. 

A similar argument applies to the integral over (a+8,A). It 
therefore follows that 


/ 


^coso^sino^ (2^, 
t 


Finally 

T 


. -HI A . -►00 

{ + \GO&xudu f(t)cosutdt 

'0 -K* ' 0 

= 1 J ^ sinA(x4-0) 


x-]rt \ 


dt. 


T-x 


J COS at dt J* cosa{a:+y)— — dy 


= cosao; 


T-x 

J "co saysinAy ^^ _ J sin gy inAy 


T'-x 


T-x 


T-x 


is bounded for fixed a and x, T > 2x, X > 2a, Hence, by the second 
mean-value theorem, 


r g(t)cosat^^^^t^dt = 0{g[T)}, 

J X — t 

T 

and the proof concludes as in Theorem 6. 

Theorem 9. LeJt f(t) = g{t)sin at {a > 0), where g{t) satisfies the 
same conditions as in Theorem 8. Then for any positive x 


A /« — O — ►TOv 

i{/(*+0)+/(*— 0)} = -liml f + J jcosantdtt j f{t)(^vidt. 

IT 8-»o \ 0+8' 0 

00 

If, in addition, J dx exists, then 

n /"*® — ►flOi —►00 

i{/{®+0)+/(*— 0)} = -I J + J jcoBXudu j f{t)co8vtdt. 

Proceeding as in Theorem 8, we find that, in the first repeated 
integral, the integral over 0 < « < A (A > a) may be inverted if 


-+00 

J g{t)Bin ^ |(.os(g+8)x 8in(o+S)<— co8{a— 8)a:8in(a— 8)<} dt->0 

T 
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as 8 -> 0, i.e. 
co8aa;co88a; 




sin at cos sin (2^ — 


— smoxsin 


in 8* J 


sin^ cos St dt ->■ 0. 


The first integral -»• 0 by uniform convergence. In the second, 

—►00 

J* 

T 

is uniformly convergent, and so tends to a finite limit; and 

—►00 ! 1/S % , i ^ 

J ^coBStdt = Ol J ^l + olsgr/ij J cosS^d^j 

T \ ^ f \ 'i;3 ' 

= O(logl/S)+O{l7(l/S)} = 0 (logl/S), 

and sin So; log 1/8 -> 0, This proves the first part. 

In the second part of the theorem we have to consider 

—►00 

J ^f j P?^ |cosaa;sing< cos(a— 8)xsin(a— 8)f} dt, 

T 

and this involves uniformly convergent terms, as before, and terms 
involving «, 

/f- 

T 

This proves the second part. 

There is also a similar pair of theorems in which sines and cosines 
are interchanged. 

Thbobbm lO.f Let f{t) = g{t)h{t), where g{t) ia vitimately steadily 
decreasing to zero, g(0/(l+l<l) belongs to £{— 00 , 00 ), and h(t) is 
periodic (with period a) and irUegrable over a period. Let f(t) be of 
bounded variation, or satisfy one of the alternative conditions in the 
neighbourhood of the point t = x. Then Fourier's formula holds in 
the sense that 

„ -.(an+Wir/o 

i{/(*+0)+/(*— 0)} = 2 ^ J du J f(t)coau{x—t)dt. 

**“® -‘■2»ir/o -*—00 

t Hahn (2). 
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If g(t) is steadily decreasing, 


/ j 


i+< 


dt 




g(wa) 

\+na 


(n+l)a 


f i*(<)i 


d,<Kp!^<K 


na 

f 


(n~l)a 


^(0. dt. 
i+t 


Hence /(0/(l+ 1^1) belongs to X(— oo,oo). Hence, as in Theorem 6, 

-*►00 

1 1 r 

5-{/(*+0)+/(»— 0)} = - I {—bi(u)coaxu+ai{u)^xu}du, 

Zx rt J 

0 

where Oi(tt), b^iu) are defined by (1.9.4), (1.9.6). 


Also 


2 f h(x)e*‘^v da; = 2 f h{z)e'^<'<^+^>v dx 

V— m •' 


(v+l)a 


n 

S 

v^m ; 


^imav gi(n +l)aif 

1— e<“«' 


a 

J h(x)e^^^ dx, 


which is bounded in any interval not containing one of the points 

y = 0, ± — , ±— >.«. . Hence the integrals 
a a 


/ 

Xi 


h{x)^?^xy dx 
sm 


are bounded, for all x^ and arg, in any such interval of values of y. 

It then follows from the second mean-value theorem that the 
integrals 

“ f g{x)h(x) xy dx 
IT J sin 


are uniformly convergent in any such interval, to a{y), b(y), say; 

^i(y) o^re the integrals of a(y), b(y) in the interior of such an 
interval; and 

(2n+2)w/a 

J b^{u)co%xudu 

2nir/a 

,(2n+2)ir/a ^ 

— I b{u)mixudu, 




smarts 

J 


r 


2n9r/a 


and similarly for a{u). 


*2nnla 
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Also and 6^ are continuous, so that, on summation, all the inte- 
grated terms cancel, and the result follows. 


1.12. Oscillating functions. In the above theorems our con- 
ditions on/(a;) are mostly restrictions on its oscillations. We shall next 
obtain a case of Fourier’s theorem which depends on the oscillations 
of /(x) being suflSciently rapid, provided they are of a regular kind. 

Theorem ll.f Let f{t) = or ^(^)sin0(O, where is 

ifUegrable over any finite interval^ continuous and of bounded variation 
in any interval not containing the origin, and ultimately monotonic. 
Let ilf{t) be twice differentiable, ^\t) and ^'(t)l<f>(t) ultimately increasing 
steadily to infinity, and 

<f>{t) = (1.12.1) 


f{x) = ~ f ^?^xudu r f(t)^? 
TT J sin J sir 


( 1 . 12 . 2 ) 


if (i) if/'*{t) is non-decreasing, tf$''{t+l) = 0{tp''{t)], <f>{t-\-l) = 0{if>{t)}, 
or (ii) i/t''(t) is decreasing, U/t^it) > K, ffi{2t) = 0{^(t)}. 

We use the following lemma. 

Lemma. If h{t)(h\t) is monotonic, and g{t) steadily decreasing, then 

Using the second mean-value theorem repeatedly, we have, if 
k{t)lh'{t) increases, 

b b 

J Ht)g(t)coah{t) = J ^^?(0*'(0co8*(0 * 

a a 

b 

~ J (a < a < 6) 

OC ^ 

= J h’(t)cosMt) dt (« < /3 < 6) 

at 

= ^9'(a){8mAO)-sinA(a)}, 
and similarly for the other cases. Hence the result. 

t Suggested by Landau, Vorlemngm iiber Zahlentheorie, Satz 413. 
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The inner integral in (1.12.2) is convergent if 


lim f {‘p{t)±ut} dt = 0. 

. T '— >00 jL Sin 


r, r'->oo 


(1.12.3) 




JiJqw 

nt)±u m 

and the first factor tends steadily to 0, while the second factor is 

u 

and the last term is steadily decreasing in absolute value. Hence 
(1.12.3) follows from the lemma; and the convergence is plainly 
uniform over any finite range of values of u. Hence 
A ->oo — ►« A 

J co^xudu J f{t)Qosutdt = J f{t)dt j co&xu cosut du, 

0 0 0 0 
As in previous cases, it is now sufficient to prove that 


lim 

A->00 J X — t 

T 

for a sufficiently large T, 

Take Case (i), and suppose that is non-decreasing for Ty 
and consider, e.g. 

J^co8{0(O+A(x-<)}d<= J + J + J + J 

T T ifo f9-S (o+8 


where 0'(«o) = A. Now 0(1)/{A— is steadily increasing for t < 
hence, by the lemma, 


7 — of ) _ of ] _ o(n 


X _ f-fl I _ of 



(1.12.4) 


provided that 8 = 0(1). For < > 


f(<)-A 0'(<)l ■^f(<)-A/ 


is decreasing, and J4 also satisfies (1.12.4). 
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Taking S = {^"(< 0 )}”*) required result follows from (1.12.1). The 
corresponding integral with —A instead of A is simpler, there being 
now no need to introduce The result therefore follows in this case. 
If is decreasing, we obtain instead of (1.12.4) 

j = o\J^\ 

and the result follows with 8 = 1. 

The argument in Case (ii) is substantially the same. Examples 
are ^(t) = c^; ^(t) = 1, ^(t) = t\ogt. 

1.13. The constant in Fourier’s formula. The constant n 
enters into Fourier’s formula^ according to our proof, through the 

formula ^00 

f sina; , . 

j — 

0 

If we take the value of this integral as our fundamental constant, 
and denote it by (7, Fourier’s cosine formula, for example, is 

—►00 00 

/(») = i / COS XU du J cos vi f{t) dL 
0 0 

The values of other familiar integrals are then obtained in terms 
of C; for example, taking /(^ = and a: = 0, we obtain 


—♦00 00 00 
1 = i J du j coaide-* dt = ^ j 


du 

i+S*’ 


so that 




Taking /(a:) = *-*(*> 0), we obtain (by Theorem 6) 


cos ut 

-vr* 


Ilf J f C08tt< J. 

s-o J J 

0 0 

n A ' A ' 
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SO that 


— >00 



U 


Many other such examples may be derived from the formulae 
of Chapter VII. 

Later, §1.27, we shall give another proof of a case of Fourier’s 
formula, in which the constant tt comes from the theorem of residues. 


1.14. Fourier’s single -integral formula. This is the formula 
(1.1.7). Conditions for its validity are suggested by several of the 
foregoing theorems; but it holds still more generally, since now it is 
not necessary for the Fourier transform oif(x) to exist. 

Theorem 12.t The formula 

K/(*+0)+/(^-0)} = Jim - f dt 

A->00 TT J x — t 

holds if 

i(a) f{x)l(l+\x\) belongs to jL(— qo,oo), 
or i (b) f{x)jx is of bounded variation in (a,oo) and (— oo, —a) for 
some positive a, and tends to 0 at infinity, 

X 

or ^ J jm dt is of bounded variation in (a,co) and tends to 0 
1 

at infinity, and a similar condition holds in (— oo, —a); 
and (ii) in an interval including x, f(t) is of bounded variation, or 
satisfies one of the other conditions for the validity of 
Fourier's series or integral. 

After the analysis of § 1.9 it is sufficient to prove that we can choose 
T so large that 

J ^ ^ 

T 

for all values of A > Aq, with a similar condition for (— oo, — T), This 
is clearly true if i (a) holds. It follows from the second mean- value 
theorem as in § 1.10 if i (b) holds. 

To prove that i (c) is sufficient, let 


^(a:) = AJ/(0 


dt. 


t Pi’asa<< (1), Pringsheim (1), Hobson (1). 


C 
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Then f(x) = x<f>'(x)+<f>{x), 

and x<l>'{x) satisfies i (a), while <f){x) satisfies i (b). Hence the result. 
Condition i (c) includes i (a); for 

1 

The first term belongs to i(l,oo) if i(a) holds; and so does the 
second, since 

e X ( ( 

J § I i/wi I + j 
11 1.1 
f 

< J ^i/(a:)| dx < K 

1 

as I 00 . Hence <l>*(x) belongs to i(l,oo), and hence i (c) holds. On 
the other hand, i(c) does not include i(b). 


1,15. Summability of integrals. We say that the integral 

00 

j f(x) dx is summable ((7, a), where a > 0, to the sum /, if 




f{x) dx — /. 


The case a = 0 is ordinary convergence. In the case cx = 1 we have 

A Ax 

J dx = ^jdxj f{y) dy, 

0 0 0 
a form analogous to the sum 

n 


in the definition of (C, 1) summability of a series. The whole process 
is analogous to the (7-summation of series, which is too well known 
to need much discussion here. The main points are (i) the process is 
more general than ordinary convergence; for example, 

A 

lim I Binaxdx ia > 0) 

A-.ocJ 
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does not exist, but 
A 


lim 

A-+00 



sin ax dx = lim 

A-VO& 


(I 


sin aX\ ^ 1 
a^A / ~ a ’ 


and (ii) that it is consistent with ordinary convergence, in the sense 
that, if an integral is convergent, it is summable (C',a) to the same 
value for every a > 0. This is a particular case of the following 
theorem. 


If an integral is summable ((7, a), where a ^ 0, it is summable ((7,^3), 
where p > a, to the same value. 

A 

Then if /3 > a, 

J J A“dA J fix) dx 

0 0 0 


rip- 




i.e. 


^{f^,p) == 


r(i3+i) 


rip-a)rioc+i) 


Jii / 


Hence 


4if,,P)-i = 1 r 

r(i3-a)r(a+l)/x“+‘J \ 


dA. 


If <^(A, «)-> /, suppose that |^(A, a)— /| M for all A, and < e 
for A > A. Then 


\<i>iit,P)—i\ < E(^±i) — [_i_ r “ \'‘dx 




IA + 


+ 


M 

rl«+i 


A\^-“-i 


A“dA . 
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The first term is < c (it is € if A = 0), and the second is for 

a fixed A. It follows by choosing first A and then jx that j3) /, 

the required result. 


1.16. Summability of Fourier integrals. We have formally 

A 00 

i/H)''”/ f{t)C0BU{x—t) dt 
0 —00 

00 A 

= - J f(t)dt j ^—^coBu{x—t)du 
— 00 0 


This integral is analogous to Fejdr’s integral in the theory of Fourier 
series. We shall deal with it as a particular case of the following 
theorem. 


Theobem 13. Let 


K{x,y,h) = 0 


/1\ 

W 



for some positive <x, and let 


(\x-y\ < 8 ) 

(\x-y\ > 8) 


00 

lim f K(x,y,8)dy = J, 
3-->o J 


X 


lim f K(x,y,B)dy 
*-►0 "L 


Let f{x)l{l-\-\x\'^'*'^) bdong to L{ — oo,c»). Then 


(1.16.2) 

(1.16.3) 


hm \ K{x,y,S)f{y)dy = ^{<l>(x)+tfi{x)} (1.16.4) 

wherever 

h h 

j \f{x+t)—4>{x)\ dt = o{h), J \f{x-t)—^{x)\ dt = o{h) 

0 0 

(1.16.5) 

as A->4-0. The result therefore holds (i) with ^(a:) ==/(a;+0), 
\ls{x) = f(x—0) wherever these expressions have a meaning, (ii) with 
<l>{x) = 0(x) =f{x) wherever f{x) is continuous, and (iii) with 

<f>{x)==^(x)==f(x) 


for almost all values of x. 



1.16 


CONVERGENCE AND SUMMABILITY 


20 


It is sufficient to prove that 

00 

lim f K{x,y,h){j(y)—^{x)) dy = 0, 

X 

together with a similar result with iff{x); and by (1.16.2) and (1.16.3) 
this is true if 3.4.x 


§ J == 0 

X 

lim 8" f IM-fif ij, = o. 

8-0 J |a;— yl“+^ 


The first part follows at once from (1.16.5). Next, let 


n 

xQt) = J \f{^+t)—<l>i^)\ dt < (h 


for h ^ 7], Then 

x-\-rj 


8- f ij, _ 8- fife±2zMi* 

ic+8 8 

8 


Having fixed tj, plainly 


lim 8“ f rfj/ = 0. 

8-^0 J 


This proves the theorem. 

As a particular case, let 8 = 1/A, and 

- 2singp(a:-y) 

^ ^ -nXipc-yf ’ 

The conditions of the above theorem are satisfied (with a =-^ 1). We 
therefore deduce! the analogue of Fej6r’s theorem on Fourier series : 
Theorem 14. Letf{t) bdong to i(— oo,oo). Then the integral 


ijdw J f(t)cosu{x—t) dt 


t Hardy (5). 
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is summable (0,1) to i{f(x+0)+f(x—0)} wherever this expression Jms 
a meaning', to f(x) wherever f{x) is contimuyus\ and to f(x) for almost 
all values of x. 

An obvious corollary is that if fit) is L(—cx), oo), and a(u), b(u), 
defined by (1.1.3), are 0 for all u, then f(x) = 0 for almost all x. 

As another particular case, let 

J cosu(x—y)du 


1 

== - I (\—v)^co^\v(x^y) dv 

ttJ 

0 

1 

= — ^ I (1— v)“”isinAi;(a:— j/) dv 

J 


Alx-i/l 


7rA“|a:— 


/ 


8in{A|a:-y|-w} 


w 


,1-a 


The second formula shows that K(x,y, 1/A) is 0(A), and the fourth 
that it is 0(A“®|x— j/|-«-*i) for 0 < ot < 1. Also 
-♦00 —►00 1 

J dy = ^ J J (1— a:) du 

X X Q 

1 -►00 1 

= ^ J dv J dt = |a J dv = 1. 

0 0 0 

Hence 

Theorem 15. Theorem 14 is still true if (G, 1) is replaced by (C, oc), 
where 0 < a < 1. 

1.17. Cauchy^s singular Integral.f In the theorem of the pre- 
vious section we have replaced Fourier’s formula by a limit of the form 


07 07 

limi [ 6(hu)du f f(t)cosu(x—t) di, (1.17.1) 

8-^0 TT J J 

0 

ty (0, oc) we t 

«»)-{ s,‘ 


For summability (C, oc) we take 

(!—«)“ (0 < « < 1 ), 

(u > 1). 

t Cauchy (1), Sommorfold (1), Hardy (4), (5). 


(1.17.2) 
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Next let <f>{u) — e-“. (1.17.3) 

The integral in (1.17.1) is then formally 

00 cr> 00 

i J J /(()_« 

u -CO (1.17.4) 

Hero (1.17.5) 

and the conditions of Theorem 13 are again satisfied, with a = 1. 
In particular it follows that (1.17.4) tends to f(x) almost everywhere. 

This result is the rigorous form of Cauchy’s argument given in § 1.1, 
and the integral (1.17.4) may be called Cauchy's singular integral. 
The type of summability obtained is analogous to ‘summability A * 
for series. 


1.18. Weierstrass’s singular integral. Now let 

ffy{u) = e-«’. 

The integral (1.17.1) is then 

aj 00 00 

i J m dt J e-s*«-cosM(x-<) du = J /(<)expj-^^*j dt. 

— 00 0 —00 

Here Ji:(x.y,S) = ^expj- ( 1 . 18 . 1 ) 

and the integral is known as W eierstrass' s singular integral. 

The conditions of Theorem 13 are satisfied for any positive a; but 
in fact the result holds still more generally. 


Theorem 16. If K{x,y,h) is defined by (1.18.1), the results of 
Theorem 13 hold if e-^^f(x) belongs to i(— oo,oo) for some ^positive 
value of C {and so for all greater values). 

We argue as in § 1.16, with a = 1 say, for the integrals over 
(a:,a;+S) and {x-\-S,x-{-rj). It then remains to prove that, for fixed 
X and rj, 00 

J e^P j — + Cy^giy) dy = 0 , 

X + 7J 


where g{y) is L. Now 


(x—yY 

48* 




(x—yf 

48* 




jx-yY , (x—y Y 

48* 88* 


t Weierstrasfl (1), Hobson (1), Lebesgue (1), Hardy (6). 



32 


CONVERGENCE AND SUMMABILITY 


Chap. I 


if 


C'< 


1 

882 (x+7])^‘ 


Hence the modulus of the above expression does not exceed 


and this tends to 0. 


00 

\g{y)\dy, 

x+rj 


1.19. General summability. If we merely require to deal with 
the case in which /(a:+0) and/(a:---0) exist, we can use the following 
simpler theorem. 

Theorem 17. Let K(x,y,8) > 0, 

b X 

lim f K{x,y,8) dy = lim f K{x,y,S) dy = \\ (1.19.1) 

8-*-o J 8-^-0 J 

X a 

and let lim K{x^y,h) = 0 (1.19.2) 

8-*>o 

uniformly for all x and y for which |a;— y] ^ c > 0, and also, in the 
case a = — oo, 6 = oo, 

X-C 00 

lim I K{x,y,h) dy ^ Qy lira f K{x,y,h) dy ^ (1.19.3) 

8->o •' 8-^o i 

for any fixed ^positive e. 

Let f(x) belong to L(a, b). Then 

b 

lim f K{x,y,h)f{y) dy = W(x+0)+f{x—0)} (1.19.4) 

8->o J 

a 

wherever the right-hand side exists. 

If f is continuous at the point x, (1.19.1) can be replaced by 

00 

lim f K{x,y,h)dy = \. (1.19.5) 

8-.0 J 

— 00 

We have to prove that 

b 

I K{^x,y,h){S(y)—S{x-^0)} dy 0, 

X 

with a similar result for (a, a;). This integral does not exceed in 
absolute value 



1.19 


CONVERGENCE AND SUMMABILITY 


33 


o 

max \f(y) -/(«+ 0) | \ K{x, y, 8) dy + 

SC 

b b 

+ ra&x K{x,y,b) f |/(y)| <^ 2 ^ + |/(a:+0)| f K(x,y,8)dy, 

V>X+€ J J 


X + € 


X + € 


which tends to 0 by choosing first e and then 8. Similarly for the 
other part. 

The relevant parts of the summability theorems are clearly cases 
of this theorem. They may, however, be exhibited as direct conse- 
quences of the form of the summability factor; the general result is 
as follows. 

Theorem 18. Let belong to i(0,oo) and have only a finite 
number of maxima and minima in (0,oo); let <^(+0) = 1; and let <f>{x) 
be the integral of which is ultimately negative non-decreasing. 
Let f(x) belong to i(— oo,oo). Then 
00 00 

lim- \ <f>{Zu)du j f{t)coBu{x—t) dt — l{f{x-{-0)+f{x—0)} 

S-*-0 7r J J 

0 —00 

wherever the right-hand side exists. 

This follows from the previous theorem if 


1 


K(Xyy,h) = - j <f>{hu)cosu(x-—y) du 


TT 


has the properties stated. 

Suppose first that <f>'(x) is negative non-decreasing for all x. Then 

00 

K{x,y,S) = — - — . f {—<f>'{8u)}amu{x—y)du 
A^—y) J 




(/i+D tt 

\x-v\ 


\x-v\ 


The sum is positive, and its value does not exceed that of the first 
term. Hence y| 

0 < K{x, y, 8) < -f—. f {-m} du 


Ax-y\ 


0 

^(+0)- 
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which tends to 0 as 8 -> 0, uniformly for \x—y\ ^ e. Hence (1.19.2) 
holds. Also 

00 00 00 

J K{x,y,8) dy = j* J <f>'(8u)Bmu{x—y) du 

X X 0 

= -lj f (8») (i» f dy 

0 X ^ 

00 

= — J du = 

0 

the inversion being justified by dominated convergence, since <f>'(Su) 
belongs to i(0,oo). Similarly for (— 00 , a;), and (1.19.1) follows. 
Similarly, 

J K(x, y,i)dy=-^-j 4,'(8u) du J dy 

r ^0 r ^ 

= 0(8 j {- i>’{8u)} du'j+O^ J 

= 0{,f,{+0)-,j>(8)]+0(Y-^), 

and (1.19.3) follows from (1.19.2) on choosing first Y sufficiently 
large, and then 8 sufficiently small. 

In the more general case, we can write <f>{x) = <^i(a:)— ^ 2 (^)> where 
<f>[ and <f>2 are negative non-decreasing. Let be the correspond- 

ing iC-functions. Then and K2 are positive, and satisfy (1.19.2); 
the integrals 00 00 

I Ki{x,y,8)dy, j Kz(x,y,8)dy 

— 00 —00 

are bounded; and (1.19.1) holds as before. These conditions are 
clearly sufficient for the theorem. 

1 , 20 . In all the particular cases considered, we have 
K(x,y,h) = K(x—y,h), 

where K(Uy 8) is an even function of Uy 

00 

J K{u,8)du = I, 

U 

00 

lim f K{u, 8) du = 0 
S-»«o J 


and 
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for every positive rj. With these conditions, not only does 

CO 

x{x,B)= j K(x—y,S)f{y) dy 

— CO 

tend to f{x) at particular points, but in the sense of the following 
theorem it tends to f(x} on the average. 


Theorem 19. If K{u, 8) is positive and satisfies the above conditions 
andf(x) is L(—oo,oo), then 


lim 

8-»-o 


For 


J \x(x,S)—f{x)\ dx = 0. 

— 00 

00 

X(*.8)— /(*) = J K{u,8){f{x—u)—f(x)}du, 

— 00 

00 oo OO 

J /(*)l J J K{u,8)\f{x—u)—f(x)\du 


— 00 —00 


Now 


= J K(u,8)du J \f{x—u)—’f(x)\dx, 
— 00 —00 

00 

= I \f{x—'u)—f(x)\ dx 


is bounded for all u, and tends to 0 with u. Let \^(u)\ ^ € for 
\u\ < 7], Then 


V 

J K(Uyh)tlt(u) du 


-1 

and, if |^(w)| < M, 




00 

« J K(u,8)du 

— 00 




J K(u,b)\fs{u) du ^ M ^ K{Uyb) du, 

V V 

which by hypothesis tends to 0 with 8. Similarly for (— oo, —17). 
Hence the result. 

For example, in the case of (( 7 , 1 ) summability. 


TT J X(x-yf ^ 

— 00 

converges to f(x) on the average, in the above sense, as A ->• oo. (Take 
A = 1/8.) 
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1.21. Further summability theorems. In all the foregoing 
theorems we have imposed on f{t) conditions which ensure the 
existence of the inner integral in Fourier’s formula in some sense 
or other. We shall next prove a theorem in which, without imposing 
any particular condition, we merely assume that the inner integral 
exists. 

Here we are not particularly concerned with the behaviour oif{t) 
in finite intervals, and for the sake of simplicity we shall suppose 
that it is continuous. 


Theorem 20.t Let f(t) be integrable over any finite interval, con 
tinuons at t x, and let 


—►00 

J f(t)coa u{x—t) dt 
—►—00 


converge uniformly over any finite interval of values of u. If the limit is 
g{x,u), then ^ 

lim i J ^l—^g{x,u) du=f(x). 

0 

We have 

A -►00 A 

l — ^g{x,u)du = 

= J j + / + J - 

—► — 00 —►—00 —T T 

say, where T > la;]. The inversion is justified by uniform con- 
vergence. ^ 

Let /i(0 = J f{v) dv. 

0 

By the case = 0 of the data,/i(<) is bounded, say |/i(^) | ^ M. Now 




Jz — 


-h{T) 


2a\n^\\{x—T) 
A(a;~T)2 “ 



sinX(x—t) 


dt 



4sin^iA(a:— 0 

A(a;— 0® 


dt 


t The analogue for Mellin integrals was proved by Hardy (8). See Macphail and 
Titchmarsh (1), 
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l^3l< 


2M 


5M 


2X{T-xf^ T-x 


A(T-a;)*+^ J \ \(t-xf ~ % 

T T 

This can be made arbitrarily small by choice of T, for all A > Aq; and 
a similar argument applies to J^. Having fixed T, -> 7 rf(x) as in 
§ 1.16. This proves the theorem. 

1.22. The general result of the above type appears to be that, if 
the inner integral is summable (C, h), the outer integral is summable 
((7,i+l). The above theorem is the case A; = 0, and we shall next 
prove the case fc = 1. The proof of the general case does not seem 
to require any new idea, but it would be rather laborious to write out. 

Theorem 21 . Letf{t) be integrable over any finite interval^ continuous 
at t = X, and. let 


lim 


\f{t)coBu(x--t) dt 


and 


isJH) 

0 

0 

j™ J — — j/(^)cos u(x—t) dt 


“/I 


exist, uniformly over any finite interval of values of u. If the sum of 
these limits is g{x, u), 


lim i j du =f(x). 


It will be sufficient to consider the case where f(t) = 0 for ^ < 0. 
By uniform convergence 
A X fi 


0 0 
The repeated integral is equal to 


ft A 

J |l— J 

0 0 
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say, where \x\ < T < yi. Define fx{t) as before, and let 

t t 

/2(0 = J /i(«) dv = t^ |l-|j/(v) dv. 

0 0 

Then is bounded, as a particular case of the data. 
On integrating by parts twice, we obtain 

\ M/ H' 

ft ft 


+ 


where 




T T 

2 2sinA(x — t) 




2cosX{x—t) 68inA(a:— 0 


nt) = 


12 


A(a;— ' A(a;— X^{x—t)^ 

2 sin X(x—t) ^12 cos X{x--t) 24 sin X(x—t) 


X{x-tf ' (x-t) 


X{x-tf 


X^{x—tY 


Making /x oo, we obtain 

T 

-> J f{t)<f>{t) dtf 

0 

Jz -A{T)<f>{T)+uTmT)+ f A(mt) dt. 

T 

We can choose T so large that the last two terms are arbitrarily 
small for all A > Aq. Having fixed T, fi{T)<f>(T) -> 0 as A -> oo, and 

T 

J /(0^(0 dt -► -nfix) 

0 

by the theory of Fej^r’s integral, § 1.16, and the consistency theorem 
for C-summability, § 1.15. This proves the theorem. 


1 . 23 , We have seen that the (<7, 1) of Theorem 14 can be replaced 
by (C7, a), where a is arbitrarily small. This is not true of Theorem 20; 
in neither Theorem 20 nor Theorem 21 can the order of summability 
of the outer integral be reduced. We shall now prove this by means 
of examples. ^ 

cos ut du. 
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As in § 1.16, if 0 < a < 1, 

J v-^in{M-v) dv = oi^\ 

0 ' ' 

as A -> 00 , < -► 00 . Also 

-a ^ At 

% = la+T J «“-^cos(A<-«) J «“-isin(A<-«)d« 

0 0 

—►00 

0 

= r(a+ l)Ai-«^-i-«cos(A^- J 7 ra) + 0(<-2). 

Suppose that we try to prove Theorem 20 with (C,a), where 
0 < (X < 1, instead of (C, 1). We encounter a term 
00 

T 

00 

= -fmUKx-T)+ J A(<)|/o.(A,x-() dt. 

T 

Take T fixed (>|a:|). Then everything is bounded except possibly 
the term oo 

r(a+l)A^~® J fi{t)t-^'^co8(Xz—Xt—l7r(x) dt. 

T 

Let f{t) = 2V-2sin2''^ (w < ^ < (v+l)7r), 

for V = 1, 2 ,..., and f(t) — 0 elsewhere. Then 

fi{t) = v“2(l — cob2H) (vtt ^ < (v+l)7r). 

Clearly 

T T 

j f{t)cosu{x—t) dt = fi{T)coBu{x—T)—u J fi{t)Binu{x—t) dt -> limit 
0 0 

as T ->QOy uniformly with respect to u, so that the conditions of 
Theorem 20 are satisfied. 

Let A = 2P, Then 


00 

J /i(0^“^““co8A< 

ir 


iv+l)7r 

1 I* (1— cos2'’f)cos2/’<^^ 

V 1 * 

^ * vvr 
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The term v = pis 

(p+i)w 


(p+l)ir 


1 f cos2Pt. 1 f 

p« J 2 p* J 

pir pTT 


l+cos2^+^^ 


dt 


< 


The remaining terms are 

(v+l)ir 


J 

''*P yi 


2pV+l)“^' 

COS 2^— ^ 008(2'’— 2P)<— J co8(2'’+2^)^ 


+0 




^at+l 


dt 


2^(v“+»|2/>-2''|) ^( 2^)' 


Similarly, 


oe 

J 


fjV^^di-ogV 


IQL+l 


Hence \J^\ > ^lcos(Ax-i7rcx)|Ai-“(logA)“«-2^0(l), 


for A = 2P. Finally, the sequence cos(2Pa;— ^Tra) does not tend to 0, 
since, if one term is small, the next is approximately — cosjtra. 
Hence Ji is unbounded. 

Also, by Theorem 15, Jg tends to a limit. It follows that, in Theorem 
20, (C, 1) cannot be replaced by ((7, a), if a < 1. 

If 1 < a < 2, we can write 

M 

4(A,0 = J v“-*C08{A«-v) 

0 

Hence contains a term 

Xi 

— — J v'^~^cob{M—v) dv 

and, in the argument with (C, oe) analogous to that of § 1.22, we 
obtain the term 

00 

r(a4-l)A*-“J /,(t)<-“-^8in(Aa:— At— iwa) dt. 

/(O = 2»'’i.-»cos2'’t (w<t<(v+lH 


Let 
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for V = 1, 2,..., and f(t) = 0 elsewhere. Then 

/,(/) = k-*(1-co 8 2-<) (w < < < (v4- l)7r). 

Since 

0 

/* 

|^sinM(a:— f)-|-|i_-|«*co8«(x— <)| dt, 

0 

which clearly tends to a limit as -> oo, the conditions of Theorem 21 
are fulfilled. 

The proof that the selected term is unbounded now proceeds as 
before. The remaining terms are easily seen to be bounded, and the 
desired result follows. 


1.24. The integrated form of Fourier’s formula. It is well 
known that the result of formally integrating a Fourier series term- 
by-term is true, whether the original series is convergent or not. 
The corresponding theorem for integrals is as follows. 


Theorem 22. Iff{x) belongs to X(— cx),oo), then 

f — >00 00 

j f{x) dx = - J ^ J O+sintt/} dt, 

0 0 —00 

f /(«) & = ium I du j /(.).-* 

0 -A -00 

for aU values of i; and 

( — ►* «> 

J /(x) dx -- j J fiD^xavl dt. 


(1.24.1) 

(1.24.2) 

(1.24.3) 


^ —>00 CO 

J/(x)dx = ^ 

/or I > 0. 

The formulae correspond to (1.1.1), (1.1.6), (1.1.4), (1.1.6) respec- 
tively. Consider for example (1.24.2). We have 

A 00 ® ^ 

r .1 r r f , 

J J "" J ^ J — ^ 

—00 —00 —A 


j* \ du j f{t)&mut dt (1.24.4) 


D 
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by uniform conyei:gence. The inner integral is 

A 


r- 


sin 


u 


which is bounded for all t and A, and, as A -> cx), tends to 27r (0 < ^ < ^ ), 
0 (^ < 0 or f > I). The result therefore follows by dominated con- 
vergence. The other formulae are easily deduced from this, or proved 
in a similar way. 

1.25. The complex form of Fourier’s integral. The theory of 
the complex form of Fourier’s integral is substantially the same as 
that of the forms already considered. We shall state briefly the most 
important results. 

We have so far supposed that all the functions are real. There is, 
however, no additional difficulty in dealing with complex functions 
of a real variable, and it is natural to apply the complex form of the 
theorem to these. The extension of all the definitions is immediate; 
a complex function f{x) is integrable, of bounded variation, etc., if 
its real and imaginary parts separately have these properties. 

Theorem 23. Letf(t) belong to L{—oo,co), and let it be of bounded 
variation in the neighbourhood of t^ x. Then 

X 00 

i{/(a:4-0)+/(a;— 0)} = ^lim J J (1,25.1) 


-A 


If f{t) satisfies the conditions of Theorem 4 in the neighbourhood of 
t = X, the left-hand side may be replaced by f{x). 

We may invert by uniform convei^ence, and obtain 
A 00 00 A 

J e-^^^du J f{t)e^^dt=: J f(t)dt j 


-A 


-A 


00 

J /(0 


8inA(a;— <) 
x—t 


dt. 


and the result follows as in the proof of Theorem 3. 

As a particular case, suppose in addition that f{z) is analytic for 
y > 0, and /(«) -> 0 as | 2 | -> oo uniformly for 0 < argz < n. Then 
by Jordan’s lemma (Whittaker and Watson, Modem Analysis, 
§ 6.222) F{u) = 0 for « > 0. The formulae reduce by a change of 
variable to those of Laplace, (1.4.1), (1.4.2). 
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If we use the functions !’+(«’) and we obtain a theorem in 

which /(x) is less restricted at infinity. 

Theorem 24. Let Mang to L{—oo,oo) for some positive e, 

so ffua F+(tD), defined by (1.3.1), (1.3.2), exist for w > c, 

V < — c, respectivdy. Then, if f{t) satires conditions corresponding 
to those of Theorems 9 or ninths neighbourhood of t = x, 

ia+X 

i{/(*+0)+/(x-0)} = ^hm J F4w)e-i^«>dw + 


tt> + 

(27r)A-« J, 


F_(w)e-*^ dw, 


where a > c. 6 < — c. 

Let g{x) <= e~®*/(x) (x > 0), 0 (x < 0). Then by the previous 
theorem x » 

Kl/(x+0)+fif(x— 0)} = ilim f e-^'^du J g(t)e^'^dt 

■** Jx -« 

A «> 

= ^lim f f /(<)e«“+<“)' d< 

27rA-»oo J J 

-A 0 

A 

= — lim f (u4-ia) du, 

V(27r)A-ao J 

ia+A 

or ie“*{ 9 (* 4 - 0 )+ 8 '(x— 0)} = ^^hm J F+(w)e-^dw. 

ia—X 

Similarly, if h{x) = e^/(x) (x < 0), 0 (x > 0), then 

<6+ A 

ie~*®{A(x+0)4-A(x— 0)} = lim I* F^(w)e-**^ dw. 

The result stated follows on addition. 

1.26. Perron’s formula.t The formula known as Perron’s formula 
in the theory of Dirichlet series can be deduced from Theorem 24. 

00 

Theorem 25. Let /(«) = 2®»®~^ 

n-1 

he convergent for a > oq, where the arc real and steadily increasing 
to infinity, and let ^(a;) = 2 ®n- 

Xn<^X 

t See Hardy and Biesz, The Oeneral Theory of DirieMero Seriee, 12-14. 
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Then if k > 0, k > a^, 

k+iT 

H^(a:+0)+^(a;-0)} = ^lim J 

k-iT 

Let Aq = 0, = aj+a 2 + ... +ttn* 

w 

If j3 > (To, 2 is bounded for all m, and hence, if also j3 > 0, 

= 2 == 0{e^P). 

V— 1 

Hence, if A'' is the greatest n for which ^x, 

A(x) = Aff = 0{e^aP) = 0(c^*), 

Hence for a > fi, 

/(«) = 2 Mn— = 2 ^„(c-^*-e-^+«*) 

n— 1 n— 1 

00 ^ + i ® 

= 2 f e-*«dy — a \ A(y)er^ dy. 

Since is of bounded variation in any finite interval, the result 
follows from Theorem 24. 


1.27. Fourier’s theorem for analytic functions. The following 
form of Fourier’s theorem applies to a class of analytic functions. 

Thbobem 26. Zet f{z) be an analytic function, regtdar for 

—a<y<b, 


where a > 0, 6 > 0. ' /n any atrip interior to — o <. y <. b, let 

fu\ = / {x -> 00 ) 

^ 1 0(e<P-*)*) (*^-00) 


(1.27.1) 


for every poaitive e, where X > 0, p > 0. Then F(w), defined by (1.2.5), 
aatiafiea conditiona aimilar to thoae impoaed on f{z), with a, b, X, p 
replaced by X, p, b, a; and 

CO 

j F{w)e-<^«’dw (1.27.2) 

— OP 

for every z in the atrip —a <y <b. 


jvi — 


V(2tr) 


00 

We have F(w) = J /(Oe^i" dC. 
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and the integral converges uniformly for — A < v < Hence F{w) 
is analytic in this strip. By an obvious application of Cauchy’s 
theorem we may take the integral along any line of the strip parallel 
to the real axis. Thus 


CO 

F{w) = ^ j = 0(e-v«), 

— 00 


and by taking ij arbitrarily near to —a or 6 the order-results for 
F(w) follow. 

The reciprocal formula (1.27.2) can be deduced firom Theorem 23; 
it can also be proved directly by the theorem of residues. Let 
—a < —a < y < j8 < 6. Then 


1 


J F(w)e-*^ dw = -^ j dw J dC 

0 0 ift-oa 

^34* w 00 


^+0 

J. 

X 


WT w 

= - f ^dl. 

2ni J 


the inversion being justified by absolute convergence. Similarly, 

0 — ia+oo 

-X— r F{w)e-^ dw = — r ^ dl, 

V( 2 ir) J ' ^ 2 m J 

—00 — ia— 00 

and, by an obvious application of the theorem of residues, the sum 
of the right-hand sides is /(«). 


1.28. Summabillty of the complex form. The various sum- 
mability theorems have obvious extensions to the complex form of 
the theorem. It will be sufficient to state one of them. 

Theorem 27. Letfif) bdong to L{—co,co), or, more generally, let 

j" /(Oc*-* 

-► — 00 

converge uniformly in any finite interval. Then 

-A -a-oo 
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M to ^(a;+0)+/(a;— 0)} wherever this expression has a meaning; 
tof(x) wherever f{x) is continuous; and tof{x)for almost aU values of x. 

On inverting the order of integration the integral reduces to (1.16.1), 
and the result then follows from Theorems 14 and 20. 


U9. Mellin’s inversion formula. Theorems on Mellin’s formula 
may be obtained from theorems on Fourier’s formula by a change of 
variable, as the formula itself was obtained in § 1.6; and of course 
there is no difficulty in adapting the arguments to give a direct proof 
in each case. 

We shall state only the most important theorems. 

Theorem 28. Let hdong to X(0,oo), and, let f(y) be of 

bounded variation in the neighbourhood of the point y = x. Let 


0f(«) = J dx (s = h+it). (1.29.1) 

0 

fc-fiar 

Then ^(/(a:+0)+/(*— 0)} = 5 ^-. lim f ^(s)x~*ds. (1.29.2) 

^TTt r— ►« j 
k-lT 

Theorem 29. Let m) bdong to X(— qo,oo), and let it be of 
bounded variation in the neighbourhood of the point u — t. Let 

/(*) = ^ J SW*-^**. {1-29.3) 

k-i<o 

Then X 

i[0f{*+*(^+9)}+5{*+*(<— 9)}] = 11“ J /(*)«*’+““^ d*- 

(1.29.4) 

Both theorems are obtained by changes of the variable in 
Theorem 23. 

In some examples the following theorem is required. 

Theorem 30. Let 

m+it) == 

where ift(t) and ^{t) satisfy the conditions of Theorem 11, both as 
< ->• 00 and t -*■ — oo; or let 


e*»/(e») = ^{x)e‘i<i‘\ 

where ^ and ^ satisfy such conditions. Then MeUin's formulae hold, 
the integrcds being non-absolutdy convergent. 

This follows from Theorem 11 by the usual substitutions. 
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Theorem 31. Let f{z) be an analytic function of z regular 

for —oL<e<py where 0 < a < tt, 0 < j3 < tt; and let f{z) be 
0{ |«l“®'"*)/or small z, and 0{ \z\~^-^^)for large z, where a < 6, uniformly 
in any angle inlerior to the above. 

Then defined by (1.29.1), is an analytio function ofs, regular for 
a <a<b; and j 0(c-(^-«X) (< h- oo) 

(<->-oo) 

for every positive €, uniformly in any strip interior to a < a <b; and 
(1.29.3) holds for a < k < b. 

Conversely y if ^{s) is a given function satisfying the above conditions 
and f{x) is defined by (1.29.3), then f{x) satisfies the conditions pre- 
viously imposed on ity and (1.29.1) holds. 

This follows from Theorem 26, or it may easily be proved by an 
analogous argument. 

Theorem 32. Let f{x)x^’-'^ be i(0,oo); or, more generally , let 


—►00 

J f(x)3f-^ dx = 0f(a) 


(1.29.6) 


—►0 


be uniformly convergent for s = k+it, t in any finite interval. Then 

fc+<A 

is equal to i{f{x+0)+f{x—‘0)} wherever this expression has a meaningy 
and in particular to f{x) wherever f{x) is continuous \ and to f{x) for 
almost all x. 

In the inverse form the assumption is that "Sik+it) is L, and the 
conclusion ^ 

|loga;|' 


1/M 


lim 

M- 


m 


almost everywhere. 

This follows from Theorem 27 by the usual changes of variable. 
A particular casef is that, if 


J f(x)x^-^ dx, J f(x)ofi-^ dx. 


-*o 


where a < 6, converge, then the result holds for a < k < b; for then 

t Hardy (8). 
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(1.29.5) converges uniformly in any finite region interior to the strip 
a < a <b. In this case J5(^) is anal 3 i}ic in the strip. 


1.30. The Laplace formulae. The simplest theorem on the 
formula (1.4.3) is 

Theorem 33. A necessary and sufficient condition tluit f{z) should 

be of the form i ^ 

/(25)-^.J <f>{w)e^^dw, (1.30.1) 

r 

where F is a closed contour surrounding the origin, is that it should be 
an integral function of exponential type, i.c. such that f{z) = 0(c*^'®*) 
for some c. 

The formula (1.30.1) plainly defines an integral function of z] and, 
if |t4;| < c on the contour, f{z) = 0(e*^>*>). Hence the condition is 
necessary. 

Conversely, suppose that it is satisfied, and let 


f(z) = 2 


n— 0 


Then by Cauchy’s inequality 


1 Ke/^f 

|o„| < — max 1 /( 2 ) I < 

for all values of r. Taking r = n, 

lo„| < Kef‘”n-^. 

00 ^ 

Hence the series <f>(tv) = ^ 

n *»0 

is convergent if w is sufficiently large, say for \w\ > M, Let F be a 
simple closed curve surrounding the origin, and lying entirely outside 
the circle \w\ =■ M, Then by uniform convergence 

± f =.| = /(»). 

r r 

the required result. 

The reciprocal formula is 

00 

^(m>) = J /(a:)e~®“’ dx 
0 

as in § 1.4, but in general this holds for R(w) > c only. 
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For/( 2 ) in (1.30.1) to vanish identically, it is plainly not necessary 
for <f>{w) to vanish; it is sufficient for <f>(w) to be regular within P. 
Hence, if we are given /(z) and P, (1.30.1) does not determine 4>(w) 
uniquely. It does so, however, if ^(u?) is given to be regular and zero 
at infinity; and there is a more general result of the same kind. 

Theorem 34. Let <l>(w) be regular for sufficiently large w, except for 
a pole of order n at infinity, and let 

J <f>(w)e^'* dw ^ 0 
r 

for all t, P being a simple closed contour surrounding the origin. Then 

= ao+aiii;+...+a„ w^. 

Let il${w) = <fi{w)—aQ—,,,—a,^w^, 

where ao+...+a,^u;'^ is the principal part of at infinity. Then 

J tli(w)e^^ dw == 0, 

r 

and ^(w) -> 0 as \w\ oo. 

Multiply by where R( 2 ) > max R(u^), and integrate over 

r 

(0,cx)). We obtain ^ , 

j Jflw) dw = 0, 

J z—w 
r 


and this holds by analytic continuation for any z outside P. 

Hence, by the calculus of residues, if P' is a circle of radius 




and, making JB oo, the right-hand side tends to 0. Hence ^(z) = 0. 
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AUXILIARY FORMULAE 

2.1. Formalities. Ir F(x) and 0{x) are the Fourier transforms of 
f{x) and g(x), we have formally 

00 00 00 

J F(x)0{x) dx = j 0(x)dx j f{t)e<^dt 

— 00 00 — 00 

00 00 00 

= ^ J /(<)d< J G(x)e<^dx= J (2.1.1) 

— 00 —00 —00 

If g{t) is replaced by g(—t), 0{x) is replaced by 0{x), so that an 
equivalent formula is 

00 00 
J F(x)0(x) dx = j f{x)g{x) dx. 

— 00 —00 

Kg =f, we obtain 

J \F{x)\^dx= J m\^d^. 

— 00 —00 

For even functions the formulae reduce to 

/ / /(*)?(*) 

0 0 

and J = /{/(*)}* d®; 

0 0 

for odd functions they reduce to 

00 00 

J F,(x)0,{x) d® = J /(®)p(®) d® 

0 0 

/ W®)}* d® = J {/(®)}* dx. 


and 


These formulae are analogous to Parseval’s formula 


( 2 . 1 . 2 ) 

(2.1.3) 

(2.1.4) 
( 2 . 1 . 6 ) 

( 2 . 1 . 6 ) 

(2.1.7) 


2ir 

I j {f(®)}* dx = iog+ 
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in the theory of Fourier series. They will be known generally as the 
Parseyal formulae.f Again, 

00 00 00 

^ J F{t)G{t)e-^dt = ^ J F{t)e-<^dt J g(u)e**^du 

— 00 — oo —00 

00 00 

= ^ J g(u)d/a J F{t)e-^-»)dt 

— 00 —00 
00 

= J 9 Mf(x—u)du. (2.1.8) 

Thus the functions 

00 

J g{u)fiz-u) du, F(x)0(x), (2.1.9) 

— 00 

are Fourier transforms. The integral obtained is called the remdtanf 
off(x) and g(x). 

The process may clearly be repeated. The functions 


w oo 

^ J" h{v)dv J g(u)f(x—u—v)du, F(x)0(x)H(x) 


are transforms. So generally are 

00 00 

(2^ J J X 


( 2 . 1 . 10 ) 


00 

X J A(«i)/(»-«i 


dui 


( 2 . 1 . 11 ) 


and F(x)Fi{x)...F^{x). 

There are analogous formulae for Mellin transforms, which may be 
obtained by transformation from the above, or directly as follows. 
If 3f(s)> (b(s) are the Mellin transforms of f{x) and g(x), 

*-f<flO Af + ioo CO 

^ J ^ J ®(l-«)d«J /(*)*•-!<& 


Jfc-ioo 


k-ioa 


k+ioo 


=s^jf{x)dx J (S(l—s)3f-^ da = j f(x}g{x) dx, (2.1.12) 

0 If— <00 0 

t The earliest reference to the formulae of which I know is in Rayleigh (1). See 
also Hardy (3-5), Ramanujan (1). 
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lE+ioo 


Jb+ieo 


2^ J af(«)®(l-«) ^ J ff(s) dt J ff(zp;-* dx 

Jb—iflo ib— ioo 0 

00 ib+<flO 00 

= ^ J ?(*) <** J 0f(«)®-* <*» = J ?(*)/(*) 


Similarly, 


Jb— ioo 


Also 


Jb+ioo 00 Jb+iflo 

^ J af(»)®(«) * = J J ^ 

lb— ioo 0 If— ioo 

0 

If gr = /, and both are real, (2.1.12) with k = ^ gives 

00 00 

^ I I0f{i+»'OI*‘«= (2.1.14) 

— 00 0 

00 00 If+ioo 

J /(®)9(®)®*“* ^ J J 5(M;)a:““' dw 

0 0 fc-ioo 

Ib+ioo 00 

= J 3f(w) dw j g(x)x*-'^-^ dx 

If— ioo 0 

If+ioo 

= ^ J ^{w)(S{a—w) dw, (2.1.16) 


If+ioo 


i.e. 


are Mellin transforms. 
Again, 

If+ioo 


f{x)g(x), ^ j ^{w)(S(s—w)dw (2.1.16) 

If-ioo 


15 -raw oo If + ioo 

^ J 3(«)®(«)a:"* ^ — J 5(«)«*"^*~* ^ 

0 It-iflO 

=/»<«)/©?. 


kf-ico 


another sort of resultant.' 
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Hence we obtain as Mellin transforms 

CO 

/ ^ ’ S(«)®(»)- (2.1.18) 

Repeating the process, we obtain as Mellin transforms 

//n(«») ~ f /n-l(««-i) ... fA(«,)/( ] --S 

(2.1.19) 

g(«)5i(«)...2f„(«). 

From the Laplace integral formulae we derive similarly the 
formulae 

As+ioo OQ 

^ J ^ J /(y)c~**' dy 

*-iQO 0 

00 

0 

X 

= j f{yW-y) dy, ( 2 . 1 . 20 ) 

0 

00 


and 


= J S(y)g{y—x)dy. ( 2 . 1 . 21 ) 

iiiaT(x,0) 

We can also introduce parameters into the formuls/e without altering 
them essentially. Since 

00 00 

m f I /(«)«“■*■ 

— 00 — 00 

the transform of f {ay) is Thus e.g. 

00 00 

J m)g{-ht) dt = ^ j dx. ( 2 . 1 . 22 ) 

— 00 —00 

Similar changes may be made in the other formulae; e.g. 

J /(oa;)**-* d* = 0 -* J /(0^*~^ d|, 
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SO that the Mellin transform off(ax) is Thus 

00 ifc+iflO 

^ f(aa:)g{bx)dx^-^ ^ 8f(«)®(l-«)a-6-i*. (2.1.23) 

0 Jk— ioo 

and similarly in the other formulae. 

2.2. Cionditiona for validity. We shall now give some sets of 
conditions for the validity of the above formulae. Some of the most 
important conditions depend on the theory of mean convergence, and 
must be postponed until later chapters. The conditions which we give 
here depend on analysis resembling that of Chapter I. 

We begin with (2.1.1) and its special cases. 

Thsobkm 36. ///(«) and 0(x) belong to L{—co,co), and F{x) and 
g(x) are ^uir tranaforma, then (2.1.1) holda. 

For the inversions used in obtaining (2.1.1) are justified by absolute 
convergence. The theorem implies that / and 0 are the given func- 
tions, and F and g defined in terms of them. 

The theorem of course includes the corresponding theorems for 
cosine and sine transforms. 

It follows also that, if /(a;) andp(a;) are L(—oo,oo), and 0(x), defined 
as the transform of g{x), is L{—co,oo), then (2.1.1) holds. For, by 
Theorem 27, g(x) is the transform of 0{x), 

2.3. We next take some cases of Parseval’s formula suggested by 
Theorem 6. Here the conditions are more appropriate to the half- 
line (0,oo), and we consider cosine and sine transforms separately. 

Thxobkm 36.t Letf(x) belong to L(0,oo), and, in some intmfol ending 
at 0, tend ateadily to a limit aax-*-0. Let g(x) be the coaine trana/orm of 
OJix), which ia integrable over any finite interval, and tenda ateadily to 
0 os X -> 00 . Then 

-»>ao 00 

J j;(x)G'„(x) dx = J /(x)8r(x)dx. (2.3.1) 

0 -ie 

We have to justify the inversion 

-♦00 00 00 —►00 
J Ge(y) dy J /(x)cosxy dx = J /(x) dx J Qf^)<soexy dy. 

0 0 -*o 0 (2.3.2) 


t Hardy (6). 



2.3 


AUXILIARY FORMULAE 


55 


Now ^ 00 00 A 

f Geiy) / f{x) 0 OBxy dx = j f(x) dx J Ojly)coBxy dy, 

® * 8 0 ( 2 . 3 . 3 ) 

for every finite A, by uniform convergence. By the second mean- value 
theorem 

J Gg(y)ooBxy dy = OJ)t) J cosary dy — o|?^|. 

00 -♦•00 

Hence fim | /(*) dx J Oj(y)coBxy dy = 0, (2.3.4) 

S A 

and (2.3.3), (2.3.4) give 


—►00 00 00 —♦00 
J Oe(y) dy j f{x)coaxy dx — j f{x) dx j Oc(y)coBxydy 
os & 0 


(2.3.6) 


w - 

for every 8 > 0. It is now sufficient to prove that 
—►00 8 

lim J Ojly) dy j f(x)coBxy dx = 0. (2.3.6) 

If, e.g.,f{x) is steadily decreasing in (0,8), 

w* 8 8 V. 

J <^c{y) ^y J f(x)coaxy dx = j f(x) dx J Of(y)coBxy dy 

l/i 0 0 Vt 

f 

== /(+0) J da; J G'e(y)cos xy dy 


0 Vt 


where 0 < ^ < 8; and 


= /(+0) J 0,{yf^dy, 


dy = 0,(Y) J ^ dy = 0{Q>,(r)} 

■V 


for all while, for a fixed Y, 


Vi 

as f 0. The result therefore follows on choosing first Y sufficiently 
large and then 8 sufficiently small. 
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Theorem 37. The corresponding theorem for sine transforms holds 
provided that, in addition, Og(x)lx belongs to L(l,co). 

In this case we encounter 
v% 

f / X 1 — COS^y J 

J 0,{y) 

Vi 

at the last stage of the proof, and the extra condition is required here. 


2.4. In the above theorems the functions on which the conditions 
bear are on opposite sides of the Parseval formula. We next prove 
a theorem in which they are on the same side.f 

Theorem 38. Let f(x) belong to i(0,oo). Let g(x) be positive, non- 
increasing, and tend to as x -^co, and let 

1 t 

J dt J g(u) du < cx). (2.4.2) 

0 0 
—►00 00 

Then J Fc{x)OJ^x) dx = j f(x)g{x) dx, (2.4.3) 

-.0 0 

and aimUarly for aine tranaforma. 

We have 


J Fc{x)Oc{x) dx = Ml Gc{x) dx J f(t)coBxt dt 
{ f » 

00 A ' 

= j OJ{x)coBxtdx 

' 0 ( 

00 X -*00 

= ^jf(t)dtj COS xtdx J g(u)coBXudu 

0 ^ u 

00 -►00 X 

= -jf{t)dt J g{u)du j coaxtcoaxudx 

0 0 { 

- J /(t){g(t, X)-y(t, X)-g(-t, ^)} dt, 

® (2-4.6) 


where 




= I J 


?(«) 


8ina?(2^— 0 
u—t 


du. 


t See Hardy and Titchmarsh (6). 
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The inversion of the x and t integrations is justified by the uniform 
convergence of the f-integral, and that of the x and u integrations by 
that of the t^-integral. 

Since g{t) is non-increasing, g{t,X) g{t) as X ->oo for almost all 
positive t, and g{—t, X) -> 0. Also as f -> 0 

= J ffM + 0 {!/m 

0 

= f ffM duj+0{g(U)} = 0(1) 

by choosing first U and then f . 

Now 


J 

a 




< 


ii ' 

it t 

< 7 J ^(“) du <~ j g(u) du, 


and 


it 


?(«) 




11— t 


J t—u 


jJsW 


du 


Hence 


< I J du. 

0 

t 

\f(t)9{t,x)\ ^ A J g(u) du, 


which belongs to 1/(0, 1), by hypothesis; and it belongs to 1/(1, oo), 
since /(O belongs to 1/(1, oo), and 

t 

i J g(u) du -> 0. 

0 

The result now follows from (2.4.6) on making X oo, f 0, by 
dominated convergence. 

Immediate corollaries are : 


(i) If f{x) belongs to L(0,oo), and g{x) is of bounded variation in 
(0,oo), and tends to 0 at infinity, then (2.4.3) holds. 

(ii) If / is Zf and g bounded in (0, 1), then (2.4.2) holds and the 
theorem follows. 

E 



58 AUXILIARY FORMULAE Chap. II 

(iii) If / is bounded and g{x)log{llx) is L in (0, 1), (2.4.2) holds and 
the theorem follows. 

Apparently / bounded and ^ £ in (0, 1) is not sufficient. 


2.5. In a later chapter we find some examples of Parseval’s 
formula which evade all the above theorems. These are cases where 
the existence of the transforms and the convergence of the integrals 
involved is obvious enough, and all that is needed is to prove the 
equality of the two sides of Parseval’s formula. We can deal with 
some such cases by means of the following theorem. 

Theorem 39. Let f(x) and g(x) be integrable over any finite interval. 

a a 

I ~ V(t) J 

—a —a 

b 

X{x,a,b) = J g(u)f(x—u)du 


and 


be aU 0(8^'*') for some positive c, independently of a and 6, and tend to 
F(x)y 0{x)y and x(x) as a-^^oDy b ->oo, for almost all x. Then 
A 

jim I F{x)G{x) dx = Kx(+0)+x(-0)} 

provided that the limits indicated exist. 

Let A > 0. Then by dominated convergence 
00 00 
f = f F(t,a)e-V‘l^+*'^dt 

-i »-"* Jo, 

a 00 

= [/(x)dx [ e-v^^+*«i+*^dt 

a-^'oo y(27r) J J 


—a 

a 


= limV(2A) f f{x)e-^+^^ dx, 

a-*<o J 

—a 

and the convergence is uniform over a finite t«>interval. Hence 

5 00 b a 

j g{u) du j F(t)e-^l^+*^ dt = lim 7(2A) J g(u) du j f{x)e~^*^^ dx 

—00 0 r -*<0 

b a+u 

= lim ^(2A) f g(«) du f f{x—u)e-*^ dx 

O-^OO J J . 


-6 


-5 
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a+b mln(a;+o,5) 

= UinV(2A) \ e-^dx f g(u)f{x-u)du 

a->Qo J j 

~-a-b max(j;~a, -6) 

00 

= V(2A) / e-^\(x,b,b)dx, 

— 00 

by dominated convergence. Also we may invert the left-hand side, 

by uniform convergence, and obtain 

00 

V(2fl-) f F(t)G{t.b)e-V'l^ dt. 

— 00 

Hence, making 6 oo, and using dominated convergence, 

00 00 

J F{t)a(t)e-V‘l>^dt = M)l 

— 00 — GO 

Making A -> oo, the result now follows from Theorem 16. 

In particular, the result holds if / and g belong to i(— cx),cx>), and 
one of them is bounded. 

2.6. Transform of a resultant. We now turn to (2.1.8), giving 
the Fourier transform of a product, or of a resultant. From one point 
of view this is merely a case of ParsevaFs formula, since f{x—u) is the 
transform of A new problem arises, however, when we 

consider all values of x at once. We then ask whether (2.1.9) are 
transforms belonging to one of the general classes already considered. 

Theorem 40. Let f{x) be the transform of a function F{x) of 
L(— oo,oo), and let g{x) belong to X(— oo,oo) {so that its transform 0{x) 
is bounded). Then 4j{27r)F{x)0{x) belongs to L(—oo,oo), and its trans^ 

form is ® 

k{x) = j g(u)f{x--u) du. 

— oo 

For the inversion in (2.1.8) is justified by absolute convergence. 
Theobbm 41. Let f(x) and g{x) belong to L(— 00,00). Then so does 
k{x), and its transform is ^(2ir)F{x)0{x). 

For o a <0 

J k{u)e^'‘du= j e^^du J /(v)g(u—v)dv 

—a —a —00 

<30 a 

= J f{v)dv j g{u—v)e^'‘^ du 

— 00 —a 

00 -a—v 

= J /(v)e<'*dt? J g{t)e^=^dt. 

— 00 —a—v 
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The inner integral converges boundedly to ^{27r)0{x). Hence 
00 00 

J du — ^i2ir) j f(v)e^'^0(x) dv = 2rrF(x)0(x). 

— 00 —00 

2.7. Mellin transforms. 

Theorem 42. Let x^-^f{x) be L{0,co), and(5{l—k—it) be Zr(— oo,oo), 
or alternatively let 8r(^:+ t'O be L { — oo, oo), and x-’‘g{x) be 2/(0, oo). Then 
(2.1.12) holds. 

For the inversion which gives the formula is justified by absolute 
convergence. 

Theorem 43. Let f{x) and g(x) be integrahle over any finite interval 
not ending atx — 0. Let 

a a 

Q(s,a) = f f(z)x^^^dx, (S(s,a)= f g(x)x^-^ dx 

1/0 l/o 

tend to 5(^)> ®(^) a = k, a = 1 — k respectively^ for almost all t, 
in such a way that ®)> for some positive c, 

bounded independently of a. Let 

h 

a 

he bounded for all a, 6, and, cw a -> 0, 6 oo, converge to a continuous 
limit in the neighbourhood of i = 1. Then 

k^iX -►00 

lim f g(a)®(l— a)cfo = \ f{x)g{x)dx, 

ZttI X-*oo j j 

k—iX — ►© 

provided the left-hand side exists. 

This follows by a change of variable from Theorem 39. 

The analogue of Theorem 41 is 

Theorem 44.* Let x^f{x) and x^g{x) belong to L(0,oo), and let 

0 

Then x^h(x) belongs to L(0,oo), and its Mellin transform is 3f(«)(5(5), 
with a = fc+l- 

2.8. Poisson’s formula. Tliis is 

Vis(jj;(o)+ J W)) = v«(i/(o)+ !/(««)), 

where a)3 = 27r, a > 0. 


( 2 . 8 . 1 ) 
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We shall provef 

Theorem 46. Let f(x) be of bounded variation in (0,oo), and tend 
to0a8X->co, Then 


n-»I p (M+|)a 

= Va lim U/(0+0)+ J 0) +/(”*“+ 0))“ “ f • 

Af->QO I m=l « J 

( 2 . 8 . 2 ) 

If also J f{t) dt exists, then 

= .Va[i/(0+0)+J^i{/(m«-0)+/(ma+0)}]. (2.8.3) 

If also f(x) is continuous, then (2.8.1) holds. 

Since /(<) is the difference between two non-increasing functions, 
each of which ->■ 0 as a; -> oo, we may take it to be one such function. 
The integral _oo 

I /(«)cosa:<df 

exists for a: > 0, and ® 


V;8 2 F,,(mP) 


m=l 

- y(D = y© -‘1 


which is the limit as Jlf -> oo of 


y(D2 / 

2m7Tip 

# . Tif 2m7r/fl 

+y(¥)2. / 


+ 


i2M+l)niP 

Aj J f(t)dt. (2.8.4) 
0 

t I do not know whether this version of the theorem hae been published previously. 
I obtained it by combining one of my own with one communicated to me by Dr. W. L. 
Ferrar. For other methods see Linfoot (1), Mordell (1). 
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Now 

(2m+l)7r/j3 


2mnlP 




- /I 




by the second mean-value theorem. The last integral is bounded 
for all n and e.g. as 


'nip (n+i)7r 

j ,in(n+m(^^-^)dl+i I ^du, 

( (a+D/Jf 

and 

is convergent. Hence the first series on the right-hand side of (2.8.4) 
is convergent asM-*<X), uniformly with respect to n; and each term 
tends to 0 as n ->> 00 . Hence the limit of the sum is 0. Similarly for 
the second series. This proves (2.8.2); and (2.8.3) and (2.8.1) clearly 
follow from (2.8.2) in the cases stated. 

There are also more complicated formulae of the same type. For 
example, Ramanujanf gives 

= Va{/(a)— /(3a)— /(6at)-f-...}, 


where ajS = Jtt; and 

= Va{/(a)— /(6a)— ...}, 


where = iv. and 1, 5, 7, 11, 13,... are the numbers prime to 6. 
These formulae are easily verified by the above method. 


2.9. There is another interesting formal method of procedure.! 
Suppose that f{x) is represented by Mellin’s integral 

C+ioo 

/(«)==^ J 5(«)»"*d«> 

C— <00 


t Ramanujan (2). 


I Ferrar (2). 
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c + ioo 


Then formally 

2 /(wot) = . f 5(«) 2 {na.)-‘ds (c > 1) 

w-l ^TTt J n^l 


r-iQo 

c+ioo 


= f 

2m J 


mmsh- da. 


Move the line of integration from a = c to a = —b, where b > 0; 
l{8) has a simple pole at « = 1, with residue 1; and 

S(«) = + J {f(x)—f(0)}3f~^ dx + j /(ar)a:*-i dx 

0 1 

has in general a simple pole at ^ = 0, with residue /(O). Since 
^(0) = — i we obtain 

hm)+ 

n=l 

— b + ioo 

= ^ J 

— 5~ioo 
1 + 6 + ioo 

gf(l-5)r(s)cos 


1 + 6 - ioo 
1 + 6 + iao 


=- f 

OLTTl J 


ds 


1 + 6— ioo 

1 + 6+ioo 


= — . V r 3(1— s)r(5)c08|s7r(^^] da. 

0L7T% Z-r J \ ^ I 

But by (2.1.23), with / and g interchanged, and 

g{x) = cosa:, (5(«) = r(a)cos+7T, 6=1, 

At+ioo 

FJ^a) = ■^. r 3(1 -«)r(«)cos^«7ra-*ds. 

27rt J 
fc-ioo 

We have therefore obtained (2.8.1) again. 

We shall not attempt to justify this process here. The main interest 
of it is that it suggests a method of dealing with sums such as 


2 d{n)S{n), 

n-=l 
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where d{n) is the number of divisors of ri. This sum, for example, 
gives 


c+ioo 


J mm da 

i/(o)+r(i)-2yaf(i)+^ J m8)m)ds, 


c - i ( X ) 


-fc+ioo 


and the last term is 

l+6+ioo 


-6-<qo 


iTTt J 

’,00 

1+6+ioo 

= —. f 3(1 -«)r*(«)co8H«7r 2-*»7r-*»S2(«) da 

TTt J 


1+b— ioo 


1 + 6 -ioo 


1 + & + ioo 


~ 2 f 3(l~*)r’*(*)cos®^s»r(4ff*»)~*d«. 


1+6-ioo 

From (7.9.7) and (7.9.11) we deduce 

Af+ioo 


^Ko(x)-ro(z) = ^ j r*(i«)cos*i«7r2»a;-da (*>1), 

k—ioa 

and, proceeding as before, the result is 
i d(n)/(n) - i/( 0 )+gf'(l)- 2 y 5 (l)+ 

n -1 

+ 2 f /(*)[iro{4ir7(»w:)}— ^irro{4w7(«a;)}]da:. 
«-i J 

2.10. Examples. (i)Let/(a:) = e"*, J^(®) = Then 

(u) Let/(a:) = e-***, ^^(x) = Then 

= Vj 3 (i+ l^e-i/*****). 

(iii) Let /(*) = e“***C 08 kx. Then J^(®) = C'l^^’+^'^cosh kx. Hence 
Va(l+ 2 c-*“''‘’co8 ianj = 2 e~*P’"‘co8h k^n^ 
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(iv) The function /(x) = ^ — satisfies the conditions of Theorem 
45, but does not belong to L(0,oo). 

(v) Let/(x) = *-*sin% (1 < a < 2). Then 

■^(*) = (x*-i— i|x— 2|*-*— J|x+2|»-i) (x > 2), 

W = ^~r(l-«)sinia,r(-2-»). 

Hence, taking a = j3 = 4, 

y©((r+(T)-+-) 

= 2 J^{(4«)*-^-H4n-2)'-^-H4«+2)*-i)j. 


or 


1+^+^ +••• = r(l-«)sini«7riT*-»x 


2"^ 2^((2»)i-» 2(2n-l)i-» 2(2»+l)»-*))‘ 


This is the functional equation for (1— 2-*)5(«). 

(vi) Let 


/(^) = (o<x<i), 0 (x^i). 


Thent 


Hence 


j;(x) = x-oj.ix) (X > 0), I’.io) = 2-«'/r(v+i). 


2»+ir(v+l)^ Z. (nj3)' 

Tl"* 1 


y4!^= 1 (i-»v)M 

^ (nPY V\^/r(j'+J)' n<l/a 


where, in the case v = ^, the term n = 1/a, if it occurs, is to be 
halved. 

This is a case of Theorem 45 if i/ ^ Actually it is easy to see that 
the same proof applies if — J < i' < provided that a is not the 
reciprocal of an integer. 


t See (7.1.11). 
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2.11. Sine transforms. The corresponding theorem is 
Theorem 46. Let f{x) be integrable over (0, 8), of bounded variation 
over (S,oo), where 0 < 8 < and tend to 0 at infinity. Then 

= Va[i{/(a+ 0) +/(a— 0)}— J{/(3a+ 0) +/(3a— 0)}+ . . .], (2.11.1) 
where aj3 = ^tt. 

In this case the right-hand side is necessarily convergent. 
Preceding as before, we obtain 




_ (- 1)"V)8 V f f{f) sm(2n+2)pt , 

- V(2^) A J coBpt ^ 

_ 1 V/ nm -1 f sin(2»+2)t; , 

— itr 

This differs from the right-hand side of (2.11.1) by 

m-1 Q 

-iTT 

and the result follows as before. 


Example. Let f{x) = x-^ (0 < a < 1). Then 
F/x) = ^ r(l— «)cos ie7rx^-\ 


and 


-^)r(l— «)cosi57r{jS*“^— (3j9)*”^-f-...} = Va{(x~*— (3a)"*+— }, 


or ^r(l— «)cosi«ffZ-(l— «) = L(s), Lis) == r— i-j-i— ... . 

2.12. More general conditions. The next theorem is a more 
general one, in which f(x) is not necessarily of bounded variation. 
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Thsobbh 47. Let f{x) be integrable over any finite interval, let 
afi = 2 it, and ff 

XN(y) = 1 f(y+n<x) x(y), ( 2 . 12 . 1 ) 




IXA?(y)l < 4>iy)> <f>iy) .£<(— ia.ia). Then 

00 

/(x)co8nj3x dx 


( 2 . 12 . 2 ) 


Fcinp) = 

exists for every n, and 

MmVj 8 (iJ;( 0 )+ f JP(«i 3 )e-«»/'l = iV«{/(+ 0 )+x(+ 0 )+x(- 0 )} 

0 -M) I n -1 } 


provided that the right-hand aide exists.^ 

We have 

J f(x)co&npx dx = ^ j f(x)co&npxdx 

la 


( 2 . 12 . 3 ) 


Hence 


N . 

2 /(y+»ia)co8»/3ydj/ = XAr(y)co8nj8j/dy. 

--{a -la 

l(JV+i)a I to 

j /(a;)cosnj3a;dx < J^(y)dy. 


lot 


Also, if (N+^)cx < X < (X+f)a, 

Ji: (iV+f)a 

J f(x)coQ npx dx ^ |/(x)|dx 




I (iV+l)a 
1« 


Hence 


= f Ixjv+i(»)-Xw(*)I dx^ 2 

-■ioi 

X 

j f(x)coBnpx dx 


is bounded for all n and X. Also 

(JV'+i)a la 

J /(a;)cos npx dx = \ {xiv (y)-~ Xiv(j/)}cos n^y dy 

(JV+l)a -la 

tends to 0 as iV -> 00 , iV' 00 , by Lebesgue’s convergence theorem; 
and similarly 
(iV+Dot 


7' 


f(x)cos n^x dx 0 , 


T* 

j 

(iV'-fl)a 


/(a:)cosnj3x dx-^0 


t Bergen (1). 
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if (N^^)a<TK(N+^)cx, {N'+i)oc^r <(N'+i)cc, T->cx), 

T* -> 00 . Hence (2.12.2) converges boundedly for every n. 

In (2.8.1) with a and jS interchanged, take /(a:) = e^cosxy. Then 

^ :^) {8*+ (y-<T* + ’ 

and we obtain 


V^{i+ = y(|.) 

= V(W)^(y>S), 

say. Hence 

f y GO ^ 

ooBn^f{y)dy\ 

0 0 

r 

— '^(x j f{y)K{y,B)dy. 


By the bounded convergence of (2.12.2), the left-hand side tends 
to that of (2.12.3) as F-^oo. Also since K(y,S) is periodic, with 
period a. 


-p*> ( V* « («»+»)<») 

J f{y)K{y,S) dy = J + 2 / f(y)K(y,h)dy 

0 lo 


= f f(y)K(y, 8)dy+ 2 [ f{y+Tn<x)K{y, 8) dy 

0 ”•“» -la 


= f/(y)J^(y,S)(ly + f x(yW(y,^)d,y, 

0 -iia 

by the dominated convergence of the series, K(y,h) being bounded 
for a fixed 8. The result now follows from Theorem 17, with a; = 0, 
a = — ia, 6 = \oL, and A'(0,y,8) == K(y,h), 
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3.1. Plancherel’s theory of Fourier transforms. The formulae 
(1.2.1), (1.2.2), connecting a pair of Fourier cosine transforms /(x), 
^J.(a:), express a relation between these functions which is formally 
symmetrical. But in all the theorems which we have proved so far, 
the two functions satisfy quite different conditions, so that the 
symmetry is only formal. 

A theory of the reciprocity which is completely symmetrical was 
first given by Plancherel.f It depends, not on ordinary convergence 
or summability, but on mean convergence. 

For complex transforms Plancherel’s theorem is 

Theorem 48. Let f{x) be a {real or complex) function of the class 
L2(— oo,co), and let „ 

F{x,a) = J f{y)e<^ dy. (3.1.1) 

—a 

Then, asa-^co, F{x, a) converges in mean over (— cxd,oo) to a function 
F{x) of 00,00); and reciprocaUy 

a 

Me) = J dy (3.1.2) 

—a 

converges in rnean to f{x). 

The transforms f{x), F{x) are connected by the formulae 

— 00 

— 00 

for almost all values of x. 

It will be seen from the proof that we might replace F(x,a) by 

b 

F(x, a, b) = J f{y)ei^y dy, 

— O 

where o ->■ 00 , 6 -»■ 00 , in any manner. 

t Plancherel (1), (2), (3), (4). 
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At the same time we obtain 


Theorem 49, If f{x), F{x) and g{x), 0{x) are Fourier transforms 
as in the above theorem, (2.1.1.), (2.1.2), and (2.1.3) hold. 

For cosine and sine transforms the theory is as follows. 

Theorem 50. Let f{x) belong to L\0,oo), and let 


F^{x,a) = 



f(y)<iOsxy dy. 


Then, as a -^co, FJ^x,a) converges in mean over (0,oo) to a function 
Fc(x) of lf*(0,oo); and reciprocally 

a 

/e(*.o) == y© J F^iy)(X»xy dy 

0 

converges in mean to f{x). We have almost everywhere 


= y© /w = J(U! 

0 0 

Thbobem 61. The analogue of Theorem 50 for sine tranaforma holda, 
wUh eoexy replaced by emxy, and siniey by 1— cosxj^. 

Theorem 62. (2.1.4), (2.1.6), (2.1.6), and (2.1.7) hold for tranaforma 
of L\ 

The cosine and sine theorems may be obtained by taking f(x) even 
or odd in the ‘complex’ theorem. 

We shall give several different proofs of these theorems. 


3.2. Fourier transforms, first method .f This is suggested by 
Fourier’s formal process (§1.1). Let 
(k+D/A 

/ f(x)dx (v = 0,±1,...), 




and ®„(a:) = 2 

V— — n 

Then if 6 > 0 and n = [A6]— 1, 

b 

<*>»(*) = J /(y)e*'" dy 


-6 


t Titchmarah (1), (2). 
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uniformly in any iSnite interval. For 

? n . 

dy = X I dy — 

a F" ""W A 


WA 


~n/A 


— J fiyy^dy— J f{y)e^dy 


(n+l)/A 


-n/A 




I J \f(y)\dy-]r J \i{y)\dy+ J |/(y)|dy->0, 

-6 (n+l)M -6 

since < x[k in each integral. 

Also 


(V+1)IX 


vix 

Hence, if X < wA, 

X nX 


(k+D/A 

i 

irA 


(•'+i)/A 

Kl*< J \f{^)\'dx f = i J |/(*)Pd*. 

■' WA 


J J |<t„(a:)|*da:= J ( f f o^e-WA) d* 

—JC — wA —irA 


—irA 
(n+D/A 


= 27rA 2 KP<27r f |/(a:)|2 rfx < 27r f \f{z)\^dx. 

Va — U J J 


— »/A 


Keeping X fixed and making A -> oo, it follows that 


JC ft 2 ft 

J J f{y)e^''dy dx^2n j |/(a;)|*da;. 

-X -ft -ft 

Making X -> oo, 

00 I ft 2 ft 

J J f{y)6*^dy dx^2n j |/(a:)|*da:. ( 3 . 2 . 1 ) 

— 00 —ft —ft 

If we take/(y) = 0 for —a <y < a, this gives 

I |F(a:,6)-F(a:,a)l*da: < ( J"+ j)\f{x)\>dx, 

— 00 '—ft a ' 

which tends to 0 as o->oo, b-^co. Hence F{x,a) converges in 
mean, to a function F{x), say, of L*(— oo,oo); and, making 6 ->-oo in 
( 3 . 2 . 1 ), 

I |F(a:)pda:< J \f{pc)\^dx. ( 3 . 2 . 2 ) 


A similar argument now shows that f{x, a) converges in mean, to 
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4>{x) Bay. We have to prove that <^(x) =f(x) almost everywhere, 
and for this it is sufficient to show that 


( ( 

J ^(x) da: = J /(x) dx 


for all values of i. Now 


t t C a 

J <^(x) dx = lim J f(x,a) dx = lim / ^ / 


-Sim! 




On the other hand, Theorem 22 (1.24.2), with /(a:) = 0 for 1*1 > o, 
gives ^ ^ ^ 

J /(*) dx = J t^-^F{u,a) du (l^K o). 


But lim 


im f 




a-^00 J Vf 


F{u, a) du 


1 


F{u) du, 


since l)/a belongs to Z*(— oo,oo). The result stated therefore 

follows. 

Incidentally we have proved (3.1.4); since we may now argue 
similarly with (3.1.2) instead of (3.1.1), (3.1.3) also follows. 

Also we may interchange / and F in (3.2.2). Hence in fact 

J \F(x)\>dx= J !/(*)!* d*. 

— 00 —00 

If 0{x) is the transform of g{x) in the same sense, F-{-0 is the 
transform o{f-\-g; hence 

J \F{x)+0{x)\»dx= J \f{x)+g{x)\»dx, 

— 00 — oo 

i.e. 

00 

J {ll'(*)l*+lQ'(*)l*+ 2 RJ’(*) 0 (*)}d* 

— oo 

= J {!/(*)!*+ lfl'(«)l*+ 2 R/(a:)y(*)}d*. 



3.2. 3.3 


TRANSFORMS OF THE CLASS L* 


73 


Hence R J F(x)Q{x) d* = R J S(x)g{x) dx. 

— 00 •—oo 

Arguing in the same way with/+igf, we see that the imaginary parts 
are also equal. Hence 

00 ^ 00 
J F{x)0{x) dx = j f(x)g{x) dx. 

— 00 — OO 

3.3. Fourier transforms* second method.f Let f{x) belong to 
oo,oo). Then we can construct a sequence of functions fn (^)9 
each of which is continuous and of bounded variation over a finite 
interval, and zero outside this interval, and such that 


— 00 

GO 


A A 00 00 

J ^ J ^ j fnWe^'‘du j Jjv)er*^dv 

—A -A —00 — oo 

00 00 A 

= ^ J J fjv)dv j 

— 00 — 00 —A 

— 00 — oo 

By the theory of § 1.9, the inner integral tends to 2irf^{u) uniformly 
over any finite range, as A ^ oo; and hence 


Similarly 


J \F^{x)\^dx= j !/„(«) |»dtt. 

— 00 —00 

00 ^ 


t Boohner, VorUmmgen aber Fourieraehe InUgraU^ § 41. 


F 
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and the right-hand side tends to 0 as m and n tend to infinity. 
Hence F^{x) converges in mean, to F{x) say; and 

r |lf(a:)|*da: = lim f 

J n~>oo J 

— 00 —CO 

= lim J l/n(«) !*<*»= J l/(*)l*‘*c- 

n-*-ao J J 

— CO —00 

This function F(x) is the Fourier transform of f{x). It is of course 
not yet obvious that it is equivalent to the transform obtained before, 
or even that it is unique, since the sequence fj^x) is not unique. 
However, we have 

J f.(x) & = J & J /.(»)«<-• <*“ 


(the range of integration being really finite). Making w -> oo, 

0 —00 
since (e^“— l)/(m) belongs to L*. Hence 

00 

F{x) = ^ dv. 

' ' ^(2n)dx J •'' ' m 

— 00 

almost everywhere. Hence F{x) is unique (apart from sets of measure 
zero), and is equivalent to the transform obtained by the first method. 

In the first method we deduced the Parseval formula from the 
reciprocity; in this method we have proved the Parseval formula 
already, and we deduce the reciprocity from it. As before, the 
Parseval formula gives 

CO 00 

J F(x)0{x) dx = j f[x)g(x) dx. 

— 00 —00 

Let g(x) = 1 (0 < a: < I), g{x) = 0 (x < 0 ot x > $). Then 
. 1 d f e**“-l , 


X 1 d fe**" 

^(2n) d* J * 


— ^ A r ^ d — ^ 

-j(2m) dx] iu * ^(27rj ix 
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F{x) - ^ dx= { f{x) (for, 

— tx J 

0 


so that/(x) is the transform of F{x). 

Again, let h{x) =/(*) (— o < a: < o), 0 (|a:| > o). Then 

’‘ms! - m ! 

—a —a 

with the usual notation. Hence the transform of F{x)—F{x,a) is 
f{x)—h(x), i.e. it is 0 (|a: I < «)./(*) (1*1 > o). Hence 

J \F(x)-F(x,a)\^dx== I J + j)|/(ar)l«(for. 

— 00 '—00 a ' 

which tends to 0 as o oo. Hence 

F{x) = l.i.m. F{x,a). 

a-^oa 

3.4. Fourier transforms, third method.f Suppose first that 
/(*) belongs to both L and Z*, and let 

— 00 

Then 

00 00 00 00 

J e-**'®’|F'(a;)|*(fo: = ^ J c-**‘®*(fo; J f{u)e‘‘^^du j f(v)e-*^dv 

— 00 — 00 — 00 — 00 

00 00 00 

= 2 J f(u)du j f(v)dv j e-*8**’+‘*(“-»)(for 

— 00 — 00 — 00 

00 oo 

= ^2n) J J (3-4.1) 

— 00 —00 

and by Schwarz’s inequality for double integrals 

* —00 —00 

I OO 00 

J J dudv 


t F. Riesz (2). 
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( 00 00 OO 00 % I 

/ / J J l/(v)l*e-^-’>»^eludv * 

— 00 —00 —00 —00 ' 

00 00 

= J J 

— 00 —00 

00 00 00 

= / 1/MI‘du f e-V‘li‘dt = SV(27r) J |/(«)|*d«. 

— 00 — 00 — 00 

00 00 

Hence J e-i^'=^\F(x)\^dx ^ J |/{tt)|*d«, 


and, making 8 ->• 0, it follows that F(x) belongs to i/®(— oo,oo). 
Also (3.4.1) is equal to 

00 00 

J f(u)du j 

— 00 —00 


— 00 —00 — OO 

say. Since / belongs to L*, ^ is bounded and continuous. Hence 

00 00 00 

f |i’(a:)|*(fo: = lim f e-«8’**|J’(®)l*(fa: = - f dt 

J 8 — ►© J Sr-^-o \27r) J 

— 00 — 00 — OO 

= 0(0) = / lf(u)\^du, 

— 00 

by the theoiy of Weierstrass’s singular integral (§ 1.18). 

The existence of F for any / of L*, and the reciprocity, may now 
be proved as in the previous method. 


3.5. The Hermlte polynomials.t The Hermite polynomial of 
degree n is defined by 

H,{x) = (-l)«e**|Aj”e-*‘, (3.6.1) 

and we write 

0„(a:) = e-***H„(*) = (-l)V»*(^)”c-*-. (3.6.2) 

The interest of these functions for our theory is that they form an 
orthogonal sequence, each member of which is, apart from a trivial 
factor, its own Fourier transform. 


t See Wiener, The Fourier Integral, 61-71. 
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We have 
and 


we nave 


e-**-2(«+l) 


(sp 

“““ «W = (-l)"((x>+l)(^)"e--2(«+l)(|)%-). 

Thus y = <f>„{x) is a solution of the differential equation 

^—**3/= -(2w+l)y- 

Putting y — e-i^u, we obtain 

dht » du „ 

^-2x^= -2nu, 
dx^ dx 


IdY., 

\dx) 


.lx* 


(3.6.3) 

(3.6.4) 

(3.6.6) 


so that H„{x) is a solution of this equation. 

Further, it is the only polynomial solution. For let 

u — OQ+aj®4- ... 

be a solution. Then 

2 o,r(r— l)af-*— 2 2 = ~2» 2 

Hence (r+l)(r+ 2 )a ,+2 = 2(r— »)«,., 

and the general solution is the sum of two series, of which the one 
in which r has the same parity as n terminates, and the other does not. 
The Hermite functions <f>„{x) form an orthogonal set. For by (3.6.3) 

„ = 2(»-m)^„(a:)^„(x). 

Hence 


00 


if »i 7^ «. 

3.6. Thbobbm 63.t If |<1 < 1, 

U-H,{x)HJy) 


(*) dx = ^^^[0;,(a:)«^„(a;)-^;(a:)^,„(a:)]t 
= 0 


2»n! 


n-*0 

We have 


00 

^ J g-tt*+2teu 

— 00 V 

t See Watson (3). 
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Now let/(a:) be any function of Z(*(— 00 , 00 ). Let f,{x) be a continu- 
ous function, vanishing outside a finite range, such that 

— 00 

00 

and let ««.» = / Mx)>fijx)dx. 

Then 

00 

J W *)}* dx 

— 00 

00 

= / {/(*)}* d® -f I 2 
— 00 

^ / {/(*)}* d® - 2 o*. == J (/{a;)-o,^i(®)- ... -o„i^„(®)}» d®, 

— 00 ^ —00 

and also 

<2 J {/(a:)-/„(®)}*d®-|-2 J - -®«... 1 ^»(®)}*d® 

— 00 —00 
00 

<2«+2 j {/„(®)}*d®-2of,„-...-2o2,„ < 3« 

— 00 

for n sufEciently large. This proves (3.7.2). 

Thbobbm 66. If a^, aa, ... are given numbers such that is 
convergenty there is a function f{x) of L^— 00 , 00 ) such that (3.7.1). 
holds. 

This is the Riesz-i’ischer theorem for the set ®y Theorem 64 

/ I 1 «m1^m(a^)|‘d® = 2 <> 

im— n * wi— n 

“ OP 

which tends to 0 as n and N tend to infinity. Hence, as n ->cx), 

2 «mlA«(®) 

m— 0 

converges in mean, to/(®) say; and 

00 00 ^ 

/ /(*¥f(*) d® = lim f 2 «m^m(*¥r(®) d* 

J fi-*.ao J m-0 

— 00 —00 

= 0 ,. 
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3.8, Theorem 57. The Fourier transform of is i^4>nHpc)» 
For 

00 00 

J = (— 1)“ J c-*‘da; 

— 00 — OO 

00 

= J dx 

— 00 

00 

= cH'* J dx 

— 00 

00 

= (-t)»e»»* J e-®*|Aj“c‘<*+<'')*dx 

— 00 

00 

= (— J dx 

— 00 

== ^{27t)e-y' 

= i"V(27T)^„(y). 

Alternatively, let 

— 00 

00 

Then <I>;(y) = - J x^<^„(x)e^y dx. 

— 00 

Also, integrating by parts twice, 

00 

— 00 

Hence 

y®^n(y)+(2«+ 

00 

— 00 

= 0 . 


Thus <l>„(x) satisfies the same differential equation as ^„(x); and it is 
easily seen that, if c***^„(x) is a polynomial, so is e***<l>„(x). 
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— 00 

— 00 

\dxl 
00 

Hence j dy — 


and also 


and hence 


J #.»“•<<» = ;^, J (2 V+ 




Hence 


c„ = t» 


3.9. Fourier transforms, fourth method. Take, for example, 
an even function f{x) of i*(0,oo), and let 


Then 


«»= J dx. 

— 00 

= (I3 = ... = 0, 

00 

®2n = 2 J /(«)^2„(*) dx, 


and n?o“*" ^ ^ 

By Theorem 56 there is an even function g{x) such that 

00 

(- = 2 J g{x)4finix) dx (n = 0, 1, ...); 

0 

and J dx = J < = J (/(*)}* dx. 

The relation between /and g is plainly reciprocal. 

We now identify g{x) with the Fourier cosine transform of f{x) 
previously obtained. 
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We have 

j dy = J ^ 

0 0 0 

^00 ^0 
since ^2n(0 belongs to L(0,oo) and the ^-integral converges boundedly. 
Hence 

f = lim f '1?^ f (- dy 

J y »™J y 

= 2 “» / '* - M / 

0 0 

so that / and g are Fourier transforms in the ordinary sense. 

Similarly, by taking f(x) odd, we obtain the theory of sine trans- 
forms. 


3.10. Convergence and summability. We can now prove 
theorems for functions corresponding to Theorems 3 and 14. 

Theorem 68. If f{t) belongs to i*(— oo,oo), and is of bounded 
variation in the neighbourhood of t = x, then 

X 

i{/(*+0)+/(a:-0)} = lim f du. 

^(ZTr)X-*n J 


The transform of 0{u) = (|m 1 < A), 0 (|«| > A), is 

A 


9(v) = 



g-ixu-iuv d,u — 


Il2\ sinA(a:-|-t;) 
\ W x+v 


Hence, by Parseval’s formula, 




. , sinA(a;-v) 
*' z—v 


dv. 


The result now follows from the theory of Fourier’s single integral 
(Theorem 12, case i(a)). 
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Theorem 69.t If f{t) beUmga to L\— 00 , 00 ), then 

ft * 

wherever j \f{x+t)+f{x—t)—2f{x)\ dt = o{h) 

0 

£W A -> 0, and so for almost all values of x\ and Fourier's repeated 
integral for f(x) holds almost everywhere^ if both integrals are taken in 
the (Cy 1) sense. 

_ (l«l< A), 0 (|tt| > A), is 


The transform of 0{u) = (1 


9{v) = 



//2\ 8inHA(x+«) 
V [rrj X(x-)-v)‘ 


Hence by Parseval’s formula 

/ = yi) / /(■» 

-A -C30 


and, as in § 1.16, the result follows from Theorem 13. 

The result also holds with / and F interchanged, and this gives the 
second part of the theorem. 

We also deduce 


Theorem 60. If 

—a 

where 0 belonga to L*, and alao 

00 


where x belongs to Ly then 0 = x- 
For by the above theorem 

“A 

is equal to il$(x) almost everywhere; and by Theorem 14 it is equal to 
X{x) almost everywhere. 


t Plancherel (3). 
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3.11. Convergence almost evenrwhere. If/(0 belongs to L*, 
the integral „ 

J Sm’*dt 

— 00 

converges in mean; it is also summable (C, 1) almost everywhere, by 
Theorem 59, since in this theorem / and F are interchangeable. 

It is not known whether the integral necessarily converges in the 
ordinary sense almost everywhere. As in Theorem 58 it would be easy 
to make it converge almost ever 3 rwhere by imposing extra conditions 
on F(x). The object of the next sections is to state simple additional 
conditions on f(x) itself which make the integral converge almost 
ever 3 rwhere. 

Theorem 61. f If fif) bdonga to L^{—co,co), then 
A 

J f(t)e^^dt == o(logA) 

wherever 

X{h) = J \F{x+y)+F{x-y)—2F{x)\ dy 
0 

08 h^Oy and so almost everywhere. 

As in the proof of Theorem 58 

-A —00 

Now 

00 2 ^ 00 00 
jF{x+y)^^^dy J \F(t)\^dt 

1 11 —00 

if 

and similarly for the integral over (— -oo, —1). Also 

J F{x+yf^ dy = j {F(x+y)+F(x-y)}^ dy 

-1 0 
1 

, = J {J’(*+y)+^(a:-y)-2i’(x)}?^ dy +0(1) 


( 3 . 11 . 1 ) 

= o(A) 


t Plancherel (3). 



86 


TRANSFORMS OF THE CLASS 


Chap. Ill 


if F{x) is finite. The modulus of this integral does not exceed 
l/A 1 


Xj\F(x+y)+F(x-y)-2F{x)\dy + j \F(x+y)+F(x-y)-2F{x)A 
0 i/A ^ 

If xW — o(h), the first term is o(l), and the second is 

/ f - [f ]! + / f %-<’<•)+■> jf = 


1/A ■' i7A 

This proves the theorem. 

Theorem 62.f Iff(t) and afao/(01og(|<H-2) belong to cx),cx)), 

A 

(3.11.2) 


then 




almost everywhere. 

We have 

A A A 

“•A —A —A 

The first term tends to ^{2n)F{x) almost everywhere, by Theorem 59. 
Hence it is sufficient to prove that 

A 

f \t\f(t)e^dt^o(\) 

-A 

almost everywhere. By Theorem 61 
A 

^(A) = J /(<)log(<+2)e^d< = o(logA) 

0 

almost everywhere. If a; is a point where this is true, then 
A A 




__r m) f 


J {log«- 


Llog(«+2)J. J \log(<+2) (<+2)log*(<+2), 


^(0 dt 


_ Ao(logA) 
- log(A+2) 

and the theorem follows. 


A 

f J o(l)d« = o(A), 


t Plancherel (3). 
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3.12. In spite of the satisfactory appearance of the above analysis, 
it is possible to improve on the result. 

Theorem 63. If f(t) and also f{t)^\og(\t\+2) bdong to L\—ao,rjo), 
then (3.11.2) holds almost everywhere,^ 

Ux) 00 

Let = f f{t)e^^^dt = f f{t)a}{x,t)e^^ dt, 

-Mx) ~oo 

where A(a:) is any function of x such that X(x) < a, and where 
co{Xyt) = 1 (1^1 < X{x)), 0 (|<| > A(a;)), so that o}{x,t) = 0 for |/| > a 
and every x. Then 

^ ^ 00 00 

I <t>(x) dx = j dx j f(t)a)(x,t)e‘^ dl = J /(0V0og(l<l+2)}x{<) dt, 


where 




(the Grange being really finite). Hence 

j<t>(x)dx ^ J I/{<)l*log(|<H-2)<i/ I 


00 oo g C 

J lx(OI®<i<= J logd^i+F) J 

•00 —00 0 0 

= I dx I dy f 

J J ^ J log{l«|+2) 

0 0 —00 

£ ^ -A(x,y) 

= fdxfdy f J^^dt, 

J J ^ J log(|<|+2) ’ 


J J J log(|<|+2) 

0 0 --A(x,y) 

where A(a;,i/) = min{A(x),A{j/)}. Writing A(x,y) = A, we have, on 
integrating by parts twice, 

A 

f <^Q8(a;--y)^ , _ sin(a;— y)A 1— cos(a;— y)A 

J log(<-f2) ~ (a:— y)log(A-f 2)“*' (a;— ?/)*(A-f2)log2(A+2)‘^ 


A 

J {l-CO8(*-y)0 


log(<+2)+2 

U+2)%g3(<+2)' 


t The theorem for series is given by Plessner (2). 
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say. We now observe that if F{x, y, t) = J?*(y, rr, <), 

\{ ( ^ ( 

J J* F{x,y,X(x,y)} dxdy\ < 2 J d* f lJ’{a:,y,A(®)}l dy. 

I 0 0 '00 

For let Q be the square 0<x<f, and let 

Qt = «{A(*) < A(y)}. = Q{\(x) > X(y)}. 

Then in Q^, X{x,y) = X(x), and in Qt, X(x,y) = X(y). Hence 

I J J F(x, y, A(*, y)} dxdy 

< jj |F{*,y,A(x)}| dxdy + jj |F{x,y,A(y)}| dxdy 


Q. Q. 

( f 

2 J d* J |F{x,y,A(x)}| dy 


by symmetry. 

It follows that 


( (. 




Now if 0 < X < 


« / f{A(x)+i} . 

J sin{(x-yW x» ^ 2 J du < 2 J ^+1 
0 ^ ^ 0 ' 1 * 


Hence 


= 2[l+logf+log{A(x)+2}]. 




Similarly 


f f r ^ „ f ^ f l-cos{(x-y)A(x)} , 

J J Ji dxdy < 2 J (A(»)+2}log*{A(x)+2} J (*“»)* ^ 


J {A(»: 


)+2}lQg*{A(x)+2} 


dx < K{^). 
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Also 


{ f I « 

J J Jg dxdy < J* 
0 0 ' 0 


log(<+2)4-2 

(«+2)*log3«+2j 


dt 




co8(x-j^)e , 

yf 


(<4-2)*log3(<+2)‘^' 


Hence, for every A(*), 


J <!>(*) dx * < K(i) f {/(0}*log(|<|+2) dt. 


Mx) 


Let 


^(x, T, T') = max f f(t)coB xt dt. 
r<A(x)<T- I 


Then <f>{x, T,T') is the difference between the real parts of two 
integrals of type O, in which /(<) = 0 for < < T and t > T'. Hence 


]<f>{x,T, T')dx 


< 


K{h J {/(0}*log(<+2) dt < K(0 J {/(0}*log(<+2) dt. 

T 


AsT'^ca, 

Six, T, T') -> S{x, T) = max f f{t)coaxt dt, 

T<X(x^ J 


Mx) 


and <f>(x, T, T') ^ 0, since J f{t)coa xtdt — 0 if X{x) = T. Hencef 


1 4,{x, T)dx < K{a j |/(01*log(«+2) dt. 


It is then clear that, given €, we can choose a sequeiice 2\, Tg,... 
such that T^) 0 except when x lies in a part of the interval 

(0,^) of measure less than e. A similar argument applies to the 
function 0(a:, T) defined with ‘min’ instead of ‘max’. Since 

w' 

J f(t)C08Xtdt 

u 

^ ^{x, T„) ^(x, r„) 

if < w < u*, it follows that J/(<)cosx^ dt converges for 0 < x < f 
except for a set of measure less than €. 



t By Fatou’s theorem; Titchmarsh, Theory of Functions, § 10.81. 

O 
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—>00 

Hence J f(t)Gosxtdl 

0 

exists for almost all x. Similarly, the sine integral converges for 
. almost all x. Hence the limit (3.11.2) exists almost everywhere ; since 
the limit and limit in mean of a sequence are equal almost every- 
where, by Theorem 48 its value is almost everywhere F{x), 


3.13. Theorems on resultants. 


Thbobbm 64. If f{x) and g{x) beUmg to L%—oo,qo), then (2.1.9) are 
transforms in the sense that (2.1.8) holds for all values of x. 

For a fixed t, the transform oif{u-{‘t) is 


l.i.m. 

.-MO 


1 

V(27r) 


a o+< 


f(v)e^^ dv 


— a+< 


The result therefore follows from Parseval’s formula, Theorem 49. 


Theorem 66. Iff(x) belongs to L*(— oo,oo), and g{x) to L{—co,<x>), 
then (2.1.9) are transforms of the class LK 

Since F belongs to and 0 is bounded, FO belongs to L^. The 

integral of its transform is 

00 

j (3.13.1) 

— 00 

Now the transform of G(a)(e-**“— 1)/(— 1 «) is 

a 

1 r p-ixu 1 

l.i.m.-i-^, G{u)- — ^e-*vudu 

ar*<o V(2w) J — »» 

—a 

a 00 

= l.i.m.;i f ^ — ^e-*v'^du f 
a^a, 27t J —%u J 

—a —00 

= l.i.m.i f g(g)d^ f «in(^+y-^)«-Bin(y-^)« ^^ 
a->oo rr J J u 

— 00 0 

«+y 

= / (®>o), 

V 
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the ordinary limit existing by dominated convergence. Hence 
(3.13.1) is equal to 

V(t) 

-00 - 2 / 

00 X 

= J /(j/) J !7(«-y) 

— 00 0 

X 00 

= J J ^y> 

0 —00 

this inversion being justified by absolute convergence. The theorem 
now follows on differentiating with respect to x. 

The direct proof that, if / is and g is L, then 

00 

*(*) = J f{y)9(x-y) dy 

— 00 

is L^y follows from the inequalities 

I*{*) 1 ® < J \f{y)\^\9{x-y)\dy J \9{x-y)\ dy 

— 00 — oo 

00 CO 

= J \S{y)?\9ix-y)\dy J \g{u)\du. 


00 00 00 00 

I lA(a:)|*dx< J \g{u)\du J \f(y)\^dy J \g{x—y)\dx 

— CO —00 — 00 — 00 

= J \f<y)?dy{ J |sr(M)|dMj . 

— 00 ' —00 ' 

Theorem 66. If fix) is positive and Z/(— oo,oo), and F(x) is its 
transform, then F{x) is of the form 


F(x) = J <l>(t)(f>(x—t) dty 


(3.13.2) 


where ^ is oo,oo); and conversely, if F(x) is of this form, then it is 
the transform of a function fix) which is positive and L, 
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If f{x) is positive and L, y/f(x) is Z*; let 0{x) be its transform. Then 
0 is Z®, and by Theorem 64 

is the transform of = /. 

Conversely, if (3.13.2) holds, then //V(27r) is the square of the trans- 
form of and so is positive and L, 

00 

Theorem 67. If f is L, then F = f 0 dt, where tf> and ^ 

— 00 

are L^\ ani converady. 

For/ = V|/|xVl/|8gn/. 

3.14. Special theorems. Theorem 68. If both f(x) and f'(x) 
belong to Z®, then both F{x) and xF(x) bdong to Z®; and converady. 

We have = 2 J /(<)/'(<) dl, 

0 

which tends to a limit as * -voo. Since {/(a:)}® belongs to Z, it can- 
not tend to a limit other than 0, and so tends to 0 as a; -> oo. Now 

a a 

j /'(«)e<»“ du = ia: J du. 

-a —a 

As a -> 00 , the left-hand side converges in mean square, to ^J{ 21 ry!>{x) 
say. The first term on the right tends to 0, uniformly in x. The 
second term on the right converges in mean square to —^{2n)ixF{x), 
at any rate over a finite interval. Hence 

4>(a;) = —ixF{x), 

and since <I>(a:) belongs to Z® the result follows. 

Conversely, if xF(x) is Z®, let ^(a:) be its transform. Then 

0 ■ —00 
00 

— 00 

say, F{u) being Z(— oo,oo), since F and xF are Z®. But the first term 
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on the right is if{x) almost everywhere, and we may take it as the 
definition of if(x) everywhere. Then 

X 

J <f>{u) du = if{x)—C 
0 

everywhere, and the result follows. 

The result can obviously be extended to any number of derivatives. 


3.15. Theorem 69. If f{x), jFJ.(a;) are cosine transforms of 
so are ^ ^ 


Ijmdt, j^dt; 


and similarly for sine transforms. 

That the second pair of functions belong to is a theorem of 
Hardy. (Sec Titchmarsh, Theory of Functions, p. 396.) 

To prove that they are transforms, we have 

0 0 
The cosine transform of this is 


irdu] X J xy ^ 


2 ^ r Fe(y) J y r sin a:« Binary 
du] y ^ J ** 


= ± f 

du] y 
0 

= s( J '*!'+“ I® '*!')■= I ® %. 


rain(tt,y)dy 


almost everywhere. 

The inversion is justified by absolute convergence. In fact, if y <u, 

CO Hu Hv 00 


1/M 


i/y 


== y+ylog^+y = ^2+log|jy, 
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and, similarly, iiu <y\ and the integral 

J lJ’e(y)|(2+log^) dy +« J l^l(2+log|) dy 

0 U 

is convergent if F^. belongs to Z*. 

3.16. Another case of Parseval’s formula. 

Theorem 70. IffiaL, and g ia and bounded, then 

A CO 

lim J ^ — ^^F(x)0(x) dx = J f{x)g{—x)dx, 

-A -00 

We have 


-A -A -00 

“vrii 

-00 -A 

inverting by uniform convergence. As in the proof of Theorem 59, 
the inner integral is equal to 



^ X(x+u)^ 


This is bounded if g{u) is bounded, and tends almost everywhere to 
hj(27r)g(—x). The result therefore follows by dominated convergence. 

3.17. Mellin transforms. We shall say that f{x) belongs to if 

0 

Theorem 71. Let **/(*) belong to £*. Then 

a 

g(«,o) = J /(a:)»»-i dx (R(«) = k) 

1/a 

converges in mean sqvare over (i— ioo,i+ioo), to 5(^) 

k+ia 

/(*.«) = ^ J 

k—ia 
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converges in mean to /{x), in the sense that 
00 

lim f \f{x)—f{x,a)\h:^-^ dx = 0; 

J 

00 00 

and j dx = -^ j 

0 —00 

This follows from Plancherel’s theorem by the usual trans- 
formation. 


Theorem 72. Let Qi^f{x) and x^'^^g{x) belong to 2^. Then 

Qo Ae+ioo 

J /(»)8'(*) = 2^- J 5 ( 1 -«) d«. 

0 k—ioo 

This is the corresponding transformation of Theorem 49. 

Theorem 73. Let x^f(x) and x^''^g{x) belong to fi*. Then 

k+ioo 

f{x)g(x), ^ J g(M>)®(«— M>) dw 

k-ioa 

are Mellin transforms in the sense that 

00 ife + ioo 

j f(x)g{x)x‘-^ dx = J %(w)(5(s—w) dw 

0 k’-ioo 

for all valnes of t. 

This is obtained by replacing g(x) by g(x)x^-^ in the previous 
theorem. 



IV 

TRANSFORMS OF OTHER L-CLASSES 


4.1. Transforms of functions of J>. Planchebbl’s theorem can 
be extended from the exponent 2 to a general exponent p. Through- 
out the chapter we write p' 1), and similarly for other 

letters. 


Thbobbm 74. t Let f(x) belong to L^{—oo,oo), where 1 < p < 2. 
Then, 08 a CO, o 

F{x,a) = ^^ j me<-‘dt (4.1.1) 

—a 

converges in mean with exponent p\ The mean limit F{x), called the 
transform of /(a:), saiisfies 


J J m\Pdx\ 

— 00 “"00 

The Fourier reciprocity holds in the sense that 

00 

1 d 


F{x)^ 


dx 


almost everywhere. 

As in the case, we might replace F(x, a) by 

— O 

where a -> oo, 6 oo, in any manner. 


(4.1.2) 


/• pixi^ 1 

J 

— 00 

(4.1.3) 

00 

C -r-i e'~^^ 1 



(4.1.4) 


4.2. The most obvious source of such results is in the formulae 
(2.1.11). If A; is an integer, the transform of {F{x)}^ is formally 
(27r)-l^+*<^jt(a:), where 

00 00 

— 00 —00 

We can deal with such integrals by means of the following lemmas. :|: 

t Titchmarsh (2). t Hardy, Littlewood, and P61ya, Inequalities^ pp. 198-20.*). 
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Lemma a. (Young’s inequality.) If f{x) and g{x) beUmg io 
and ZWi-M) respectively, where A > 0, /* > 0, X+p < 1, then 

QO 

j fgdx 




Holder’s inequality for three functions is 

J #x<^| < ( / 1^1^“ ( J J \x\^yd3^^. 

— 00 I ' — 00 • '—00 ' '—00 ' 

where a+j3+y = 1, a > 0, j8 > 0, y > 0. Putting 

|^|V<, _ = I/I, Ij^li+aft- = |g|, 

and y = X, p = p, the result follows. 

Lemma / 3 . Let :ip{f)= ( J \f{x)\p dxf^’^ 

'-00 ' 

00 

If ^(a:) = J f(t)g{x-t) dt, 

— 00 

then 3iai-A-m)(^) < 

Young’s inequality gives 

Hence 

00 00 00 

j I J lg(a;-0p-'‘>da:x 

— 00 — 00 — 00 

and the result follows. 

Lemma y. If f{x) belongs to X**/(*fc-w, then <f>ic{x) belongs to L*, and 

J {^*(a:)}*(fo: < / J |/(*)|«««-Wda:)“'' 

— 00 '-00 ' 
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We have = J 

— 00 

and, applying the previous lemma repeatedly, 

the result stated. 

4.3. Prooff of Theorem 74 forj) = 2kf(2k—\). Suppose first 
that/(x) and g{x) belong to L^, and are zero outside a finite interval. 
Then „ 

J S7K)/(*— «i) dui 

— 00 

satisfies the same conditions, and (e.g. by Theorem 64) its transform 
is F{x)0(z). 

Repeating the argument 1c— \ times, and making all the functions 
equal, we see that the functions {F{x)}^ and are trans- 
forms of the class Hence 

00 00 
J |i’(*)|«da:=— 

— 00 —00 

1 If \ak~l 

This proves (4.1.2) for the special class of functions considered, and 
p — 2kl(2k—l). 

Now let f{x) be any function of the class The function 

equal to f{x) if a <\x\ <6 and \f{x)\ < n, and to 0 elsewhere, 
belongs to the special class. Applying the above result to it, and 
making n oo, we obtain 

— 00 bo 

The right-hand side tends toOasa->oo, 6->oo. Hence F{x, a) con- 

t The argument is analogous to that of W. H. Young for Fourier series. For a list 
of Young's papers see Zygmund's bibliography. 
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verges in mean, to F{x) say. We have 

00 00 
f = f \F(x,a)\^ dx 

^ a— ►«> ^ 

— 00 — 00 

<i“(2;r)*-(i i/wi"*-'*)"" 

1 I ? 

“w- J • 

— 00 ' 

f 


Also 

f 


j* F{x) dx = lim f F{x,a) dx = lim r { dx [ f{t)e^^dt 
J a-t>co J o-^oo \/(27r) J J 

0 0 0 -a 

- iz m -iF- *• 

—•a — cx> 

F{x) = -j- J- A f dt 

' ' ^(2n)dx J i< 


SO that 


almost everywhere. Again, if 0 < ^ < a, 

-iftt—l 


( F{u,a)^^^^ du = ( f(i)dt f t^^}e^«‘du 

27r) J — tu ZTT J J — %u 


V(27r) 


c 

= J/(Od<, 


the inversion being justified by the bounded convergence of the 
i4-integral. Making a -> oo, we obtain 

on ^ 

1 


vilr) -//(')<«. 

— 00 0 

since 1)/(— i«) belongs to Hence 

00 

1 d r c-ixu 1 

— 00 

almost everywhere {x > 0). Similarly for x < 0. 
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4.4. Extension to general p. To extend the theorem to other 
values of p we first prove the corresponding theorem for trigono- 
metrical pol 3 niomials. 

Lemma S. For any given numbers (— n ^n). 




(4.4.1) 


We give two proofs, the original proof of Young and Hausdorff 
and a later one of Hardy and Littlewood. 

(i)t Let f(t) be a function of L{—n,n), and let 


We write 


n 

— ir 



(4.4.2) 

(4.4.3) 


and W = (4.4.4) 

We have to prove that, for any trigonometrical polynomial /(<), 
Jp' (1< p < 2).. (4.4.6) 

If p is of the form 2i/(2ifc— 1), this follows from the argument for 
sums parallel to that just given for integrals. If 

fix) = 2 ff (*) = 2 Ym 

then /(«)?(*) = 2 

where d„ = 2CrYm-r- 

The analogue of Lemma jS is therefore 

^i-A-/4)t/i7) ^ ^iAi-A)(/)^i-M)(fl^)> (4.4.6) 

and, as in Lemma y, it follows that 

But for any trigonometrical polynomial ^ 

(4.4.8) 

Thus W = W = R*(/)}*. 

and (4.4.5) with p = 2kl(2k—l) follows. 

To extend it to other values of p we consider maximal polynomials, 
viz. those for which Jp is a maximum for a given value of Sp and 

t HausdorfI (1). 
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a given n. Since Sj, Jgi are continuous functions with continuous 
partial derivatives with respect to the components x^y of the 
coefficients = x^-\-iy^y maximal polynomials exist; and we can 
determine them by the ordinary method of the differential calculus. 
Let 

i 0 = i f \m\^'dt. 

m--n J 

— IT 

Then the condition for a maximum is 
dtft dtf/ 

# I f ^ 

Hence ^ ^ = A (m = —n, 

Nowf 

^ + = p(x^+iyJ{xl,+yl)iP-^ = ?)lc„l»>-i8gnc„. 

^ 1/(01® =/(0/(0, 

2|/(0L-^ 1/(01 ==/(0^/(0+/(0^/(0 

= /(0e<™'+/(0c-‘’^, 
and similarly 2 1/(0 1 |/(0 1 = 

Hence / r. - % 

IT 

Hence + f |/(0r-»Bgn/{0e-<”^d<. 


Nowf 


Hence 


Hence 


TT 

^ J |/(0K"®8gn/(0c"‘“'<« = ApIc^lP-'sgnc^ (m = -n, 

-» (4.4.9) 


t sgnz = (s ^ 0), 8gn0 = 0. 
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IT 

^ J \fm'dt = xp2K\^, 


i.e. p'J^.=-Xp8^, (4.4.10) 

Now (4.4.9) gives the first 2n + 1 Fourier coefficients of the function 
|/(OI^'“^sgn/(<). Hence Bessel’s inequality for this function gives 


n ^ 

2 r |/(0K"^sgn/(0pd<, 

a-— n ^ 

“TT 

n ^ 


n ” 

P ,n— n 

i.e. X^p'^Silzl < p'^Jlt-Zl. 

From (4.4.10) and (4.4.11) it follows that 

^ 

SI ^ -Sfp-ia 

for every maximal polynomial. 

Let r' = 2p'-2, r = 2/(3-p). 

Then it follows from Holder’s inequality that 
Sf'-^ < 

and (4.4.12) and (4.4.13) give 


(4.4.11) 


(4.4.12) 


\sj " W ' 


(4.4.13) 


(4.4.14) 


Now suppose that (4.4.6) holds for p' = r and all pol 3 rnomials. 
Then it follows from (4.4.14) that it holds forp' = ir '+ 1 for maximal 
polynomials, and so a fortiori for all polynomials. We have already 
proved it for p' = 21c. Hence we deduce it in succession for 

/ 7 t 1 ^”l~3 lc-\•^ 

p =*+l,_T_, 

i.e. for all rational numbers whose denominators are powers of 2. 
Since these numbers are everywhere dense, the general result now 
follows from the continuity oiS^ and Jp» as functions of p. 

(ii)t We again consider maximal polynomials; but, instead of the 
general condition for a maximum of a function of many variables, 


t Hardy and Littlewood (1). Sea also F. Riesz (1). 
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we use the theorem that, in Holder’s inequality 

2 ««&« < (2 

the case of equality occurs only if the \a^\^ and are propor- 
tional. Also this proof is independent of the lemmas of § 4.2. 

We define Sj, and Jp as before, and write 

/«(*)= 2 

»i“ — n 

For given n and p, let the upper bound of 8p.(J^IJp(J) for all / 
be denoted by 3f = M(n) — Mp{n); and let the upper boimd of 
Jp-(fn)l8p{fn) for all sets of c„ be if' = if'(n) = Mp{n). We first 
show that these bounds exist for every n. 

We may suppose on grounds of homogeneity that 8p>{f^ = 1. 
Then |c„|®' > l/(2»-t-l) for some value of m. Hence 

{2n+l)-Vp' < |c„.| < ^ J l/(*)l dx < Jp. 


and 80 
Again, let 

and let 


Mp{n) < {2n+l)^fP\ 



J g(x)e-*”^dx. 


Then „ 

Jpifn) = ^ f /n(*)S'(*) = 2 Cmrm < 2 KVm] 

Zrr J m— — n m— -n 

< i(fn)Sp-(gn) < M8p{fJJp{g) = M8p(Jp)J\lf^-^'>{Sn), 

(4.4.15) 

and, dividing by it follows that M' is finite, and if' < M. 

Agam, if ^ja;) = J ic„|>''-isgnc„e‘’~. 


we have (by an obvious term-by-term integration) 

n 

8^{fn) = ^ J /(*)An(*) < JpiNAK) < M'Jp{S)8p(K) 

and hence if < if'. Hence in fact M = if'. The example f{x) — 1 
shows that if ^ 1. 

Suppose now that /„(«) is a polynomial for which the maximum if' 
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of Jp {fn)l^p(fn) attained (since it is a continuous function of the 
variables c^, there is such a polynomial). Since M = the extreme 
terms of the chain (4.4.15) are then equal, and so all the terms are 
equal. The case of Holder’s inequality used is therefore an equality, 
and hence \cJp = X\yJp’ (-» < m < »), 

where A is independent of m. Hence 

Wn) = A-sj.'(y„). 

But, since is a maximal polynomial, 

-Sp(/n) = 

the last step depending on the equality of the 5th and 6th terms of 
(4.4.16). Hence X = M-p‘8^-P-p'{g„). 

Let r' = 2p'-2, r = 2l{Z-p). 

Then by Bessel’s inequality 


Slign) < ^ J lj/l“ 


-1— ^ Pzl! ^ p 

Since 2 < (2 Irmi )® 'nS lymKv . 

the product of these /S-terms on the right-hand side does not exceed 

Hence 1 < 

and so Mp > M^. 

We can now repeat the argument with p replaced by r, and r by 
a = 2/(3— r); and so on indefinitely. We thus obtain a sequence of 
values oip tending to 1 (since r'— 2 = 2(p'— 2), etc.) through which 
Mp is non-decreasing. But 

Mp{n) < (2n+l)*^i’'-»- 1 

as _p 1, p' -> GO, for a fixed n. Hence Mp(n) = 1. 

4 . 5 . We can now prove Theorem 74 by the method used in § 3.2. 
Let/(x) belong to Lp, 1 < p < 2, and define a, and<I>„(a:) as in § 3.2. 
Then 
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by the above lemma; and 

(»>+_l)/A , (y+D/A .p-l 


Vi'-ra//A . w-tXtIA xP-1 (v4-1)/A 

Kl*’< J \nx)\^dxl J dx\ r \f(x)\Pdx. 

WA ' v/A ' v/A 


nX 


r I ? \ 1 /(P- 1 ) 

Hence J \<^Jx)\p’ dx < 27 r| J \f{x)\P dx\ 

— rrX '-6 f 

It follows as in § 3.2 that 


\F{x,b)—F(x,a)\P' dx < (2ir)>-«P'|^ | + | j|/(a:)l*’ 

Hence F(x,a) converges in mean as a->oo, to F(x) say, with ex- 
ponent The remainder of the proof is the same as in the special 
case where p' = 2k, 

Still another proof of Theorem 74 can be obtained from a general 
theorem of M. Riesz on functional operations. See Zygmund, § 9.2. 


4,6. The Parse val formula. 

Theorem 75. If f(x) and 0(x) bdong to Lp(— oo,oo), 1 < p < 2, 
and F(x) and g{x) are their transformSy then (2.1.1) holds. 

We know that if <l>{x) is L^y and 0(x,a) converges in mean to 
^(x) with exponent p', thenf 

lim f {^{x)—^{Xya)}(f>(x) dx = 0. (4.6.1) 

a-^oo J 

Now 

b ha 

J F{Xy a)G(x) dx = J J H 

-6 ^ ~b -a 

a b a 

= ^ 2 n) J J G{x)e^dx^ J f(t)g{-t,b) dt. 

—a —b —a 

Making a ->oo, and applying (4.6.1) to the left-hand side, we obtain 

b oo 

J F(x)0(x) dx= j f{t)g{-t,b) dt. 

— 6 —00 

Making 6->oo, and applying (4.6.1) to the right-hand side, we 
obtain (2.1.1). 

There are also obvious extensions of Theorems 58-62. 


t Titchmarsh, Theory oj Functions, § 12.53. 
H 
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4.7. Theorems on resultants. 

Thbobbm 76. If f{x), F(x) are transforms of Ifi, IP\ and g(x), 
0(x) of J>', L^, then (2.1.9) are transforms in the sense that (2.1.8) 
holds for att values of x. 

Proof similar to that of Theorem 64. 

Theorem 77. If f{x), F{x) are transforms of Ifi, IP\ and g(x) is L, 
then (2.1.9) are transforms of L®, lA^. 

Proof similar to that of Theorem 66. 

Theorem 78. Let f{x), F{x) be transforms of Ifi, IP\ and g{x), 
0{x) of Ifi, where 

> 1. (4.7.1) 

P ? 

00 

TAe» F(x)G{x), J f{y)g{x—y)dy 

— 00 

a/re transforms of classes L^, respectively, where 

p_ pq 
p+q-pq 

That the resultant of / and g belongs to I/' follows from Lemma /3 
of §4.2, with 1— A = l/j>, 1—/*= 1/g. That FG belongs to 
follows at once from Holder’s inequality in the form 

J d* < ( J \F\r>’dxY'^'[^ J \G\<^dxY‘^. 

The condition (4.7.1) implies that p < ?', ? < p'. Suppose that 
p ^q. Then p < p', i.e. p < 2. 

Suppose that 1 < P' < 2. Then FG has a transform, the integral 
of which is « 

— 00 

Now G{u){e-*^^—l)l(—iu) belongs to L and to L«', and so to lA*; 
and, by Theorem 74, 

ac+y 00 

y —00 

i.e. it is the transform of (7(«)(e-^“— 1 )l(—iu). Hence, by Theorem 76, 
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J F(u)Q(uf—^ du = J S{y)dy J gl£)di 

-00 — 00 —y 

ao X X CO 

== J f{y) dy j g(u—y) du = jdu j f{y)g{ii—y) dy, 


0 -00 


and the result follows on differentiating. 
Suppose next that 1 < P < 2. Then 


V(i-) / 


has a transform, the integral of which is 

oo 00 

1 /• pixu 1 /• 

^ J iu~ J S^y)9i‘»’-y)dy- 

— ao —00 

This is the limit as a -> oo of 

00 a 

1 r pixu 1 r 

^ J iu J 

— 00 ~ a 

( 00 a 

since f „.dy l.i.m. f ) 

-00 (P) -a' 

= ^ J Mdy J g(u-yf^^^du, 

— a —00 

and by the Parseval formula (for g, q') the inner integral is equal to- 

X 

V(27r) J 0{v)e*'>« dv. 

Hence we obtain ^ 

ax X a 

J f{y) dy J G(v)e^'‘v dv = J G(v) dv J /(y)c**’» dy 

-a 0 0 -a 

X 

-> J 0{v)F(v) dv, 

0 

since G(v) belongs to over (0,a;). Hence the result. 

If jp = 1 and 5=1, then P = 1; see Theorem 41. 


4.8. Another extension of Plancherel’s theorem. We shall 
next obtain a generalization of PlancherePs theorem in a different 
direction, due to Hardy and Little wood, f 

t Hardy and Littiewood (1). 
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Theorem 79. If {q > 2) bdonga to Z(— oo,c»), then F{x), 

the transform of f{x), exists^ and belongs to Ifl\ and 
00 00 

J |J’(a:)|«d® < Jf(g) J \f{x)\<‘\z\<‘-^ dx. 

— 00 —00 

(i) Consider the case g = 4. 

Suppose first that/(a;) belongs to L^, and vanishes outside a finite 
interval. Then F{x) is L* and bounded, and yj(2iT){F{x)}^ is the trans- 
form of 00 

^(*)= I f(y)f(^-y) 

— 00 

which also belongs to L*. Hence 

00 00 

2n j \F{x)\*dx=- j |^(®)l*dar. 

— 00 —00 

Now f{x) = where g{x) belongs to L^, Hence 


?(!/) ?(*-!/) _ f yjy) gip^-y) i 


J \y\* \x-y\^ J 

— 00 —00 

^ J 'W~T=iF ’ J 


|y|‘ l*-yl* ly|*l»-yl* 

dy 

\y\i\x-y\i 




Hence 


00 

J l^(»)l* 


dx ^ A 


00 

=wJ 

— 00 

J J \gm'^W-y)\' 


\g{y)? |g(«-y)l 
l»l* l®-y|* 


dy. 


— 00 —00 
00 00 




dxdy 


^ J J 1*1*1*— y|* l*l*|y|* 

— 00 —00 

<" / / 

— 00 —00 

00 00 00 

= ^ J \9m*dy J = ^ J l9(y)l*dy. 
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00 00 

Hence J \F{x)\*dx<A J \f{x)\^ dx. 

— 00 —00 

The proof now follows the usual lines. Let f{x) be any function 
such that {f{x)Yx^ is L. Approximating to f(x) over (a, 6) by a 
sequence of functions of the special type, we prove as in § 4.3 that 

J \F{x,a)-F{xM\‘^dx<A{ j“+ | 

-00 ^ a ' 

Hence F{x,a) converges in mean with exponent 4, and the theorem 
follows in the usual way. 

(ii) It is possible to prove the theorem when q is any even integer 
by an extension of the above method, but, as in the Young-Hausdorff 
theorem, the other values remain to be filled in. 

The simplest procedure is to begin by proving the corresponding 
result for series, and we shall quote this from Zygmund.f The case 
we require is that it f(x) has the Fourier coefficients then 

J \f{x)\<idx^ K{q) I 

J —00 


Defining and as before, it follows that 
ttX 




— ttA 


<mq) 1 

V— —n 

(»+i)M (>’+i)/A 

J J l/(®) da:. 

viX viX 

There is a similar inequality for v ^ — 2; and 

I I 

|Ool = f f{x)x^-^^x^i-^ dx\ 

and similarly for Hence, making A -> co, we obtain 

J \F{x,b)-FM\^dx<K(q)rf + 

— 00 ' — 5 a ' 

The theorem now follows as in previous cases. 

t Zygmund, Trigonometrical Series, § 9.4. 
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4.9. Theorem 80.t Iff{x) belongs to IP (\ < p < 2), then 
00 00 
J \F(x)\^\x\^^^ dx ^ K{p) j \f{x)\^ dx. 

— 00 — 00 

Let g{x) be a function of />', vanishing outside a finite interval 
(a, b), where o > 0. Then it also belongs to L^. Hence, by Theorem 76, 
00 00 

J F{x)g(x) dx = j f{x)0{x) dx. 

— 00 —00 

Also, by Theorem 79, with q = p\ 

00 00 

J |(?(a;)|»''da:<ii:(p) j \g{x)\P'\x\P'-^ dx. 

— 00 —00 

Hence 


I / F{x)g{x)dx\ < ( J / \G{x)\p'd^ 

— 00 * ^ — 00 ' '—00 ' 

< K{p)l J \f{x)\Pds^ J \g{x)\P'\x\J>'~^d^ 


Let 

Then 

b 


g(x) = |J’(x)|>'-*sgn (a ^ x < 6). 


J |i’(x)|*’xi’-*dx < J |/(x)|i’dxj ( J |J’(x)|*’x*’~*dx)j 

a '—00 ' ' a ' 

b CO 

and hence J |J’(x)|J’x*’~*dx < J |/(x)li’dx. 

a —CO 

Making a 0, 6 -> cx), we obtain the desired result for the integral 
over (0,oo); similarly for the integral over (-00,0). 


4.10. Another case of the Parseval formula. 

Theorem 81. Let f{x) be L^y and let \0 {x)\p'\x\‘^'“^ be L, where 
1 < p < 2. Then if F and g are the transforms of f and 0, (2.1.1) 
holds. 

The proof is similar to that of Theorem 76, but now 

b b 

j {F{x,a)-F(x))0{x) dx = j {F(x,a)-F{x)}\x\<i>-^'>lP .Q{x)\x\^-*Ip' dx 

~b -b 

tends to 0 because, by Theorem 80, F(x, a) |x|0»-»/p converges in mean 


t Haixly and Littlewood (1). 
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to F(x)\x\^~^^, with exponent p. The proof concludes as before, 
but is justified by Theorem 79 instead of Theorem 74. 


4.11. Failure of Theorems 75 and 79 for p > 2. That the 
Young-Hausdorff theorem fails for p > 2 follows incidentally from 
Theorem 80. For, if f{x) belongs to L^, not only is |F(ir)l*’' integrable, 
but so is \F(x)\^\x\^~^\ and hence so is 

\F(x)\'\x\^lJ>'-'- (p^r^p'). (4.11.1) 

Call the class of functions with this property Lf, so that is a 
sub-set of 

If /(x) belongs to {q > 2), it does not necessarily belong to L%, 
and is therefore not necessarily the transform of a function of lA. 

However, we can show by means of examples that even if f(x) 
belongs to L\(q> 2), f(x) is not necessarily the transform of a func- 
tion of the class i«'. Presumably no condition which merely states 
the existence of an integral involving f/(x)| is a sufiicient condition 
for f{x) to be the transform of a function of 
Consider the functionf (0 < o < 1, o < 6) 


/(*) 



t-a-l (308 COS Xt dt 



dt 

^o+i 


V(2i 


1_ 
2n) J 
-►0 



dt 


Let 


V(27r) 




(4.11.2) 




l/(*i-l) 


^(x) = j + j + j = i>i+4>a+<ks> 

where { = o{llx) as x->oo. Then 

d8in(xt+t-^) 

=6 » 


j. _ C d8in(xt+t-^ 


and here is positive, steadily increasing, and less than 


6—0 



t Titohmanh (2). 
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Hence, by the second mean-value theorem, 

, a- 26 -l. 

In ^ 3 , is positive and steadily decreasing, and we 

obtain the same result as for Finally 


\4>2\< 


a+l 




Taking ^ = x it follows that, as x -> oo, 


<f>(x) = 0 (a: 26 + 2 ). 


>l>(x) = J 


Agrin. #(») - J 

Now increases steadily from 0 to a maximum of the 

a-b 

form where K depends on a and b only, and then decreases 

steadily. Hence the second mean-value theorem gives 


Hence as x oo 


^(x) = 0^x*'+^|. 
/(x) = 


and plainly /(x) = 0(1) as x -> 0. Hence, if g is a given number 
greater than 2, /(x) belongs to Lf if 6 is large enough. 

If/(x) were the transform of a function F{x) of we should have 




If we can insert (4.11.2) for f{u) and invert the order of int^ration, 
we obtain 

F(x) = x-“-^cosx-*' (0 < X < 1), 0 (x > 1), 

which does not belong to 1/ for any r > 1. This gives the desired 
result. 

The inversion is justified if we may invert 


1 

J t-^-^cost-^(l—coa‘ut)dt, 
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Now 


lim f = 0. 

A-^oo J J U 

0 A 

-J® . , A(x+0 A® 

I _ 1 r sin V r sin 

J u ^ * J j ~v 


dv 


A® 

< ilog 


X\x-t\ 


X+t 


and the result follows from dominated convergence. 

4.12. Special conditions. In this section we give two sufficient 
conditions of special kinds for f{x) to be the transform of a function 
of (1 < p < 2). 

Theorem 82.f Let f{x) be even, positive Tton-increasing for x > 0, 
/(oo) = 0, and let {f{x)Yx^’^^ (1 < p < 2) betmg to L(0,oo). Then 
F(x) belongs to JJ*. 

Since /(a?) in non-increasing, and /(oo) = 0, the integral 


F(x) = FJix) 




fiy)cosxydy 


converges for every x > 0. Let 

llx 


Fix) 


- 76 / 


f(y)ooaxydy + 


76 / 

llx 


f(y)co8xy dy 


= F^{x)+F^{x). 

By the second mean- value theorem 


Hence 



1\ sin sin 1 
X 


00 CO 00 


t See Hardy and Littlewood (3). 


and 
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which is finite by hypothesis. Also 

l/x 

m\ < 

0 

and we have to prove that this is or, what is the same thing, that 


J /(y) dff 

0 

is Z/**. We are given that /(x) = g(x)x^P-^, where g(x) is Ifi. Hence 

XX X 

x-Vp j f{y) dy = J g{y)y^^-^ dy < x-^ j g(y) dy, 

0 0 0 
which is by a theorem of Hardy.f This proves the theorem. 

Incidentally it must follow from our hypothesis that f{x) belongs 
to and in fact ^ 

K> j p>(t)tP-^dt >Mx){ix)p-^x, 

** f(x)< Kx-(p-^^i>, 

\f{x)\P' < K\f(x)\PxP-\ 

Thbokbm 83. Letf(x) be the integral of order {2—p)lp of a function 
<l>{x) of l/P. Then Ff^x) exists and belongs to Lp. 


Let 


«>«{*) 


-76/ 


(j>{t)eia{xt-{-rTlp) dt. 


Then, by Theorem 80, converges in mean (p) to g{x) say. 

Let Of(x) be the cosine transform of g{x). Then Oc(x) belongs to Lp'. 


Also 


J" 0,(l) dx= Jl^j g{x)dx 


“i^y® J^*‘'“**<*>*’ 

0 

00 ^ a 

— lim- f dx r ^(08in(a;<4-7r/p) dt 

a-^ooTT J J 

0 0 

-Um? f^«)* 

a-»>ao7r J J X^^ 

0 0 

the inversion being justified by uniform convergence. 


t See Titchmareh, Theory of Functions, p. 396. 
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The inner integral is 

2r(2 Ip) (^ < y)> o (t>y). 

Hence 

V V 

j Oc(x) dx = J ^ = \ /(*) 

0 ' 0 0 
by hypothesis. Hence 6?c(a:) =f(x) almost everywhere, and g(x) = FJ^x) 
belongs to 


4.13. Lipschitz conditions. In this section we shall give a con- 
dition of quite a different kind for a function to have a transform 
belonging to certain //-classes. The analysis originated with theorems 
of Bernstein and Szasz on Fourier series. f 

Theorem 84. Let f(x) belong <o /> (1 < p < 2), and let 

00 

f l/(a;+A)-/(a:-A)|P dx = O(A^) (0 < a < 1) (4.13.1) 

— 00 

as 0, Then F{x) belongs to Lfi for 


p-\-0Lp—l 


P—l 


For a fixed h the transform of f(x+h) is e-^^^F(x). Hence the 
transform of f{x+h)—f{x—h), as a function of x, is —2iBinxhF(x), 
Hence 


J \2mixhF(x)\^' dx < K(p)\ J \f(x-{-h)—f(x—h)\^dx\ 

— 00 ' — 00 * 

Since |sina;A| > Axh for x < \(h, the left-hand side is greater than 

l/A 

A J x^'hP'\F(x)Y‘' dx. 


Hence 

Let 


j xP’\F{x)\P‘ dx = 

® f 

m = J \xF{x)\f^d^. 


t See Titchmarsh (12). 
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Then, if j8 </, 

^(1) < (/ \xF{x)\i‘' d!^^-PlP' = 0{$^-»P+PlP). 

Hence 


J |jF’{a;)l^ dx — j x-P<ft'{x) dx — j x-P-^^{x) dx 

11 1 


= 0((^-P-o^+PlP)+0^jx-P-'>^+PlPd!^ = 0(('-P-’^P+PIP), 
and this is bounded as f ->oo if 1— /3— o^+/3/j) < 0, i.e. if 


P> I - 

P+OLp—\ 

Similarly for the integral over — 1). This proves the theorem. 

A particular case, corresponding to the original theorem of Bern- 
stein, is that if the condition is satisfied with a > 1/p, then F{x) 
belongs to 2/(0, oo), so that the Fourier integral 

00 

J F{f)e^dt 

— 00 

is absolutely convergent for all values of x. 

To show that the range for /3 in the above theorem cannot be 
extended, consider the even function 


/(*) = 


(* > 0 ), 


where 0 < o < 1/p. For x > 2h 

\f{x+h)—f{x—h)\ = 2h\f'{x+eh)\ (—1 <e<i) 
< 2h\f'{x-h)\ < 2h\f'{lx)\, 
since |/'(a;)| is positive and steadily decj'easing. Hence 

J \f(x+J>')-f(x-h)\P dx = oihP J \f’(^x)\P da:) 

' ofc ' 


2h 


2h 

= ojAfl J a:-(«+i)i. da: + J a:-* da:j j = 


2h I 2h , 

J |/(»+*)-/(«-(l)l»<fa = o J 

t) 'o' 




Also 
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The conditions of the theorem are therefore satisfied with a = l/p—a. 
Hence F(x) belongs to LP for p > 1/(1— a). Butf -P(ic) ~ as 
a: -> 00 , so that F{x) does not belong to 

In the case a < 1, = 2 it is possible to put the theorem into a 

form in which it is reversible. 


Theorem 86. If f{x) belongs to the conditions 
00 

/ \f(x+h)-f{x-h)\» dx = 0(1^1*“) (0 < a < 1), (4.13.2) 

— 00 

( / ^ = 0(X-*“) (X ^ 00) (4.13.3) 

are equivalent. 

Instead of an inequality we now obtain 

00 oo 

J 4sin*a:A|X(a;)P (ia: = J \f(x-\-h)—j{x—h)\*dx. 

— 00 —00 

Suppose that (4.13.2) holds. Then (4.13.4) gives 

ilh 


(4.13.4) 


Hence 


i |X(»)12 dx<Aj sin*xA|X(»)ia dx = 0(h^^). 

1/(2A) 0 


zx *x 


j {F{x)}*dx = J + J + ... = 0{X-*“+(2Z)-*“+ ...} = 0(Z-*“), 

X X 2X 

and similarly for (— 00 , — X). 

On the other hand, if (4.13.3) holds, then writing 

4,(X)=’j{F{x)ydx, 

X 

XX X 

j a;*{X(a;)}* dx = j —x^'{x) dx — —X^(X)-\-2 j x<ft{x) dx 

00 0 

X 

< 2 1 0(a:i-*“) dx = 0(X*-*“). 

Hence ® 

00 t Ilh K /-Ilh 00 . 

f sin*icA{X(a;)}ada:= O A* f {X(a:)}2dx)+0 f + f {X(a:)}*<te) 

-"oo ' -Ilh ' ^-00 1 /A ! 


= 0(A*“), 

and (4.13.2) now follows from (4.13.4). 

t Soe e.g. Theorems 126-7 below. 
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Since, if j8 < 2, 

2X i2X \ 

j |J'(a:)l^ da: < ^ {F(x)}^ dxj | J dxj 


i-ip 


it follows again that jP(a;) belongs to Ifi if p > l/(a+^), the case 
p = 2 of the above theorem. But this last step is, of course, not 
reversible. 


4.14. Mellin transforms of the class L^. Let us denote by 
the class of functions f{x) such that 

J|/(a:)|P^<oo. 

0 

Then we have 

Theorem 86. If belongs to (\ < p < 2), then its Mellin 

transform f(x) exists^ and xfif{x) belongs to £^'. 

If x^f(x) belongs to £^, then the Mellin transform %{s) of f(x) exists, 
and g(i;+i<) belongs to L^\ 

Theorem 87. If 3r(Jfc+iO belongs to IP, and x^-^g{x) to £^, then 

Ip+ioo GO 

^ J 0f(«)®(l— «) ^ = j 

If— <00 0 

These are readily obtained by transformation from Theorems 74 
and 75. 

Thsobbm 88. If a:*'/(x) are Mellin transforms of Ifl, 2^', 

and x*-^g(x), (5(s—k—iv) of 2”', L^, then (2.1.15) holds. 

Theorem 89. If 5(^+w). 3^f{x) are Mellin transforms of L ^, 2 ^', 
and ®{s—k—iv), a:*~*jr(x) of L^, £«', then (2.1.16) are Mellin trans- 
forms of 2^, L^. 


Note. It has recently been proved by Zygmund (2) that if f(x) is 
L’’, 1 < p < 2, then (3.11.2) holds almost everywhere, no logarithmic 
factor being required. If f{x) satisfies the condition of Theorem 
79, then /(x)logx is Zi*(l, oo) (apply Holder’s inequality to the 
integral over (2'‘, 2"+^)). Hence (3.11.2) holds almost everywhere by 
Theorem 62. 
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CONJUGATE INTEGRALS; HILBERT TRANSFORMS 


5.1. Conjugate integrals. Fourier’s integral formula may be 
written in the form 


where 


a(i) 


oo 

/(x) = j (a(t)coBxt-t-b(t)Bmxt} dt, 

0 

00 00 
= i J f(u)ooautdu, b(t) = 1 J f(u)Bmut du. 


( 6 . 1 . 1 ) 


The integral in (5.1.1) is, formally, the limit as y -> 0 of 


( 6 . 1 . 2 ) 


J {a{t)coQxt+b{t)Bmxt}e^y^ dt = U{x,y) 

0 

say; and this is the real part of 

00 

J {o(0-i6(0K*‘d< = <I>(2) 

0 

say, where z = x+iy. 

The imaginary part of 0(2) is 

00 

— J {b{t)cosxt—a{t)Bmxt}e’’^‘dt = V(x,y) 
0 

say. Writing —V(x,0) — g{x), we obtain 

00 

g(x) = j {b{t)coBxt—a[t)Bmxt}dt 


oo 00 

= — j dt J Bm(u—x)tf(u) du. 


(6.1.3) 

(6.1.4) 

( 6 . 1 . 6 ) 

( 6 . 1 . 6 ) 

(6.1.7) 


The integral (6.1.7) is called the allied integral of Fourier’s integral. 
It is obtained formally from (6.1.1) by replacing a by 6 and b by —a. 

Repeating the process, we return to minus the original integral. 
The relation between f{x) and g(x) is thus skew-reciprocal, i.e. 
reciprocal apart from a minus sign. 

Again, we have formally 
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Hence 


?(«) = J {F(t)-F{-t)}GOBxtdt-^- J {J’(0+i*’(-0}8ina:< dt 

0 u 


Thus 0{t) = ■— ijP(<)sgn^. (5.1.8) 

If f{z) is even, b{t) = 0, and g{x) is minus the sine transform of the 
cosine transform of f{x)\ similarly, if f{x) is odd, g{x) is the cosine 
transform of the sine transform of f{x). 

Again, we have formally 

A CO 

g{x) = lim - \ dt \ Bm{u—x)tf(u) du 
A->qo tt J j 

0 ~oo 


= luni f 

A -.<0 IT j 


1 


c 08 A («— a :) 
u—z 


f(u) du 


= lim i f - — ^^{f(x+t)—f(x—t)) dt. 

A->ao 'fr J t 
0 

If f{x) is a sufficiently regular function, the part involving cosA^ will 
tend to 0 as A -> 00 , and we shall have 



f{x+t)—f(x— t) ^ 


(5.1.9) 


and smularly f{x) f ^ ^ — — — - dt. (5.1.10) 

IT J t 

0 

The reciprocity expressed by (5.1.9), (5.1.10) was first noticed by 
Hilbert, and the two functions so connected are called Hilbert 
tranaforma. 

Equivalent formulae are 



— 00 —00 


where P denotes a principal value aAt = x. 


( 6 . 1 . 11 ) 
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Simple pairs of conjugate functions f{x), g{x), are 


1 (0 < a; < a), 0 elsewhere, 


-log 

TT 


a+a? 


1 

cos a;, 


a—x 

X 


l+x^" 

—sin a:, 

and any number of such examples can be written down by starting 
with a suitable analytic function ®(2). Examples from Chapter VII 
are \x\-^J^{\x\), — sgna:|a:l-*'H^(|a:|) 

from (7.1.11) and (7.2.8); 

sgna:|a;l»'J^(la:l), - |a;|*'y,(|a:|) 

from (7.11.2) and (7.11.3); and 

r-sgnx((2/7r)J^o(2Vl^l)+5"o(2Vl«l)} 

from (7.11.2), with v = 0 and x = J(w/®+a/^)> and (7.12.8). 

5.2, Conditions which would justify the above formalities directly 
would be extremely complicated. Actually the simplest rigorous 
argument gives the reciprocity in a slightly different form. 
Theorem 90. j* Let f{x) belong to L^—co,oo). Then the formula 


/X Id 


J /(Olog 


1-* 

t 


dt 


(5.2.1) 


defines almost everywhere a function g{x), also belonging to i*(— cx),c5o). 
The reciprocal formula 

1 /j r I 

1 dt (6.2.2) 


1-? 


— 00 

also holds almost everywhere; and 

J {/(«)}* *: = / {?(*)}* 


(6.2.3) 


If we could perform the differentiations under the integral signs, 
we should obtain the reciprocity in the form already given. We 
shall see later that this is possible; but we begin with the form to 
which the theory of Foiuder transforms leads directly. 

Let F{x) be the Fourier transform of /(*), 0{x) = —iF(x)agnx, 

and g(x) the transform of 0(x). Then 

00 00 00 00 

I |j;(a:)|«da:= J \0{x)\^dx= j |F(a:)|»da:= J \f{x)\^dx. 

— 00 — 00 — 00 —CO 


t Titchmarsh (5). 


I 
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ASJIOV 00 


e-tey— 1 


, 1 d r 1 , 


The transform of H{y) = I)/|yI is 


m 




e-i^vdy= / - 


'2\ r cos(a;+w)y— cosily 


=y(!te/ 


cos(a;+^)y— cos uy 


' ^B\x+u\ 8|u| 

# , Sl“l 

= /aiim f 

V Ws-H^o J V 


8|®+Ul 

Hence Parseval’s formula gives 


00 

J m 


e-tey_l 



u 

x+u 

00 


1 /(«)log 

u 

x~~^u 


and (6.2.1) follows. The relation between F and 0, and so between 
/ and g, is skew-reciprocal, so that (6.2.2) also follows. 

5.3. THEOBBM91.t Letf{x) belong to L^— 00 , 00 ). Then the formula 


,(») - i J 


1 f / Ca :-|- 0-/(*-0 


(6.3.1) 


defines almost everywhere a function g{x), also of Z*(— 00 , 00 ). The 
reciprocal formula 

/(X) = - 1 f i(»+«)-»(»-0 * ,5.3.2) 

W J t 


(6.3.2) 


t The analogue for series is due to Plessner (1). See also Hardy (14). 
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also holds almost everywhere; and 

J {/(»)}* d* = J {s'Ca:)}* dx. 


(6.3.3) 


The functions g{x) of Theorems 90 and 91 are equivalent. 

The integrals (5.1.2) defining a(t) and b(t) exist in the mean-square 
sense, and . 

a(t)-ib(t) = 

Let H{t) — e^ (t> 0), 0 (< < 0). Then 

fid-izu du = 




i^(2ff)(M— z)’ 


Hence Parseval’s formula, in the form 

QO 00 

J F{-t)H(t) dt= j f{t)h{t) dt, 

— 00 —00 

applied to (6.1.4) gives « 

<s>{z ) = i r M dt (i(z) > 0). 

t7T J t — Z 

— 00 

Taking real and imaginary parts separately, we obtain 


00 

V(x,y)=^-^ J 


t—x 


{t—x)^+i/' 


f{t) dt. 


(5.3.4) 


(5.3.6) 


(5.3.6) 


Define g and G as in § 5.2, the integrals being now mean-square. 
Then we also have 

car 00 

^0 0 

00 00 

— 0{-t)H{t) dt == -'70 J g(t)h{t) dt 

— 00 —00 

__1 f (5.3.7) 

TT J t — Z 
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Hence 


— 00 

V{x,y) = f 




xY+y^ 


(6.3.8) 


(6.3.9) 


By the theory of Cauchy’s singular integral, § 1.17, U{x,y) -^f{x) 
as y 0 for almost all values of x, and V{x, y) —g(x) for almost all 
values of x. We now use the following theorem. 

Theorem 92. Let f{x) be any function such that f{x) belongs to 
i(0, 1), and x~’^f{x) to Z(l,oo). Let F(a:,y) be defined by (5.3.6). Then 


l/-^0 I TT J 

V 

for almost all values of x. 

We know that 


1 f f{x+t)-f{x-t) 
nj t 


== 0 


(6.3.10) 


o(y) = / \f{x+t)—f{x—t)\ dt = o(y) 


for almost all values of x. Let a: be a point where this holds. We have 
tr J t 


V 


f f(x+t)—f(x—t) j,,y‘f f(x+t)—f(x—t) 


' ^ J (<*+»*)< tr J 

V 1 

say. As y -► 0, „ 

l^il < ^ J l/(*+0-/(*-<)l dt = 0(1). 




1 

Mt) ]\y»f 3<»4-y» 
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TT 1+y* 


’’J 


3<®+y* 




dt 


= 0(2/®)+o 


/ 1/tf 


3tt*+l , , ,,, 


and plainly Jg = o (1). Hence the result. 

Since V{x,y) —g{x) almost everywhere, (5.3.1) follows from 
(5.3.10). The relation between /and g being skew-reciprocal, (5.3.2) 
also follows; and (5.3.3) holds as before. 


5.4. In this section we shall show that the same set of formulae 
may be obtained from a different source. We can take an analytic 
function <t>(z) satisfying certain conditions as the original function. 

Theorem 93. Let <t>{z) be an analytic function, regular for y > 0, 
and let ^ 

J \<i>{x+iy)\^ dx 

—■ 00 

exist for every positive y, and be bounded. Then, as y <I>(a?+iy) 
converges in mean to a function <!>(x), and also ^{x+iy) ~>-<l>(a:) for 
almost all x. For y > 0 

0 ( 2 ) = -1- r (y real). 

271% J U--Z 

— CO 

If 0(z) = U(x,y)+iV(x,y), 0(a;) = f(x)—ig(x), the functions U, V, 
f, and g are connected by the formulae of the previous section, and in 
particular f and g are conjugate. 

We first prove the following 
Lemma. Let <b(z) be analytic, and let 

J \<b(x-\-iy)\'^ dx (p>\) 

— 00 

exist and be bounded for < y < ^ 2 * asx-> <!>(x+iy) -> 0, 

uniformly for ^i+S < y < 

Let yi+8 < y < ^ 2 '”^- Then, if 0 < p < 8, 

27r 

f dw = ^ ( <I>(z4-pe'^) d<fi. 

2in J w—z 2n J 

\w — z\-^p 0 
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Hence 


8 2ir 

iS^(z) = ±jpclpj <I)(z4-pc‘^) d^. 


0 0 
8 27r 


i 821 ‘I>( 2 )l < i ( J J dp^Ti J J p 
^00 ^^00 ' 


0 0 

l/t ii' + S 




Now 


^r(S)| J dv J |0(M+iv)|*’ d«| 

' J/, x-8 

x+8 

J l<I>(u+w)l^ du 


Up 


x-8 


is bounded for yi^v^ ^ 2 * tends to 0 as a: ->cx), for every v. 
Hence the right-hand side tends to 0, and the result follows. 

To prove the theorem, let 




For each y this Oonverges in mean, to ^{t, y) say, as a -> oo. Consider, 
howerer, the integral 

taken round the rectangle with corners at ±«+iyi> db®+i 2 / 2 > where 
0 < < ^ 2 * The integral along the right-hand side is 


V* 




J dy = ie-^ J <b{a+iy)ef^ dy, 

Vi Vi 

and, by the lemma, this tends to 0 as a ->cx), for fixed y^ and y^- 
Similarly, the integral along the left-hand side tends to 0. Hence, 
as a“>oo, 

a a 


i.e. ^ 2 ) 0. 

Hence the mean-square limit of this sequence over any finite interval 
isakoO,i.e. efH(t,yi) = 

for almost all t. We may therefore write 

<f>{t) being independent of y (e.g. by putting = €f<f>(ty 1)). 
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Also, by Parsevars theorem, 

00 00 

J dt = J \<b{x-\-iy)\^ dx, 

— 00 —00 

Since this is bounded as y -> oo, we must have 0 for ^ < 0; for 

-8 -8 

— CO —CO 

-8 

so that J |^(<)Pd/=:0. 

— 00 

Since it is also bounded as y -> 0, belongs to L\0yOo), 

Also, is the transform of ^{x-\-iy^—^(x-{-iy^. 

Hence 


00 00 
J \<b{x+iy^~<S>{x-\-iy.^\^ dx ==^ J 
— 00 0 

which tends to 0 as 0, y^ -> 0. Hence <t>{x-\-iy) converges in 
mean as y -> 0, to 0(a:) say. 

Next, if y > 0, 0(2) = ^ .f dwy 

2m J w—z 


the integral being taken round the rectangle ±(i-\-iv^y 

where a > \x\ and Vi < y < As before, the integrals along the 

right- and left-hand sides tend to 0 as a ->cx), and we obtain 


But 


0 ( 2 ) = 


_L r ^s±+*^jidu 

'2m J u+ivi—z 

— 00 


i_ f du. 

2m J u-i-iv^—z 

— CO 


/ 


— 00 


Oju+iv^) 

u-i-iv^—z 


|2 


du 




00 00 
J \<t>{'u.-\-iv 2 )\^ du J 


du 

{u—xf+{Vfi—yf 


Vi-y 


which tends to 0 as ->• oo. Hence 


0 ( 2 ) = 


j_ r 

2m J u-l-tVj^—z 

— ao 


( 5 . 4 . 1 ) 
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and, making -> 0, 


0 ( 2 ) = 






(6.4.2) 


The integral with z replaced by z is zero. Putting 0(ii) = /(tt)— ij(u), 
0(2) = U(x,y)+iV(x,y), we obtain the formulae of the previous 
sections; and it follows from the theory of Cauchy’s singular integral, 
and (6.3.6) and (6.3.9), that 0 ( 2 ) ->0(a;) for almost aU x. 

Theorem 94. If ^{ z ) is regular and bounded for y > 0, then ^{ z ) 
tends to a limit as y-^0 for almost all x. 

For 0(2)/(2+t) satisfies the conditions of the above theorem, and 
so tends to a limit almost everywhere. 

Notice also that, in the above theorem, if>{t) is the transform of 
0(aj); for, if ^(0 is transform of 0(a:), as y -> 0, 

00 00 

J lx(0— = J |C>(a;)— O(a:+iy)l*da:->0, 

— 00 —00 

00 

Hence x(0 


5.5. We also deduce 


Theobem 95. Alternative necessary and sufficient conditions that a 
complex <5(a:) of L\—co,co) should be the limit as z->x of an analytic 
<I>( 2 ) svudi that 

J \<l>(x-]-iy)\^ dx < K 
— 00 
are 


(i) <t>(x) = f(x)—ig{x), where f and g are conjugate functions of the 
doss L^; 

(ii) ^{x), the transform of 4>(a:), is null for a: < 0. 


The necessity and sufficiency of (i) follows at once from the above 
theorems. 

The necessity of (ii) has been proved in the course of the previous 
proof. Conversely, let ^(x) = 0 for x < 0. Let <1> be its transform. 
Then - 


<!>(«) = l.i.m. 

a— ^00 


1 

V(2») 


|* dx. 

0 
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Let 


CO 

J dx (v > 0). 


Then is analytic for v > 0, and 

00 00 00 

J du = J e~^\<f>{x)\^ dx < J \<f>(x)\^dx, 

-00 0 0 » 

Hence, by the above theorem, converges in mean, and also 

almost everywhere, to ^V{u) say; and 

0 0 

= hm I : 4>(x) dx 

0 

u u 

= lim r <P(u+iv) du ^ du. 

i i 

Hence ^ 0(w). 

The result also follows from the transform formulae; for, if O 
satisfies the given conditions, O, /, and g are related as in § 5.1, and 

a 

<l>(x) = J {/(M)-igr(M)}e-‘*'*du 


= F{—x)—iO{—x) = 0 (a: < 0) 

by (5.1.8). Conversely, let ^(o;) = Ofora; < 0. LetO(t4) = f{u)^ig{u), 
let a{x) and b(x) be defined as before in terms of /, and similarly 
(x(x) and ^(x) in terms of g. Then 

a(x)+ib(x)--i{(x(x)+iP(x)} = 0 (x < 0), 
i.e. a(x) — — j8(x), b{x) -- ol{x) (x < 0). 

Hence g is the conjugate of /, and the sufficiency of the condition 
follows from condition (i). 


5.6. Theorem 96. A necessary and sufficient condition that <b{x) 
should be the limit as y -> 0 of an analytic 0 ( 2 ) such that 

00 

J \^{x-\-iy)\^ dx ^ 0{e-^^) 

— 00 

is that ff>{x) = 0 for x < —k. 
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If kia the least number such that <f>{x) = 0/or x < —A;, then 



\<t>[x-\-iy)\^ dx = 2k. 


Suppose that 0(2) satisfies the given conditions. Let 

0(2) = C~»‘*^T(2). 

00 00 

Then J ^{x-{-iy)\^ dx = e-^ ^ Yt>{x-\-iy)\^ dx = 0{\). 

— 00 —00 

Hence T( 2 ) -> ^(a;) almost everywhere, and, if 0(a;) is the transform 
of T(a:), ^[x) = 0 for a: < 0. Now 


tf){x) = l.i.m. 


1 

V(^) 


a 

—a 


= l.i.m. 


1 


a 

J du — tft{x-{-k). 

— a 


Hence <f>{x) = 0 for a; < —A;; and in view of the above theorem the 
argument is reversible. This proves the first part. 

Again, since <b{x+iy) is the transform of e~'^^<f>{u), 


00 00 00 

J l<t>{a:+iy)l* = J e-^"y\<f>(u)\^ du = J 

— 00 — 00 —k 

00 

This is < f \<l>{u)\^du; 

-4 

u 

and, if a){u) = J <f>\{u)\^ du, 

-k 

00 00 

it equals 2y J du > 2yoi(—k-\-h) J c“ 2 uy 

-k 

= a>(8 — 

Hence the second part. 


5.7. For a function having a mean value in a finite strip the 
corresponding theorem is as follows. 

Theorem 97. Let ®(2) be an analytic function, regular for 

yi<y< y 2 > 

00 

and such that j |0(a:+iy)|‘^ dx 

— 00 

exists and is bounded for yx<y < y^^ 
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Then the boundary functions ^(x-{-iyj) and exist as mean- 

square limits, and also almost everywhere as ordinary limits of(t>(x-{-iy). 
For yi<y < y^. 


00 



- -L f du. 

2 27ri J u+iy2—z 


The transform of^{x-{-iy) is of the form e~*^<f>{t), where e'~^^<f>{t) belongs 
to for yi^y ^ y^. 

This is an obvious consequence of the above analysis, except 
perhaps for the existence of the limit of (t>(x-\-iy) almost everywhere 
as y “> or yg- However, the previous analysis shows that 


J u+iy^—z 

— 00 

tends to a limit almost everywhere as y -> yj from above; and 


r 0(^+^y2) 

J u+iy^—z 


du 


is regular for all y < yg, and so tends to a limit everywhere as 
y -> Vv Similarly for the case y yg. 


5,8. Theorem 98. Letf{x) belong to L^(—co,co), Then 

/{«) =/+(a:)+/-(a:), 

where f^(x) belongs to L\—co,oo), and is the mean-square limit of an 
analytic function f^{z), regular for 1 ( 2 ) > 0; and similarly f^{x) is the 
mean-square limit of f^{z), regular for l(z) < 0. 

Let F{x) be the transform of f(x), and 

00 0 

/+(z) = I F{u)e-^^'' du, f_(z) = J du. 

0 —00 

Plainly /+( 2 ) and/_( 2 ) are regular for y > 0 , y < 0 , respectively. The 
rest of the theorem follows as in § 5.4. 

Theorem 99. Let f{x) belong to L^0,ao), Then 
f{x) = /(t)(^)4“/(-)(^)> 

where /(+)(x) belongs to Z/-(0,oo), and is the mean-square limit as 
arg 2 -> +0 of an analytic function f{.^)(z), regular for arg 2 > 0; and 
similarly f(^){x) is the mean-square limit of f^)(z), regular for argz < 0. 



132 


CONJUGATE INTEGRALS 


Chap. V 


This may be deduced from the previous theorem by putting z (of 
the present theorem) — or deduced directly from Mellin trans- 
forms. In fact 

t i + ioo 

/(+)(«) ==^. J 5(a)2-*d«, = ~ J S(a)z-*da. 

t-ioo k 

5.9. Theorem lOOf. If f(x) belongs to iy(— 00 , 00 ), then 
J /(a;+0-/(x-<) 

-►0 

exists for almost all values of x. 

We may suppose without loss of generality that f{x) > 0. Define 
U(x,y) and V(x,y) by (5.3.5), (5.3.6), and let 

00 

<t>{z) = U{x,y)-\-iV(x,y) = }- j* (y > 0). 

%TT J t — Z 
— 00 

From its definition it is clear that U{x,y) ^ 0 
Let Y(z) = 

Since U{x,y) >0, |T( 2 )| < 1. Hence, as t/ 0, ^*( 2 ) tends to a finite 
limit for almost all x (Theorem 94); and this limit can be 0 in a set 
of measure 0 only, since V (x, y) tends to the finite limit f(x) almost 
everywhere. Hence T( 2 ) tends to a finite non-zero limit almost 
everywhere. Hence <b(z) tends to a finite limit almost everywhere. 
Hence V{x,y) tends to a finite limit almost everywhere. The result 
then follows from Theorem 92. 


5.10. Hilbert transforms of the class L^. 

Theorem 101 . Let f(x) belong to L^(— 00,00), where p > 1 . Then 
the formula ^ 


u J t 


(5.10.1) 


->o 


defines almost everywhere a function g{x), also belonging to L^(— 00,00). 
The reciprocal formula 


/(^) = 


1 r g(x+0-g(ar-0 

TT J / 

-►0 


(5.10.2) 


t Plessner (1). I believe that this version of the argument is due to Little- 
wood. 
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also holds almost everywhere; and 

00 oc 

J \g{x)\P J \f{x)\P dx, (5.10.3) 

— 00 —00 

where depends on p only. 

This is M. Riesz’s extension! of Theorem 91. There are three cases, 
(i) Let p be an even integer. Let 

a 

f ~dt= U„{x,y)+iVJx,y) (y > 0). 

%TT J t — Z 
— a 

Consider the integral | 

taken along the straight line from — jR+iy to i?+iy, and round the 
semicircle above it. For a fixed a, < 1 )^( 2 ;)== 0{ll\z\) as |z|->oo. 

Hence, making we obtain 

00 

J dx = 0, 

— 00 

00 

i.e. J {Ua+iVJP dx = 0. 

— 00 

Expanding the integrand by the binomial theorem, and taking the 
real part, 

00 

J dx = 0. 

— 00 

00 • 00 00 

Hence jFgda:<^^J J Vp-W^Ux +...+ J UPdx. 

— 00 — 00 — 00 

? / ? yp-mp/ ? \!!*/p 

Now J da; < M FgdxJ ( J f/g da:) 

Writing = | J Fg dajj^^J UPdx^, 

it follows that 

xp < Qxj>-2+k)x*>-*+...+i. 

Hence X does not exceed the greatest positive root of the equation 

xp-(P]xp-^-...-i ^ 0, 


t M. Riesz (1), (2). For another method see Titchmarsh (7). 
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and so 

where depends on p only; i.e. 


X < 


Now 


J Vldx^Ml J Uldx. 

— 00 —00 

\Ua{x,y)\ = -I f r ~-^ — - f T— -\r - 

' 7t\] {t-x)^+y^ ^n](t-x)^^y^ 

' — a —a 

— 00 '■ — 00 ' 

= y J l/«)l^ 


dx 


{t—x)^+y^ 

— 00 

00 00 00 

— 00 — 00 — 00 

= / 1/(0 

— 00 

00 00 

/ da; < i»f? J {/(O}" d<. 

— 00 —00 

Making a -> oo, 

00 


(6.10.4) 


Hence 


(5.10.5) 


and, making y -»• 0, V(x, y) ->■ —g{x) almost everywhere, by Theorems 
92 and 100, It therefore follows from (5.10.6) and Fatou’s theorem 
that (5.10.3) holds. (See Titchmarsh, Theory of Functions, § 10.81.) 

(ii) Suppose next that p is not an integer. We may suppose 
without loss of generality that f(t) ^ 0. Then U {x, y) > 0, and 
Ua{x,y) > 0 for y > 0, a > Oq, 

Some care is now needed in the definition of pth powers. Let 

{U+iVy — 

where — Jtt < arctan(F/17) < Jw for 17 > 0. Making 17 ->-0, we 
obtain 


(*F)p = |F|Pe‘'^" (V > 0), (F < 0). 
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With these definitions we have 




WiV 


j* dz 
iV 


< J>f;(?7*+F2)*p-* < p2»<p-W(?7»+C/’|F|P-i). 
Applying this to Z7„, V^, we obtain 

J J UPdz+ J U^\V^\v-^ dxV 

— 00 ' — 00 — 00 ' 

J {U^+iVaY dx = Q, 

— 00 

00 00 
R J = |co 8 i^ 7 r| J \Vfj\^ dx. 


But, as before, 


and 


Hence 


J (iK,)" 


dx 


IcosipTTl J IF^I^dx^A^ J Uldx + K/^ Ujy^\^--^dx, 

— 00 —00 —00 

and the proof of (5.10.1) and (5.10.3) can now be completed as in the 
previous case. 

The above proof fails if p is an odd integer. Leaving this case 
aside for the moment, we next prove (5.10.2) in the above cases. 
We have . 


— 00 

00 00 

J \U{x,y)-S(x)Y (fo < ^ J 


y f l/(f+x)-/(x)ip 


dt, 


dt 


00 

J \f(t+x)—f(x)\P dx. 


The inner integral (see Titchmarsh, Theory of Functions, p. 397, 
exs. 17-19) is bounded for all t, and tends to 0 with t\ hence the 
right-hand side is less than 

5 




> J , 1 ^.+-'*)!' J / ?+'<«)*' / 

0 8 0 


dt 
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which tends to 0 by choosing first S and then y. Hence for any p 

00 

lira f \U{x,y)—f(x)\P dx = 0. 

Also, by (6.10.4), 

/ |C^(a;.y)— < ( / + /) 1/(01" ^ 0 

— 00 '—00 a ' 

as o -> 00 , uniformly with respect to y. Hence 

00 

J 1 UJx, y)—f(x) \Pdx->0 (5. 10.6) 

— 00 

as a 00 , y -> 0, in any manner. 

Again, by the calculus of residues, 

TTt J Z — g — ttj 
I/-17 

and, taking imaginary parts, 

ip J ^^l^dx=-VJlrj)- 

— 00 

Hence the Hilbert transform of UJpc,y) is —Va{x,y), and it follows 
from (5.10.3) that, for the values of p already dealt with, 

00 00 

J lT«(«.y)4-gf(a:)|" < Ap J \U„{x,y)—f{x)\‘> dx. (6.10.7) 

— 00 — 00 

Combining (6.10.6) and (5.10.7), it follows that 

00 

— 00 

as y -»■ 0, a -> 00 , in any manner. 

Now by the calculus of residues 

— 00 

Making o ->-oo, y ->• 0, it follows that 

hi I 
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and hence -i-. f — = i<I>(^+t»}). 

— 00 

Taking real parts, 

oo 

— 00 

Making ry -> 0, the left-hand side tends almost everywhere to the 
Hilbert transform of g{x), by Theorem 92; and the right-hand 
side (Cauchy’s singular integral) tends almost everywhere to —f{x). 
This proves (5.10.2). 

(iii) To prove the case where p is an odd integer, we shall prove 
that if the theorem holds for any p it also holds for 2p, Since it 
holds when p is half an odd integer, it will follow that it holds when 
p is an odd integer. 

Applying the calculus of residues as before, but now to {0^(2)}^, 
we obtain 

f dx = (y > 0), 

m J x—^ 


i.e. 


J_ r U‘i-Vl+2iU,V^ ^^ ^ UfM,y)-Vl{$,y)+2iU„(^M^,y). 

TTl J X — f 

— 00 

Taking imaginary parts, it follows that the Hilbert transform of 
is Let ^{x) be the transform of U\y and xip^) fhs,t 

of FJ. Then ^(x)-xW - -2(/.F„. 

Hence lx(x)|'' < 2f\^{x)\P^2^r>\VJ^\v, 


Now 


GO w 'JU 

I lx(*)l^ da: < 2" | l^(a;)|*’ da: J \UaVg\P dx. 

— 00 — 00 — QO 

J |t4>;P'da:<( J WJ^Pdx J |F„r^»>da:)-. 

— ' — nft ' 


and, by the fundamental inequality (5.10.3) (for p), 

oO ^ 

I \^x)\P dx < Kj, ^ \Ua\^Pdx, 

— QQ — QO 

QO OO 

J \V^\^Pdx<K„ J* Ix^l^dx. 


K 
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Altogether 

J \V^\^Pd^<Kj, J WPdx+xJj Wa^’^dx J 

— 00 — 00 ' — OO —00 ' 

The result for 2p now follows as in the previous cases. This completes 
the proof. 

5.11. Theoeem 102.t Let f(x) and g{x) be Hilbert transforms of the 
doss Ifi, and h{x) and k{x) Hilbert transforms of the class IP', where 
p' = pjip—l). Then 


J f{x)h{x) dx — j g{x)k(x) dx. 


(5.11.1) 


If p = 2, p' = 2, and (5.3.3) gives 


/ {f{x)+h(x)Y dx ^ J {g{x)+k{x)Y dx, (6.11.2) 

— 00 —00 

and the result follows in the usual way. 

In the general case, define C7^(a;,y), Va(x,y) as before, and let 
3/)j y) corresponding functions for h and k. We have 

seen that the Hilbert transform of is — and similarly that of 
J> is — Since these functions belong to 
00 00 

J U„{x,y)P^{x,i/) dx = j V„{x,y)Qt(x,tj’)dx. (6.11.3) 

— 00 —00 

Making a oo, j/ -> 0, 6 -> oo, t/' -> 0, and converge in mean to 
/ and — g, with exponent p; and and Qf, converge in mean to h and 
—k, with exponent p\ Hence the result. 

Example. Let h{x) = l/(a:— a) (|a;— a| > 8), 0 (|.r— a| < 8). Then 

00 , a— 8 00 . 


k{x)=-p r r 

TT J U—X 7T I J 


{u—a){u—x) J {u--a)(u—’X) 
0+8 


Hence 


A <1 —I— v yu 

— ; log , 

7T{a—x) a—o—x 


f /(°+»)- /!±=£) A, =-i f ?,+ 8 -^ 

J X J ° a—8—x a—x 

S -00 

- i J ,(l+.)log |±J * (5.11,4) 


t M. Riesz (1). (2). 
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We can use (5.11.1) to give an alternative proof of the case of 
Theorem 101 where p is an odd integer. 

Let h(x)y k{x) be transforms of L^\ Since the theorem has been 
proved for p', on making 6 ~>oo, 0 in (6.11.3) we obtain 

00 00 

I u„(x,y)h(x) dx = J V„(x,y)k(x) dx. 

- oo —00 

Hence 




\k(x)\P' dx)l^'‘‘ 


by (6.10.4) and (5.10.3) for p\ Here k(x) may be any function of 
L^. Take k{x) \V„{x,y)Y‘-^sgnVJx,y). 

Then J \VJ>' dx ^ mJ J |/(<)|'' dt\ I J |FJ^ dx\ , 

— 00 '—00 ' '—00 * 


or 


00 OD 

I ITJ*- dx < ii/j;. J m\pdi. 


The theorem for p now follows as before. 

It also follows that, if is the least constant for which (5.10.3) 
holds, then ^ Hence, since p and p' are interchangeable, 




5A2. Theorem 103. Let <i>{z) be an analytic functiony regular for 
2 / > 0, and let ^ 

J \^(x+iy)\P dx < K (p > 1 ) (5.12.1) 

— 00 

for all values of y. Then ^{x-\-iy) converges for almost all Xy and also 
in the mean of order py gw i/ -> 0, to f(x)—ig(x)y where f(x) and g(x) are 
Hilbert transforms of the class IP, 

It is convenient to use the following lemma. 

Lemma. Let XJp) be a sequence of functions such that 

j l^„(a:)l^ dx < K, 

a 

while Xn{x) -> 0 almost everywhere. Then if ix{x) belongs to IP\ 

b 

J X,X^)p(x) dx -> 0. 
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Suppose first that the interval (a, b) is finite. By Egorofl^s theoremf 
Ki^) 0 uniformly in a set E of measure and hence 

K 

Also 


J X„(x)ix{x)dx < ( J |A„(a:)l*»da:j J \fji{x)\P' 

CK Vi: ! Ve ' 


< -K^( J !/*(«) 

CE 

which tends to 0 with S, and is independent of n. Hence the result. 
If 6 = 00 , we first take X so large that 
00 

J A„(a:)/i(a:) dx 

X ^ 

and then argue as before with (a, X). 

If 0(2) ->fix)—‘ig{x), it follows from Fatou’s theorem that / and g 
belong to We prove (6.4.1) as before, and (6.4.2) now follows 
from (6.4.1) by the lemma, taking 

A„(tt) = (n = v) 


ij 


\i/p' 


I lfL(x)l^' dxj <€ 


and 

Hence 


fl(x) = 


1 

u—x+ig* 




where U and V are (5.3.5), (5.3.6), and P, Q are defined similarly 
with g instead of /. Now make y ->• 0. Denoting by/* the conjugate 
of/, and by g* that of g, we obtain 


f-ig = 


Hence / = — gr*, g =f* almost everywhere. 

That 0(2) converges in mean to f{x)—ig{x) with index p follows 
from the analysis of § 6.10. 

That 0(2) tends to a limit almost everywhere was deduced by 
Hille and Tamarkin (6) from the corresponding theorem for series 
(Zygmund, Trigonometrical Series, § 7.63). It could be proved directly 
as follows. If O has no zeros, the result follows on applying Theorem 93 


t Titchmarsh, Theory of Functional p. 339. 
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to Otherwise, let z„ run through the zeros of 0 in y > 0, 

and let 

^«(z) = 

(assuming that no z, is i). For a fixed n, |fi„l > 1— e for y < ij, say, 
and all a;, let <J>(z) = 0^{z)B^{z). Then 

J dx < 

for y ^7], Since ^n(^+i3/)> (y < y') are related like the 

previous 0(2), f(x)—ig{x), it follows from the analysis of §5.10 
(especially (6.10.4)) that 

CO 

J \0„{x+iy)\p dx < K' 

— 00 

for all y, K' depending on K and p only. 

If O has an infinity of zeros, a little consideration of Carleman’s 
formula (Titchmarsh, Theory of Functions, § 3.7) shows that 

2:i{2,)/(i+1z.1*) 

is convergent, and hence that B(z) = lim 5,^(2) and 0{z) = limG^( 2 ) 
exist and are analytic. It follows that 0(2) = G{z)B(z), where 0{z) 
satisfies (5.12.1) with some K, and has no zeros, and |5(2)1 < 1. 
Hence 0{z) tends to a limit almost everywhere, as before, and so does 
B(z), by Theorem 94. 

5.13. Theorem 104. Let f{x) belong to (p > 1), and let g(x) be 
its conjugate. Let X(x) belong to L^, where q > 1, pg < P+^y 
00 00 
h{x) = J A(0/(*— 0 dt, k{x) = J X{t)g{x—t) dt. 

— 00 —00 

Then ifpq < p+q, h(x) and k{x) are conjugates of the class L^, where 
P = pql{p+q—pq)‘ If pq = p-{-q, H^) o^nd k[x) are conjugates, in 
the sense that 

1 r 

TT J U 

-►0 

and reciprocally, for all values of x. 

(i) Suppose first that pq < p+q. Then h(x) and k(x) belong to 
L^, by Lemma j3 of § 4.2. We have to prove that they are conjugate. 


n g-gy K + i Zy+i 
2 — 2 „ z„+i z„+i 
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Let 0(2) be the analytic function of which f{x)—ig{x) is the 
boundary value, and let 


^(2) = J A(<)<I>(2-0 dt (y> 0). 


(5.13.1) 


It follows from the lemma of § 5.4 that ®(2) is bounded in any strip 
0 < 2/1 < y < 2/2* Hence 

T' T* 

j X{t)<I>(z-t) dt < J |A(<)|.i<l>(2-0|^'«'|‘l>(2-<)l^~^'«'<^< 

T T 

T- \MntT' 




K{yvyi)\l mz-t)\pdtj 


Hence the integral (5.13.1) converges uniformly in yi ^ y ^ J/a* 
Hence \P*(z) is analytic for y > 0, 

Also, by Lemma )3 of § 4.2, 

J J |A(01«d< I J |<D(2-<)|^d< , 

— 00 '—00 ' '—00 • 
which is bounded; and similarly 

00 

J" \'¥{z)—h(x)-\-ik(x)\^dx 

< ( J J \<J>(z—t)-f{x—t)+ig(x—t)\Pdt\ 

which tends to 0 as 1/ 0. Hence, by Theorem 103, h(x) and k{x) 

are conjugate. 

(ii) If pq = p+g, it is known that A(x) and k{x) are continuous, 
and tend to 0 at infinity.f 

In this case the integral defining h(x) converges uniformly over any 
finite range. Hence 

1 fj. f A(, 

TT J U TT J U J 


=1 f x(t)dt 

w J J u 


du 


= f A(<){?8(*-0— dt, 

— 00 

t See Titchmarsh, Theory^ of Functions, p. 398, exs. 20, 21. 
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where g^(x) = — f - - ^ ^ dt. 

IT j t 

8 

Now fl'8(*— 0 0. Od^—t) 0 

as S ->■ 0, A ->■ 00 , for almost all t. Hence, by the lemma of § 6. 1 2, it is 
sufficient to prove that 


J < K 


for all 8. By (5.11.4) 


Hence 


9s(^) ^ ^ j ?{<+*)log 

— 00 

00 

1^8(2;) I" < ^ J l^(<+a:)Hlog 


8-[-^ 

8—t 


dt 

T* 


8+t 

8^t 


dt I 


( J hl&KF'' 


< JC 


f 

— 00 




log 


8 +< 

8-t; 


dt 

1^’ 


by putting < = 8t4 in the last factor. ^ Integrating with respect to 
X and inverting, the result now follows. 


5. 14, The case p = 1. We have so far supposed that/(x) belongs 
to where p > 1. The general Theorem 101 fails in the case p = 1, 
in which f(x) belongs to L, We have seen (Theorem 100) that g(x) 
still exists almost everywhere in this case. But g(x) does not neces- 
sarily belong to L, Suppose for example that 




Then for a; > 0 


t\ogH 


(t > 0), 


0 (< < 0). 




^ . 
t+x 7T J 2xtlogH 27ra:loga; 
0 


Hence g{x) does not belong to L, In fact it is possible to construct 
examples in which g{x) does not belong to L over any interval, 
however small. 

We have, however; the following theorem.f 

t Corresponding to a theorem of Kolmogoroff ori Fourier series ; see Littlewood 
(1), Titchmarsh ( 13), Zygmund, Trigonometrical Series, § 7.24. 
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Theorem 105. Let f{x) belong to L(— 00 , 00 ). Then theformida 


_ 1 r f{x+t)^f{x-^t) 


-*•0 


dt 


defines a finite g{x) for almost all values of x, and 


cc 

J 


\gW 


dx 


1+** 


(6.14.1) 


(5.14.2) 


is convergent */ 0 < p < 1. 

We may suppose without loss of generality that/(<) ^ 0, and that 
f(t) is not null. Let 


as before. Then 


ITT J t — Z 
—a 


if a is large enough. Let 0 < jp < 1, and let 

= (C7^4.fl^)P = elplog(C71+F;)+fi)arotan(lVt7.)^ 

where •— ^tt < arctan(l^/?7„) < Jtt. For a fixed a, ^„{z) = 0(1/ \z\) 
as \z\-^oo, and the calculus of residues gives 


Now 


J ^ (0 < y < 1). 



Hence 


f ^¥ 41 1 ^ dz 

J *•+! 


<K^. 


(6.14.3) 


If C7 > 0. \V\ > 1, 

\{U+iV)P-(iV)P\ = 
while if (7 > 0, 1F| < 1, 


V+iF 

p J zP-^ dz 


iV 


^pU\V\p-^^ U, 


|(t7+tT)»’-(tF)i»| < (C7+1)P+1 < U+2. 
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J J a:^+l 

-00 * —00 

00 00 a 

< fl7„dx+2n = ^ f dx f ,dt+27r 


— 00 —a 


= J* tf(0 ~{~^7r ^ J* f{t) dt -|-27r. (5.14,4) 

—a —00 

From (6.14.3) and (6.14.4) it follows that 


J 2*+l 


<K^ 


Now 


= \v 1 ° y^+ l)co8 \jyn±2xyBia. \piT „ \V„\^> 

\z*+l/ • (a:2-2/*+l)a+4xV ’^x^+l 

for suflSciently small y and all x. Hence 


w 

J 


**+i 


dx < /L, 


and the result follows as in the proof of Theorem 101. 


5.15. Lipschitz conditions. Theorem lOO.f Let f{x) belong to 
LP {p > 1), and let it satisfy the Lipschitz condition 

\f{x+h)^f(x)\ < K\h\^ (0 < a < 1) (6.15.1) 

uniformly inXyOs h-^0 {say for all x and 0 < A ^ 1). Then Hilbert* s 
reciprocal formulae (5.1.9), (5.1.10) hold for all values of x; and g{x) 
also belongs to and satisfies a Lipschitz condition with the same <x 
as f{x). 

In this case the integral (5.1.9) plainly exists for all values of x. 

We next observe that iif{x) satisfies the given conditions then it 
is bounded — ^in fact it tends to 0 as x oo. For since f{x) is continu- 
ous, the points where \f{x)\ ^ 8 > 0 form a set of intervals. The 
length of such an interval {xi,X 2 ) tends to 0 as -> oo, since 

r“ 

< J l/(^)l^ dx -> 0 . 

a*! 

t Titchmarsh (5). The result corresponds to Privaloff’s theorem for Fourier series. 
See Zygmund, Trigonometrical Series, § 7.4. 
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Now since |/(a;i)l = 8, 

l/(*)l < IM)l + l/(®)-/(*i)l < 8+A:|*-a:j|“ < 8+K\x^-x,\-, 

which tends to 0, by choosing first 8 and then Xi. Hence /(a;) ->■ 0. 

It follows that if (6.16.1) holds for small h it holds for all h, with 
a possible rechoice of the constant K. 

Now as y -> 0, 

00 

V(x, y)-\-g{x) = ^ J dt 


Also 
■ dx 




{t—x)^—y^ 






m dt 


1 f ±z 
n J {(<— 

— 00 

_i f m+x) dt=: -- f if (t+x)—f(x))dt 


— 00 

Hence, taking A > 0, 

\g{x+h)-g{x)\ 

< \g(x+h)-\-V (x+A, h) I + 1 F(x+ A, A)— 7(x, A) | + |^(x)+ 7(x, A) ] 

J+0(A“) = 0(A“). 

SO that g{x) satisfies the required Lipschitz condition. 

The reciprocal formula (6.1.10), already known to hold for almost 
all values of x, now holds for all values of x, since each side is con- 
tinuous. 

If a = 1, we obtain similarly 



= 0(A«)+0 


/ iCTfS 

( / 


h)di 
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and it follows that 
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g{x+h)-g(x) 0(|A!logl/|A|). 

5.16. The allied integral. We next return to the allied integral 
(5.1.7), which is formally equal to g(x). We can now prove the 
following theorem. 

Theorem 107. Let f{x) belong to L{—oOyCo). Then, for any positive 
a, the allied integral is summable {C, a) to g(x) wherever 


gix) = ^ J 
-^0 


1 r 


dt 


(5.16.1) 

(5.16.2) 


n 

exists, and J \f{x-\-t)—f{x—t) \ dt — o(A); 

0 

and so almost everywhere. 

It is plainly sufficient to suppose that 0 < a < 1. 

We have to consider 

A 00 

I f(x-\-t)Binut dt 
0 -00 

00 A 

= lim J {f{x-{-t)—f{x—t))dtj &inutdu. 


Now 
A 


J sinw^(it^ = A J (1— t;)®sinAfv dv 
0 0 

1 

= ^[(1— v)“cosA^v]^ + ^ J (1— v)“~^cosA^i; dv 

f 

J 

. K{cc) 


1 I « r cos(At-w) 


Hence 




&inutdu-~- 
t 


A“r+i 


It follows at once that, if 8 > 0, 

“ ^ I \a * 

lim J {f(x+t)~f{x-t)} dt j* |l-“|“sintt<ffM - J 


f{x + t) f(x-t) 


dt. 
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Also 
S 


j dt j |l — sin utdu 

L/A 0 


\f(x+t)—f(x—t)\ 




dt 


1/A 

and, if (5.16.2) holds, the last term is 

t 


\f(x+u)-f(x-u)\du^ + 

S t 

+^— J ^ / \f{x+u)-f{x-u)\ du 


= o(l)4-o 


(l f A\ = 
\A“ J <“+V 

' l/A ' 


0 ( 1 ) 


by choosing first 8 then A. Finally, 

A 

/ /»j\ <_ . 

%mutdu\ 


and 


<KK 


'0 

l/A A 

J {/(*+0-/(®-0}<ft J (i — ~j sinutdu 


l/A 


< iTA j \S(x+t)—J{x--t)\ dt = o(l). 


This proves the theorem. 


5.17. Application to Fourier Transforms. In this section we 
make an application of the theory of conjugate functions to the theory 
of Fourier transforms. There is one respect in which this theory is still 
incomplete. We have shown that if f{x) belongs to (1 < p < 2) then 
J(x) has a transform F{x) belonging to and F{x) — l.i.m. F(a;,a). 

We have not yet been able to show that the reciprocal relation 
fix) = l.i.m. /(x, a), where „ 

—a 

also holds. We can now supply this point.f 

t Hillo and Taniarkin (3). 
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Theorem 108. If f{x) belongs to {l< p < 2), then 

fix) = l.i.m./(x,a). 

It follows from Parseval’s formula (as in the proof of Theorem 58) 
that 

TT J X — U 

— 00 

00 

_sinxa C f(u)cosua cosxa 

TT J X — U TT 

— 00 

= s\nxa(f)Jix)--Q09^xa^Jix) 

say, the integrals being principal values at = a:. By Theorem 101 

GO 00 00 

J J \f(v)cos'm\P du < Kj, | \S{u)\p du, 

— 00 — 00 — 00 

and similarly for Hence 

OO 00 00 

I |/(x,a)l»dx< J (2i’\<f>„{x)\P+2P]ij>„{x)\t')dx < Kj, j \f{u)\P du. 
— 00 — 00 — 00 

00 

This proves that J \f(x)—f{x,a)\Pdx 

— 00 

is bounded as a -^ oo. We have to prove that in fact it tends to zero. 

We can construct a step-function /♦(x), zero for |xl > X, and such 
that oQ 

j \f{x)—f*(x)\p dx < €. 

— 00 

Now 

( / \f{^)-f(x:,a)\P rfxj <IJ + 

' — 00 ' ' — 00 ' 

I 7 \l/i> / ? \1Ip 

+ ( f \f*(x)-f*{x,a)\P dx\ +( I \f*{x,a)-f(x,a)\P dx\ 

'-*00 ' '-00 ' 

say. By hypothesis, IJ^I < «; and by the above method 

IJ^K 

Also f*{x,a) ^f*(x) boundedly in any finite interval, say 


J 


m^ ..^.du 


~u 
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now if f > 2X, 

00 

J l/*(x)-/*(x,a)lPdx 

£ 



Bin(x --t)a 
x—t 


IP 


dt 


dx 


( l-X I '-X ' 

We can choose ^ so large that this is less than e, for all a; and, having 
fixed i, ^ 

J lf*(x)-f*(x,a)lP dx 0 
-£ 

by bounded convergence. This completes the proof. 


5.18. Further cases of Parseval’s formula. We have already 
seen that (2.1.1) holds if / and O are (1 < p < 2). If / and g are 
the given functions, and belong to IP' respectively, we cannot 

state the result, because the existence of 0 is not known. We require 
an additional condition. 


Theorem 109. /// is {I < p < 2), and g is and IP\ then 

A oo 

lim f F{x)0{x) dx = [ f(x)g{—x) dx. 

--'ll -» 

Let G be the transform of g. Then 

0{x) (1*1 < A), 0 (1*1 > A); g(x,X), 
defined as in (3.1.2), are transforms of L^; and the former is also £>’. 
They are therefore transforms of i>', and Theorem 75 gives 
A 00 

J F{x)0{x) dx = j /(*)g(— *,A) dx. 


-A 

As in the previous section 
l.i.n 

A-*>o{ 

and the result follows. 


l.i.m.(p')gr(-*,A) = g(—x), 

A-*>oo 


Thbobbm 110. If f is JjP {1 < p < 2), g ia IP’, and the integral for 
G is uniformly convergent in any interval 0 < 8 < * < A, <Aen 
/ —8 X \ 00 

lim ( f + f |i’(*)G'(*) dx = { f(x)g{—x) dx. 

i I jL 
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We can now prove by uniform convergence that 

G{x) (8< \x\^X), 0 (|x|<8, \x\>X) 

is the transform of 

00 

1 f ^/.,^8inA(«-a:)-sin8(«-a:) , 


The proof now goes as before, but to complete it we want 
00 00 

lim r f(x) dx f ^ du = 0. 

5->o J J ' u—x 


J u—x 

— 00 

a:+l/S , x-Vh 00 . 

<8 j \g{u)\du+i J + J 

x-l/S ' -00 *+1/8 ' 

as 8 -> 0, for any fixed x\ and, as before, its mean p'th power is 

bounded. The result therefore follows from the lemma of § 6.12. 
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UNIQUENESS AND MISCELLANEOUS THEOREMS 

6.1. Uniqueness of trigonometrical integrals. The classical 
uniqueness problem for trigonometrical series is to show that if 

00 

n—1 

for all values of a: in (0, 27r), or all values with some exceptions, then 
= 0, 6^ = 0 for all values of n. 

The corresponding problem for integrals is to show that if 

00 

J {a( 3 /)cosa^+ 6 (y) 8 ina:y} dy = 0 (6.1.1) 

0 

in some sense or other for all values of x, possibly with some excep- 
tions, then a(j/) = 0, 6(y) = 0 almost everywhere. A more general 
problem is to show that if a given function f(x) is represented by a 
trigonometrical integral, 

00 

J (a(i/)co8xi/+6(y)Binxy) dy = f(x), (6.1.2) 

0 

in some sense, then the integral is necessarily of the Fourier form, 
i.e. in some sense 

00 00 

a(y) = i J f{x)coBxydx, b(y) = }- J f{x)Bmxydx. 

— 00 —00 

Owing to the symmetry of the Fourier integral formula between a 
function and its transform, in the integral case this is not, formally, 
a new problem. It simply amounts to the question whether a(x) and 
b{x) are representable by Fourier integrals; and in some cases the 
answer follows from theorems which we have already proved. 

Suppose, for example, that a{x) and b{x) belong to 2/(0, oo), and 
that 00 

J {a(j^)cosa;y4-6(j/)8ina;y} dy = 0 
0 

for almost all values of x. Adding and subtracting the formulae with 
X and —X, it follows that both 

00 00 
J a{y)cosxy dy = 0, J 6(y)sinxy dy 0 

u u 
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for almost all x. By Theorem 14 (for an even function) 
A 


lim 

A-^OO 


U(' 


-^jcosajw du 


/ 


a(y)cos uy dy = a{x) 


0 0 
for almost all a:, and in this case the left-hand side is 0 for all x. Hence 
a(x) = 0 almost everywhere. Similarly b(x) == 0 almost ever 3 rwhere. 
Theorem 22 can be used to give the same result. 

Suppose, again, that a{y) belongs to i2(o,oo), and that 


--►00 

J a(y)cQsxy dy — 0 


for almost all values of x. Since the limit and mean limit of a 
sequence, if they both exist, are equal almost everywhere, the cosine 
transform of a(x)y in the sense of Theorem 48, is null, and hence a(x) 
is the mean limit of a sequence of null functions, and is therefore null. 

The uniqueness theory of Fourier series suggests a different type 
of theorem, in which the possible values of x for which (6.1.1) fails 
are much more restricted, but in which a{x) and 6(a:) do not neces- 
sarily belong to X-classes. The main difference between the theory 
for series and that for integrals is that the convergence of ^ cos wx, 
for example, in a set of positive measure, implies that 0; but 

the convergence of 

J a{y)cosxydy 
0 

does not imply that a{x) -> 0 as x -> co; for example, the integral is 
convergent if a{x) == c^cos e^. 


6.2. The expression 


lim 


<I)(x+A)-f<&(x— A)— 20(x) 

P 


( 6 . 2 . 1 ) 


is called the generalized second derivative of C>(x). The uniqueness 
theory of Fourier series depends on the theorem of Schwarz (see 
Titchmarsh, Theory of Functional § 13.84), that if^(x) is continuous y 
and has at all points of an interval' the generalized second derivative 0, 
then <l)(x) is a linear function in the interval. Here we shall proceed at 
once to the general problem with /(x), and use 

Theorem lll.t Let <I)(x) be continuous in (Uyb), and have at every 
point of this interval a finite generalized second derivative /(x), which 

t De la Vall6e -Poussin, Coura d'analyae i-nfinitMmale, 1914 ed. 


L 
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belongs to L{a,b). Then 

X U 

<I>(a;) = j du j f{v) dv -\-a^-\-a^x (o < a: ^ 6), 

a a 

where and are constants. 

We first prove two lemmas. 

Lemma 1. Let ^{z) be continuous in (a, b), and let 
^ <i>{x+h)+<S>{z—h)—2<l>{x) 

h-*0 


Chap. VI 

( 6 . 2 . 2 ) 


(6.2.3) 


be'^0 for every x in (a, b). Then no part of any arc of the curve 
y = <tf{x) can be above its chord. 

Suppose that some points of an arc (xy^,x^ lie above the chord, 
PQ say. Let 

Oj(a:) = <!>{x)+ie(x—Xi)(x—X2) (c > 0). 

Then, if e is small enough, some points of the corresponding arc of 
y = <I>,(a:) will lie above the chord. Let M be such a point of this 
curve, whose distance from PQ is not less than that of any other 
such {K>int. Let x be the abscissa of M. Then, if A is the tangent of 
the angle which PQ makes with the x-axis, 

<t>«(a:+A)— <t>e(a^) ^ d>^(a:)— 0,(x— A) ^ ^ 

h h 


Hence <l>,(x+A)+<I»j(x— A)— 2C>,(x) ^ 0, 


i.e. 0(x+A)+0(x— A)— 2®(x) < — e, 

for all small h. This contradicts the hypothesis, and the result 
follows. 


Lemma 2. Let 0(x) be continuous in {a, b), and let (6.2.3) be ^ 0 
for almost all x in (o,6) and be nowhere — oo. Then no part of any 
arc of the curve y — ®(«) can be above its chord. 

If (6.2.3) is nowhere < 0, the result follows firom the previous 
lemma. Otherwise, let E be the set, of measure 0, where (6.2.3) < 0. 
Lett x(®) ^ ^ non-decreasing absolutely continuous function such 
that x'(®) = -f 00 in JSi, and x(^)~x{®) < 

X 

Xi(«) = / x(«) 

a 


t See e.g. Titchmarsh, Theory of Functions, § 11.83. 
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If ;K is a point of E, and M any positive number, however large, 




Hence, if A < 8, 


Xi(a;+A)+Xi(*-^)— 2xi{*) 1 


A* 


= p J {x(*+«)— x(»^-«)} du 

0 

h 

r.J 


2uM du = My 


and so the left-hand side tends to infinity as A -> 0. 
Let f2(a;) = <I>(a:)+Xi(a:). 


Then 


A)— 2fl (a:) ^ ^ 
A® 




for every x in (a, 6). Hence no part of any arc of y = Q{x) can be 
above its chord. Since this is true for arbitrarily small e, the same 
result follows for y == 0(a:). 


Proof of Theorem 111. 

Let p{x) = min{/(a;),n}, q{x) = max{/(a:), —n}. 

Then p{x) ^ q(x)y and, since / is integrable, so are p and q. 


Let 


X X 

Pii^) = j Piu) du, P^(x) = J Pi{u) du, 

a a 


and similarly for q. 

Then g 2 (^)~^(^) almost everywhere the generalized second 
derivative q{x)‘—f(x) ^ 0, and 

^ I * J dv 

0 x—u 
h x-^u 


p I* dtt J (— n) dv — 


-n. 


Hence the generalized second derivative of nowhere 

— 00 , Hence no arc of y = ? 2 (^)”~®(^) above its chord. 

The chord through the end-points a and b is 


O — CL 
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and hence 

g2(a;)-<I>(a;) < Ji:?{g,(6)-<I>(6)+0(a)}-<I>(o) (o < * < b). 

0““CL 

Similarly, no arc of y = p^{x)—<t>{x) is below its chord, and it 
follows that 

p^{x)-<i>{x) > ^{^,,(6)-0(6)+<D(a)}-(D(o) (o < a: < b). 

Making n-^oo, p^^x) and q 2 {x) both tend to the limit 

f^{x) = jduj f{v) dv. 

Hence ® “ 

Ux)-<J>(x) = ?^{/,(6)-<I)(6)+0(a)}-<D(a) (a < a: < b), 

the desired result. 


6.3. Theorem 112. Let a(y) and h(y) he integrable over any finite 
interval, and zero in an interval containing the origin. Let 
—►00 

J {a(y)cosa;y 4-6(j/)8ina;y} dy = f(x) 

0 

/or all X in a certain interval. Then 

—►00 

^(a:) = — J {a(y)<sosxy-\-b(y)mixy)^ 

0 

exists for every x of the interval, and has the generalized second deriva- 
tive f{x). 

The convergence of the integral for <t>{x) follows from the second 
mean-value theorem. Now 

. (a;+%+ .„{a:-%-2 a;y = -^«ai^hy xy. 
sin sin sin sin 


Hence 

<t>(x+fe)+^^^ h) ^{x) ^ J ^a(y)Gosxy+b{y)sm.xy}‘^^^pf- dy, 

0 

(6.3.1) 

and it is sufficient to prove that this integral converges uniformly 
with respect to h for h > 0. 

—►00 

Let j* {a{y)cosxy-\-b(y)ainxy}dy = r(Y), 

Y 
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SO that |r(y)| < c for F > Fo(«). Then 

1 00 

J {a(y)cosa:y+6(y)8ina:y} — dy 

r. 



for all A > 0; hence the result. 

6.4, We shall now prove the uniqueness theorem on the assump- 
tion that (i{y)l(l+y^) and b{y)l{l+y^) belong to L(0,oo). Later it 
will be shown that this condition is superfluous. 

Theorem llS.f Let a(y)l(l+y^) and b(y)l(l+7j^) belong to L(0,oo), 
and let 

J {a{y)cosxy+b(y)amxy}dy =f(x) (6.4.1) 

0 

for all values of x, where f(x) is everywhere finite and integrablc over 
any finite interval. Then for almost all positive values of y 

X 

a(?/)==ilim r (l“ J^W(a:)cosa;i/ da:, (G.4.2) 

7rA->oo J \ A j 

— A 

A 

b{y) = -\im f ll — ^^f(x)Bmxydx. (6.4.3) 

‘^A-^oo J \ A I 

— A 

In particular, if f{x) = 0, then a(y) = 0, b{y) ^ 0 ahnost every- 
where. 

The condition (6.4.1) may be broken for a finite set of values of x, 
provided that a{y) 0, b{y) 0, as y ->co. 

By replacing a: by —a; in (6.4.1) and adding or subtracting, we 
obtain similar formulae with the cosine or sine integral only. We 
may therefore consider them separately. 

t Pollard (3), Jacob (2). The unrestricted result follows from Offord (7) ; the proof 
given here is by OfTord and the author. 
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Suppose first then that b{y) = 0. Suppose also that a(y) = 0 for 
0 < y < 8, and let 

cos xydy. 


00 

<!>(*) = - J ' 


(6.4.4) 


By Theorem 112, <^{x) has the generalized second derivative f{x), 
and here f(x) is integrable. Hence, by Theorem 111, 

X u 

<l)(a:) :=z j du j f{v) dv -\-p-{-qXy 
0 0 

where p and q are constants; and = 0 in this case, since O and / 
are even. Writing „ 

/l(«) = J /(«) dv, 


we have 

and 
A 


X 

®(a:) = J /i(«) du ■\-p, 


J {\ — ^f{x)cosxy dx = J /i(a:)|^^+|l — |jy8ina;2/| dx 

+ J — — ijcosajj/j dx 


<i>(X)coaXy p , 2y 

A X'^T 


A A 

J* <t)(x)sina;y dx j |l — ~|o(a;)cosa;y dx. 

(6.4.5) 


0 0 
Since a(y)ly^ is L, (6.4.4) and Theorem 14 give 
A 


lim 

A->qo 


IH 


(I>(x)co8xy dx — — Jtt 


«(y) 


(6.4.6) 


almost everywhere. Also 0(x) -> 0 as a: oo, by Theorem 1, so that 
the remaining terms in (6.4.5) tend to 0 as A -^co. Hence 
A ^ 

j/(x)co8xy dx = 2 ^a(y), (6.4.7) 


“JH)j 


lim 
A 


the required result with the conditions stated. 
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To remove the restriction that a(y) = 0 over (0, 8), let 
as(a;) = a(x) {x > 8), 0 (x < 8), 


and let 


V 

J a(y)cosxy dy = x(a:). 


Then the result already obtained shows that 
A 


lim J |l— ||{/(a:)— x(a:)}co8a!y da: = ^ira^iy) 


almost everywhere. Also, by Theorem 14, 
A 


lim J ~ x) xy dx — 0 


for almost all y in (8,oo). Hence 




)cosa:t/ dx = i7ra{y) 


for almost all y in (8,oo), and so, since 8 is arbitrary, for almost all y 
in (OyCo). This is the required theorem for the cosine integral. 

Next let a{y) = 0, and suppose that b{y) = 0 in (0, 8). Let 


00 

'F(a:) = — r sinxy dy. 

J y 


(6.4.8) 


Arguing aa before, we obtain 


Ji I* 

^(a:) — j j /(^) 


A A 

J = J cos an/j dx 


_ T(A)sin^_^ j _^2 J |i_?j'P’(a;)8inxi/ dx. 

« “ (6.4.9) 

The proof now concludes as in the cosine case. 

If there are exceptional points where (6.4.1) does not hold, the 
argument merely shows that 


y = 0(a:)— J d« J /(v) 


(6.4.10) 
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is a linear function in the intervals between these points. But now, if 
Hy)\ < € for y ^ A, 

I ^ 

J {o{y)cosa:j/+6(y)8ina^}t^^^ dy 
' 0 

< J{Wy)H-|%)l}rfy+2e J 

0 A 

< K{^)+A€|h. 

Multiplying (6.3.1) by A, and choosing first € and then A, it follows 

A-^0 \ A A j 

Taking x to be one of the exceptional points, it follows that the slopes 
of the straight lines which make up the graph of (6.4.10) are the same 
on each side of the point. Hence (6.4.10) is a single linear function, 
and the result then follows as before. 


6.5. To remove the restriction on a(y) and b{y) we require some 
more preliminary theorems. 

—¥< X } 

Theorem 114. If J f{t)co&ytdt 

0 

converges uniformly in any finite interval, to ^(\rT)FJ^y) say, then 

SVil) / =/(») 

* 0 

for almost all x. 

This is merely a variant of Theorem 20; the proof is substantially 
the same, depending on the particular case of the data, that 

—♦•00 

J 

0 

exists. 

We require a similar theorem for the sine integral, but in this case 
the argument is more complicated. 


Theorem llS.f Let x^ be a sequence of numbers tending to infinity, 
such that 


^ ^^n-1 ~ 2,3,...), 


t Cantor (1). 
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where & > 1. TheUy given any interval (oL,P)y there is a number Cl in 
(a, jS), and a sequence of integers such that 




(6.5.1) 


Suppose that 0 < ot < and divide (a, jS) into three equal parts 
(a,y), (y,8), (8,j8). Let x^, be the first of the which is greater than 

both 3 g 

_ ' • V y A — T anci — • 

(k—l)(P—a) P—a 

Choose y^ so that (2y^+l)/a:^ falls in (y,8). This is possible, since 
Xy > 6/(j8— a). Then determine — so that 


(2yn-bl+l)-(22/n+l)‘ 




< 1 


{n = v,v+l,...). 


If in any case there is more than one such take the least; the 
process is then unique; y^, have any values. 

The numbers x^ and now determine a sequence of fractions 
(2i/^+l)/a;,p which tend to a limit Cl; for, by the above inequality, 


Also 


2yn4.m+l 2y^+l I 

^n+m ^n+1 ^n+m 


rj 2y,+ l 


x^ 




^n+l 


^n+2 




so that (6.5.1) follows. Finally, il is in (a,j3), since 


12- 


22/.+ 1 


x„ 


< 


1 




x^{k^—\) x^(k—\) 


■< 5(i3-«). 


1 


Theorem 116. If J ^{u)mixudu 

0 

is convergent for all values of x, then as n co 

du -> 0. 

If the theorem is false, there is a positive € and a sequence such 
that |r„J ^ e; and from this sequence we can select a sub-sequence 
n^ satisfying n^ ^ Hence there is an x in (0,^Tr), and 

integers 2 /i,y 2 > •••> such that 

2x71^/77— (2y^-fl)->0. 

Hence, if is large enough. 


»+f 

r„ = max <f>(u) 
‘ a •' 

n 


0<f<l 
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Hence, for ^ u ^ %+^y where f < 1, xu-^y^tr lies between \n 
and Jtt; hence sinxu is monotonic in at most two intervals, and 
Isinxt^l ^ 1/V2. If e.g. sina:i^ is steadily increasing, 
n^+f 

f <f>{u)du— r du = ~ ^ I* if>(u)amxudu 

J J sinxu sinxn^ J 

by the second mean-value theorem, and the right-hand side tends 
to 0. Similarly in other cases. 

—►00 

Theorem 117. If j f{t)ainytdt (6.5.2) 

0 

converges uniformly in every finite interval, to ^J(\‘7T)Fj{y) say, then 

A 

J ” f = /(*) (6.5.3) 

0 

for almost all x. 


We can insert (6.5.2) in (6.5.3) and invert, by uniform convergence. 
We obtain 


— 

1 f cosA(x— <) 1— cosA(a;+<)) 

n J A(^^=7p A(a:+0"~" I 


(6.5.4) 


Let T > X, and consider 


—►a 


I .tA’w/A „ J(n+l)7rM, 

/ 

' fwr 


+ 2 


T inn/A 

where N is the integer next above 2XTIrr, By the second mean-value 
theorem 

l(n+l)7r/A f V 

0 

X(x — t)^ A(71 

innlX 

where ^»77-/A ^ f ^ ^(ra+l)Tr/A. By Theorem 116 the last 
integral tends to 0 as » -> 00 , uniformly for A > 2 / 71 . Hence 


r \/(<)cosA<j, 


I, 






uniformly with respect to A. Similar arguments apply to the rest of 
(6.5.4) with T. Also, for a fixed T, the part with t <. T tends to 
f{x) almost everywhere. The result therefore follows. 
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6.6. Theorem 118. The results of Theorem 113 hold if a(y) and 
b{y) are integrable over any finite interval, and (6.4.1) holds. 

We again define <t'(x) by (6.4.4), but now the integral is not neces- 
sarily absolutely convergent, and <i>{x) does not necessarily tend to 
0 at infinity. However, since 

V 

a^(y) = J a{u) du -> limit 
0 


as ?/ ->cx) (by putting x — 0 in (6.4.1)), and 


Y 

/ 


®(2/) j 

l i cos xy dy 


tti(y)cos xY 
y2 


+ 


Y 

J Oi(2/){' 


X sin , 2 cos xy 


dy. 


the integral (6.4.4) converges uniformly over any finite interval. 
We therefore deduce (6.4.6) from Theorem 114. Also 


ow = - J ay = „(») 


as a: cx), by Theorem 1 ; and, for a fixed y, 
A A 


J 0(x)sina:i/ = J |o(l)— J ^^(w) (iw|sin.Ty dx 

0 0 ^ 1/ + 1 ^ 

00 

r ®i(^) (^sinA('W— y) 1— cosA(^^’— y) 

' ^ ^ J '^—y 


u—y 


A3inA(«+y) . l-co8 A(M+y) l ^ 

u+y u-\-y j 


as A ~>oo. Hence (6.4.7) again follows from (6.4.5). 

In the sine case we obtain (6.4.8) as before, but now we get no result 
by putting a; — 0 in (6.4.1), and we have to use Theorems 115-17. 
We have 


7/1 . \mrtlx _ jV»'-r 4 /<T,x y* X 

Y^f^inxydy==l j 2 J + J 

7/, ' Vt \vnfx \{n \ Dtt/jt 

The second mean-value theorem gives 


I(|/+1)7T/JC 


i{v+l)7rfx 


r ^sinxydy 
V y 

J vnlx 
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where f < r; < J(v+1)it/x; and the last integral is o(l) as 

v~>oo, x->oo, and is o(l/x) as v->cx), x--> 0 (by considering 0(l/x) 
terms of type r„). Hence as x tends to 0 or oo 

Vi 

Hence (6.4.8) converges uniformly over any finite interval, and 

Y{x) = o{x) 

as x-> CO, Also 
A 

J ^(xlcosxj^ dx 
0 

- ..(A)-} T _ „(a) 

^ J [ u+y u—y I 


v+i 


as A“>oo, by an argument similar to that just used for <I>(x). The 
result now follows as in the previous case. 

We can also state the above result as a direct theorem on Fourier’s 
integral formula. 

Theorem 119. Let f(x) be integrable over any finite interval ^ and let 


lim j f(t)coBxtdt, lim f f(t)B\nxtdt 

u— ►« • u— ►00 ^ 

^ -fl ^ -fl 

have finite values for every x, and let these values be integrable over any 
finite interval. Then 

f{x) = lim - J |l — -^^jllim J f(t)QOBu(x—t)d^du, 




6.7. Integrals in the complex form. The result in this form is 

Theorem 120. Let F{y) be integrable over any finite interval ^ and let 

A 

for all values of x, where f(x) is everywhere finite and integrable over 
any finite interval. Then for almost all y 

In particular, if f(x) = 0, then F(y) = 0 almost everywhere. 
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Since 

A 

f F{y)e-^^ydy 

A 

= 2 J [{^’(y)+^’(— «/)}cosa;t/— y)}sina:y]dy, 

0 

the theorem is equivalent to Theorem 118. 

There is a specially simple argumentf for the case f(x) = 0. Let 

X 

Fi{x) = J F(u) du. 

Then “ 

r ^ 

f F(y)e-^^v dy = Fi(X)e-^^—Fi(—X)e^^^+ix f Fi(y)e-*^« dy. 

-A -A 

Replacing x by —x, and adding, 

r ^ 

J ^’(2/)cosa:y dy — {/'j(A)— .Pi(— A)}co8a;A+a; J F^(y)fmxy dy. 

—A —A 

A 

Now A) = f F(y) rfy 0 

as A 00 , as a particular case of the data. Hence 

A 

lim X f i\(y)sina:y dy = 0, 

A-.00 

A 

and so lim f {F^(y)—F^(—y)}^\nxydy = 0 

for a; 0, by the above argument; and for a; = 0 because the 
integrand is 0. 

We deduce that Fi{y)—^\(~y) = ^ 
from Theorem 118; but now b(y) is bounded, and all that we want 
about ^*( 0 :) is obvious from its definition. Hence 

F(y)+F(^y) = 0. 

The argument applies equally well with F{y)e^^^, with any f , instead 
of F(y), Hence 

F(y)e^v^F{-y)e-^^y ^ 0 . 

for every y and Hence F(y) = 0. 


•f Offor(l(fi). 
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Offord (7) has recently proved the remarkable theorem that if F(y) 
is integrable over every finite interval, and (6.7.1) is summable (<7, 1) to 0 
for all X, i.e. ^ 

lim J di/ = 0 

for all X, then F{y) = 0 almost everywhere. 

This theorem is a ‘best possible’ both in the sense that one excep- 
tional point is sufficient to render the conclusion false, and in the 
sense that it is not possible to replace (C, 1) by ((7, 1+8) for any 
positive 8. Thus 

00 

J du = 0 (C, 1) (x 0), 

— 00 
00 

and J ue^^^ du — 0 ((7,1+8) 

— 00 

for all X. 

6.8. Parse val’s formula. The above results enable us to prove 
still another theorem on Parseval’s formula. 

Suppose that /and g are given functions, /belongs to L(— oo,oo), 0 
exists as the transform of g in some sense or other, and G is L(— oo,oo). 
We are unable to use Theorem 35, since we do not know that g is 
the transform of O. We have, however, the following theorem. 

Theorem 121. Let f(x) be L(— oo,oo), g(x) integrable over any 
finite interval, and let ^ 

— A 

for all X, and let 0(x) be everywhere finite, and L(— oo,oo). Then 
(2.1.1) holds. 

The convergence of (6.8.1) may fail for a finite set of values of x, 
provided that g(x) -> 0 as x-> +oo. 

For g(x) is the transform of G(x), by Theorem 120, and the result 
therefore follows from Theorem 35. 

6.9. Another uniqueness theorem. We shall next prove a 
uniqueness theorem of a different type, in which (6.4.1) is not neces- 
sarily convergent, but in which there is an additional condition. 
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Theorem 122.t Lei e-y^b(t) belong to L(0,oo) for every 

positive y, and let 

00 

U{x,y) = J {a{t)coBxt+b{t)mixt}e-^^ dt 
0 

be bounded for y > 0 and all x. Then 

lim U{x,y) = f{x) 

y -*0 

exists and is finite for almost all values of x, and 

A 

a{t) = - lim r (l — J^\/(a;)cosa:^ dx, 

TT A— ^00 ^ / 

A 

h{i) = i lim f — ^W(a:)sinx^ dx^ 

7 T A— >*00 J \ ^ / 

“A 

for almost all values of t. 

CO 

Let 0(2) = J {a{t)—ib(t)}e^^ dt 

0 

be the analytic function of which U{x,y) is the real part, and let 
'F( 2 ) — exp{— 0 ( 2 )}. Then 1^(2) | is bounded above and below. 
Hence, by Theorem 94, ^*( 2 ) tends to a finite non-zero limit for 
almost all x, as y -> 0. Hence 0(2) tends to a finite limit for almost 
all x, and hence so does U(x,y), Let the limit of U(x,y) be f(x). 
Now for y > 0 , 7 / > 0 

— CO 0 —00 

+lje-Vb{t)dt J 

0 —00 

00 

— J e~’>^{a{l)e~'^cosit+b(t)e~'^ain^t) dt — U{$,y+7)), 

0 

the inversion being justified by absolute convergence. Making 
y-^0, 

— 00 

by dominated convergence. 

t Vorblunsky (2). 
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By Theorem 14, ^ 

e’”%(0 = ~ lim r (l — U (x, y)co& xt dx 

TTA-^oo \ ^ J 


A i 

= f U(x,y)coBxtdx (6.9.1) 

7rA-.ooAJ J 

0 -{ 

for any positive y, for almost all values of t. Now 
( i 

j U(x,y)coaxtdx = - I cob xidx j — .f(u)du 

J TT J J 

-( -X 

= i f mdu [ --l^^^dx 
^ J ’ J (x-u^+y^ 


(«— {x+u) 


Also 


00 «r 

0 0 

f 00 ( CO 00 f 

'o 0 Of f 0 ' 


y \ 

t)^+yH 


C08Xl dx 


00 

J {(*—«)*+?*' 


-.1 


COB xtdx 


{x+u)^+yH 

CO 

— I ; Kt-, — zCOBxtdx = 7Te-»‘coBUt. 

J (*— «)*+y* 


Hence Ji = ire~^* J {f{u)+f{—u)}coBtU du. 

0 

Again, by the second mean-value theorem, 


(6.9.2) 


/ 


ycoBxt , 
(a:-ftt)*-fy* 


<2 


t («+^)*+y’‘’ 


f dx 

J (*— tt)*+y* 


y 


and also 


t (tt-|)2-|-y* 

f = „ 

J (x— tt)*-l-y® 
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Hence, if !/(«)+/(— «)| < M, 

f (-^y 

y , . 2M ' 




2M 


J 




/ 


y 




dx -\-M' 


c 

If J dy 


(-■Jy 


2MI . 2i ^ a . 23f/ ^ 1 . a , „ , 

= 1 arctan — — arctan - ) H ( arctan — arctan -I -^Mirsy. 

M y yl t \ Vy y) 

Also, if tt > ^, 


1 / 

1 / 


y cos xt 


dx 




y 




ycosxt 

(x-u)^+t^ 




and also 

as before. Hence 


^ TT 


l«^l ^ 


2M 


00 

J 


«2-Py2 


I 


y 


^ + V!/ 


f+'^V 


(u—^Y+y'^ 


du -^M- 


" J 


du 


= 

t \2 “ 


- arctan-^ 4- (- — arctan 4-^ + Mn^y. 

yl t \2 ^!yj 


Let ^ sequence of values of y tending to 0, and let 

E be the set of values of t for which (6.9.1) fails for any of these 
values of y. Then E is of measure 0. Let t be a point not in E, Then 
we can choose y — y^ m small that the contribution of Jg and 
to (6.9.1) is < € for all A > 1. Having fixed y, it follows from (6.9.2) 
that ^ ^ 




< 26 


0 0 

for A sufficiently large. Hence 

A ^ 

a(t) = lim -~ r j {/(t^)-f/(— w)}cos%^ dw. 

A-^ooTtA j j 
0 0 

Similarly we can prove the corresponding result for b(t). 

6.10. Special properties of transforms. In this section we 
consider some special properties of sine and cosine transforms. 

Theorem 123. Letf{x) be non-mcreasing over (0,oo), integrable over 
(0, 1), and let f{x) -> 0 as x -> oo. Then F^{x) > 0. 

M 
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//2\ 7" //2\ ^ 

■?i(«) = yyj f(y)^^^y = J H ^ I f{y)sinxydy. 

0 ^"-0 nnix 

This is a series of alternately positive and negative terms, non- 
increasing in absolute value. Its sum is therefore > 0. 


Theorem 124. Let f{x) be a bounded function, which decreases 
steadily to 0 as x-^co and is convex downwards. Then FJ{x) is 
positive and belongs to i(0,oo). 

The conditions imply that f{x) is the integral of /'(x), which is 
negative and non-decreasing, and tends to a limit at infinity; and 
the limit is 0 since /(a;) is bounded. We can now integrate Fourier’s 
cosine integral by parts, and obtain 

00 

^e(®) = f'iy)»^^dy, 

0 

and this is positive, by the previous theorem. Also we may now take 
a: = 0 in the analysis of Theorem 6, and obtain 


J(^ j F,(u)du=^m+0). 

-*o 


Hence I].{x) belongs to L{0, oo). 

Neither of these theorems is true for transforms of the opposite 
kind. If/{a;) = 1 (0 < a: < 1), 0 (x > 1), then 


m = 


//2\ sinx 

VWj X ’ 


which takes both signs. If /(x) = e“*, then 


m = 




which is positive but does not belong to Z((0,oo). In fact if Fg{x) 
belongs to Zi(0,oo), /(x)->-0 both as x-»-0 and as x->oo, and so 
cannot be monotonic. 


6.11. It is not quite easy to construct a monotonic /(x) for which 
Fg(x) is not integrablef over (0,oo), To do so, we first prove that 
there is a function „ 


^(x) = 2 &n8inX„x 
n-1 


t For a similar result for series see Szidon (1). 
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with 6^ > 0, 2 convergenty and 

1 


divergent. 
We have 


J \Hx) 


J > r 6„|sinA„a;| J j ^ ^..sinA^a; 

l/A. l/A, l/A, •'“1 

- J I 2 6,8inA,x ^ = 

l/A. '’'=» + ! 

Now 

•^1 = J 
1 

1 n--l n— 1 

^2 < f 2 A^ rfx = 2 

fi X-l v^l 

1 ^ 

J ^-'L, ^ v*==n + l 

Hence Jg < if 6^ = i-*' with a sufficiently large k) and -> oo, 
J 2 o (Jj) if e.g. Ai == 1, and 

= 2^^i+***+^n— 

1 

Then f dx -> oo, 

i/£ 

the required result. 

Theorem 125. There is a function f{x), continuous and steadily 
decreasing to 0 as 00 , such that FJ^x) does not belong to 2/(0, 00 ). 


We first obtain the result for a non-increasing function. Let 
f{x)~c^ in (a„-i+8, a^— 8), where c^-^O steadily and a^-^oo 
steadily, and 0 < 8 < 1 ; and let f{x) be continuous and linear in the 
remaining intervals. Then, taking ag+8 ~ 0, 
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(30 


8in(c„— 8)x— 8in(a„_i+8)a: 


n = l 


+ 




+ 


8in(a„+8)x 8in(a„— S)x 


+1' 


28x2 


X ■■ X 

{co8(a„— 8)x— co8(o„4-8)x}j 


8in8x 

"8x^ 


2 (c»-c„+i)sino„x. 


n=«l 


By the lemma, we can choose and so that 
1 ^ 

dx 

X 


r 

j ^K-c„+i)aina„x 


1 

is divergent, and then so is l^J.(a:) 1 da:, since sin Sa:/(Sa:) -> 1 as 

6 

a; ^ 0. 

We can plainly construct a steadily decreasing function ff(x), 
having derivatives of as many orders as we please, such that 
/(x) —g(x) belongs to Z(0, oo ) . Then the cosine transform of f(x) —g{x) 
is bounded. Hence the cosine transform of g(x) does not belong to 
i(0,oo). 


6 . 12 , Under special conditions FJipc) and i^(a:) behave asymptotic- 
ally like a power of a:, either as a: 0 or as a: ->cx), or both. The 
two simplest theorems of this character are as follows.f 

Theorem 126. Let f{x) = a:-®^(a:), where 0 < a < 1, and <f>{x) is 
of bounded variation in (0, oo). Then 

W'-«^(+0)y(|)r(l-«)8inJ TTota:®”^ (a:->-oo), 

^c(^) ~ J a)sin \7T(xx^-^ (x -> 0). 

Fg(x) satisfies similar conditions with sin Jttcx replaced by cos ^noc. 

We may suppose that (f>(x) is positive non-increasing in (0,cx)). 
Take the case x ->co. We have 

00 

~ J l~°^(l>(t)cosxt dt 
0 

Titchmarah (9). 
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GO 

== J u~^<f>{ulx)co^u du 
0 

= «“-"(/ + / ) = *“"VA+^2)- 


By the second mean- value theorem 

A' 


/2 = <^ 


tt-“coa udu= 0(A““) 


uniformly with respect to x. Now, for a fixed A, 

A A 

J {^(+0)— ^(tt/a:)}tt““cosM d« = {^(+0)— ^(A/a;)} J «-“co8ttdit 

= 0{^(+0)-^(A/a;)} = o(l). 


and 


tx W 

^(+0) J u-°^QO^udu -> ^(+0) J u'^^co^udu — ^(+0)r(l— a)sin^a. 
0 0 

Hence the result. Similarly in the case a; -> 0. 


Theorem 127. Let f(x) and f(x) be integrable over any finite 
interval not ending at x ^ 0\ let x°^^^f'{x) be bounded for all x, and let 
f{x) ~ as x-^oo (a: -> 0). Then 

— «) sin \7r(x a:““"^ 

as x->0 (x-^oo), Fg(x) satisfies similar conditions with sin jTra 
replaced by cos Jttcx. 

Consider the case a; -> oo. We have 


00 


A/x CO 


V(iir)j;(®) = J f{t)(soaxtdt = J + J = Ii+I^. 

0 0 A/x 


00 



= 0(A-“a;“-i)+i J 

A/x 

= 0(A-“a:“-»). 


Then 
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Let m(|) = max |a;“/(a;)— 1|, so that m(i) -> 0 as ^ 0. Then 

x<{ 

A/as A/ar 

J t-^COBZtdt+ j (l^f(t)—l}t'-°^C03Zf (it 
0 0 


= J u-^ cos u du + j | 

0 

= a;““^ J iA““ cos udu + 0(a:“~^A““)+ | > 


0 

and the result follows on choosing A large enough, and then x large 
enough. 

Similarly if a; -> 0. 


6.13. Order of magnitude of transforms. There are various 
more or less trivial results; if (1 + |^l^)/(^) belongs to L(-“CX),co), tiie 
equation oo 

— 00 

can be differentiated n times. It follows that F{x), F\x ), ..., F^^\x) 
are all continuous and tend to 0 at infinity. 

If f{x), are continuous and tend to 0 at infinity, and 

P^\x) is L, then by repeated integration by parts 

— 00 

Hence x^F{x) 0 as a; -> ± oo- 
Similarly, if (1+ la;|'^)/(a;) belongs to oo,oo), then 
F{xl,,.,F^^-^\x) 

are continuous and tend to *0 at infinity, and F^^\x) is ^^(— 00 , 00 ); 
and conversely. 

Other results have been given in Theorem 26. 

The idea underljdng the following theorem is that both a function 
and its transform cannot be too small at infinity. The result is 

Theorem 128. Let f{x) and F^x) be Fourier cosine transforms, and 
let each be 0{e’-^^') as x~>qo. Then 

fix) = F,ix) = Ce-^-\ 

t Hardy (19), Ingham (1), Morgan (1), Paley and Wiener, Fourier Transforms. § 19. 
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We use the following lemma. 

Lemma. Let <f}{z) be an integral functiony <f){z) = for all z, 

and ^{x) = for real positive a; -> oo, a being a positive constant. 

Then <f>{z) — Ce-^^. 

There is a constant C such that 


|^(a:)| ^ Ge-^^y \<l>{re^^)\ ^ 

where 0 < a < tt. Hence, by a theorem of Phragmen and Lindel6f,t 

(0 < 0 < a), 


where 


rr/z)\ — asin(a— 0)+asin0 sin(0— ^a) 

II (u) = ; = a - . , — , 

sin ot sm ^ot 


Here we can keep 0 fixed and make a -> tt. Then H{d) 
and it follows that 


-a cos 9, 


\<f>{z)\ < (0 < 0 < tt). 


Similarly, we obtain the same inequality for — tr <.0^0; and 
also, by continuity, for 0 — tt. Hence ef"<f>{z) is a bounded integral 
function, and so is a constant. 

To prove the theorem we have 


J'Kz) = 



f{t)c08Zt dt. 


By the condition on f(t) this is an even integral function of z\ and 
if i^l = r, 

|JP{z)l < i: J c-»<'co8hr< dt = 

0 

Hence i^(Vz) is an integral function which satisfies the conditions of 
the lemma, with a = J. Hence 

FJ,z) ^ Ce~i^, 

and also the result for /(z) follows, by a familiar formula. 

More general results can be obtained in a similar way. Suppose 
for example that 

f(x) = 0{x^e-i^'), FJx) = 0(x^e-i^'). 


t Tho argument iH that of Titchmarsh, Theory of Functions, § 5.71, with 8 = 0. 
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where k is an integer. Then Fc(z) is an even integral function; and 

GO 

\F^(z)\ < K j e-»^t^coBhrtdt 
0 

(d\^ ” 


-(rj 


e-W'cosh rt dt 


(d\^ 


= c‘"‘ - 0(r2*e»’-‘), 

Let ^(z) = Fci'^z). Then ^(z) is an integral function; and, if 

are properly chosen, so is 

>li{z) = z-**{^(z)— (Oo+OiZ+...+o*_iZ*-i)c-»*}. 

Hence 0(z) satisfies the conditions of the lemma, and so is C7c“*^. 
Hence ^ (ao+aiza+...+afcZ"')e-»»*, 

and/( 2 ) is another expression of the same form. 



VII 


EXAMPLES AND APPLICATIONSf 
7.1. Cosine transforms. Simple pairs of cosine transforms are 

1 (0,o), 0 (o.oo), 


cos* (0,o), 0 (o,oo), 
sin* (0,o), 0 (a.oo), 


1 D — C080(l— *) 1— C080(l-t-*)i 

;p^r)\ i+i )’ 

(7.1.3) 

Generally, the cosine transform of any oven rational function, regular 
on the real axis and 0(1 at infinity, can be evaluated by contour 
integration; for example 


1 +** 

Another familiar process of contour integration gives the pair 
1 1 


Next 


coshTT*’ ^{2n)coBh^x' 


(7.1.6) 


V®/ 


-I I e'-^^*GO&xudx 

^rrl 


00 

J 


1 


e-**’+<*“d* = -77^,6-*“* 
V(27r) 


00 

J 


e-«»-<«)*d* 


V(2ir) 


e-l«* 


00 

J = 


Cc-i"* 


(by Cauchy’s theorem). The cosine formula then gives (7* = 1, 
whence 0=1 since O > 0. Hence we have the pair 

e-***. (7.1.7) 

All the above examples belong to obvious L-classes. 

t An extensive list of Fourier transforms is given by Campbell and Foster, Fouritr 
Integral far Pradical Applicatiotia, 
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Next we have 


0 0 



-lx*/A 


by the formula just proved. 

This is true primarily for real positive A, but it can be extended by 
the theory of analytic continuation to all values of A with R(A) ^ 0. 
Taking A = i, 




' co% xydy = 


Taking real and imaginary parts, we obtain the transforms 


cos i {cos Ja:*+sin \x\ (7.1.8) 

sin \x\ ^ (cos ia:*— sin |x*). (7.1.9) 


The Fourier formulae arising from these give examples of Theorem 
11, case (i). 

We define the Bessel function of order v by 

J^(a:) 1 1 (,>_1) 

Thenf 


( 7 . 1 . 10 ) 


A 00 ^ 

J {l-y^y-^cosxy dy='^ J dy 


n-0 


= 1 V (-i)"r(v+i)r(n+^) 
(2»)!r(v+»+l) 

* ' ^2^”n\r{v+n+l) 

Hence we have the cosine transforms 

(I-®*)*'-! (0 < X < 1), 0 (x > 1), 2'’-*r(v+i)x-'J,(x). 

( 7 . 1 . 11 ) 

t Watson, Theory of Bessel Functions, §3.3(2). This work is referred to later as 
‘Watson’. 
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These belong to if v > 0, and to L^, L^' respectively if 
1/p > V, V > — J. 

In each case we can introduce a parameter, since the transform 
of/(Aa;)is , 

and similarly for sine transforms. 

7.2. Sine transforms. A simple pair is 


2\ a; 
tt/ l+a:2’ 


(7.2.1) 


and, generally, the sine transform of any odd rational function, 
regular on the real axis and 0(1 /x) at infinity, can be evaluated by 
contour integration. 

Other familiar methods of contour integration give the pairs 

1 1 1 1 ..... 


1 

x^\2ny 

1 1 

e*v(2Vr)Z:i xV(27r)’ 

(7.2.2) 

1 

tanh{a:.^{jir)}— 1. 

(7.2.3) 

xe~^^\ 

xc-J** 

(7.2.4) 


The pair 

may be obtained by differentiation from (7.1.7). Nextf 


fsiny . , If 

J -r 2 J 


Hence we obtain the pair 


1 f cos(l— a;)y— co8(l+a:)t/ 


dy = Hog 


— , -77i~xlog|f^|. (7.2.5) 

If V > i we obtain by partial integration from (7.1.11) the pair 
x(l-x^y-^ (0 < a; < 1), 0 (x> 1), 2^-W(v^l)x^-'^J,(x). 

(7.2.6) 

We define the Struve’s function^ of order v by 


".W- Z.r(7^+t)l>+w+i) 


(v > ->f). (7.2.7) 


t e.g. as in § 5.2, 


Watson, § 10.4. 
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Then 

1 00 ^ 

J (1— »*)’'-*8in*ydy = ^ ^^»-|T) T J 

^ 1 ^ (-l)»r(v+i)n! 

2Z^(2n+l)!r(i/+»+f) 

= *Xr(v+-j) V 

Z2*»+ir(n+|)r(v+»+t) 

W — 0 

Hence we have the sine transforms 

(l_a:2)-t (0 < a: < 1), 0 (a; > 1), 2-ir(v+i)a:-’H,(a;). 

(7.2.8) 


7.3. The Parseval formulae. We obtain simple examples of 
(2.1.4) or (2.1.6) by taking / and g rational functions; for example, 
let /(a;) = l/(a:®+a*), FJix) — .y(^)c-“*/o, and similarly g, 0^, with b 
for a. We obtain 


J 


dx 

(x^+a^)(x^+b^) 


0 


00 



e-ax-^^x 


TT 

2a6^a+6) ’ 


(7.3.1) 


As another type, let f{x) = 1 (0 < a; < a), 0 (a: ^ a), 

■^c(®) = sin axjx, and similarly g, O^, with b for a. We obtain 

00 inin(a. b) 

J dx = In dx = l7rmin(a,6). (7.3.2) 

0 0 
Similarly, from (2.1.6) and (7.2.5) we obtain 



a+xl 

a—x 


log 


b+x 

b—x 


dx 




sin oa: sin &a; 


x^ 


dx = 7r2min(a,6), 

(7.3.3) 


by (7.3.2); or we can obtain this directly from Theorem 91. All the 
above formulae come under Theorem 52. 

We can deduce some of the familiar F-function formulae from 
Parseval’s formula.f Define r(a) by 


r(a) = J dx {a > 0), (7.3.4) 

0 


t See Hardy (3). 
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and let 


c(o) = J ifi-^co&xdx (0 < a < 1), 

0 

00 

8(a) = J 7f^-^Hmxdx (--1 < a <; 1). 


(7.3.6) 


(7.3.6) 


Then the cosine transform of is 


J J dy = J ^®"^cosit dtt = J 
' 0 0 
Similarly, the sine transform of is / 1~|^(®)- 

We can prove, by contour integration or term-by-term integration 
of series, that 

00 

r - ^ ^dx — ^TTsec^TT (—1 < a < 1). (7.3.7) 

J It"3; 

0 

In (2.1.4) letf(x) == c”®, ff(x) = x^^^. We obtain 

00 

r(o) = - f dx = c(a)Bec W (0 < o < 1), (7.3.8) 

TT J l-fa;2 

0 

e.g. by Theorem 36. Similarly, by (2.1.6), 


00 

2 r X 

r(a) = - - — x~"s(a) dx = «(o)co8ec (0 < o < 1). 

ttJ 1+a:* 


Also, by the above rule, the cosine transform of 

a;<>-iic(o)c(l— a); 


-J® 


(7.3.9) 


c(a) is 


since it is also xf^-^, by Theorem 6, it follows that 

c(a)c(l— a) = \tr (0 < o < 1). (7.3.10) 

Similarly, «(o)a(l-o) = (0 < a < 1). (7.3.11) 

Also, (7.3.8) and (7.3.10) give 

r(a)r(l-a) = (7.3.12) 

\ sm an sin an 

In particular 

c(i) = V(i’^). S{l) = ^{i7T), m = ^7T. (7.3.13) 
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We have also obtained the cosine transforms 


-|r(a)cos^a7ra;-® (0 < a < 1) (7.3.14) 


and the sine transforms 


Jf^r(a)ainlanx-‘' (0 < o < 1). (7.3.15) 

7.4. Some Bessel -function examples. From (2.1.4), (7.1.11), 
and (7.3.14) we obtain 


/ - y(;) ^ J I'-*')'-'*-" * 

0 0 

_ r(o)co8 ^OTT r(v+j)r(i— ^o) 

- 2i''-iVfl-r(v+i) 2r(v-4o-i-i) 

= . (7.4. l)t 

r(v — |o-(-i) 

This is a case of Theorem 36 if v > — i, 0 < a < 1 (taking 
f{x) = (1— a:®)*’-! (0 < a: < 1), 0 (a: > 1), and ^(a;) = a:““). Actually 
the integral converges if 0 < o < so that the result holds by 
analytic continuation in this wider range. 

Similarly, from (2.1.6), (7.2.8), and (7.3.16) we obtain 

J . y(i) j (i-..).-*- 


(7.4.1)t 


2“-''-ir(^)tan 
r(v— |o+i) 


(—1 < a < v-\-D. 

(7.4.2)t 


As an example of ( 2 . 1 . 8 ) let —4 < v < 0 , 
f(x) = .^( 2 / 7 r)r( 2 v-l-l)cosv 7 r|a:|“*^“^Bgna;, F(a:) = ila;l®''sgna; 

by (7.3.16), and 

g{x) = 2i--{l-x^r-iir{v+l) (|a:|<l), 0 (la:| > 1 ), 

G{x) = |a:|-’/„(|a:(), 
by (7.1.11). Then if a: 71 ^: 1, 


2 J t''J„{t)Biaxt dt 


//2\ r(2i'-t-l)cos w 

Vlw 2 -*r(v+i) 

t Watson, § 13.24 (1). 


J ( 1 — it®)’'-l|a:— ?t|-*‘'~^sgn(a:— «) du. 

(7.4.3) 

t Ibid., § 13.24 (2). 
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This may be justified by Theorem 39. 

If > 1, the integral on the right-hand side isf 


22v 


r(2v+i) (x^-iy^r 


If 0 < X < 1, the integral is 0; for consider 


This integral, taken round a circle of centre the origin and radius JB, 
tends to 0 as 12 -> 00 . On reducing the contour to the real axis from 
— 1 to 1 described twice, and allowing for the change of value of the 
integrand at — 1, a:, and 1, we obtain a multiple of the above integral. 
It follows that we have the sine transforms 


Actually (7.4.3) converges for < i, and the result holds by analytic 
continuation in this wider range. The functions belong to L^, !>' if 

(y>0); / cpc-l (_j<v<0). 

(7.4.5) 

From (2.1.6), generalized as in (2.1.22), and (7.2.6) and (7.4.4), we 
obtain, if 0 < a < 6, 


J {ax)t^Jn{ax){bx)^-''J^{bx) dx 
0 

_ 1 r 2 M +1 2 »-'’ x( x\-* , 

r(i^)W I r(v=|)6i r*j 

a 

while the left-hand side is 0 if 0 < 6 a. Hence 

oo 

J x^^-^^'^J^{ax)J^(bx) dx 

(•><»<«■ « <“>«■ (’-‘O) 

The process is justified by theory if — J < /a < 0, v > 1. As 
usual, the result holds in a wider range. 


t See Titchmarsh, Theory of Functions, p. 63, ox. 19. 


t Watson, §6.13(3). 
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and 


fix) = aiax/x, F(x) = (1*1 < 1), 0 (1»| > 1), 


gix) = Jo(*) (* > 0), 0 (* < 0), 

00 00 

Oix) = J Joiy)co»xy dy J JMeinxy dy 


i\x\ < 1). 


»8gn* 


(1*1 > 1). 


by (7.1.11) and (7.4.4). Then (2.1.8) gives 

= i J ^ = j _ MW. 


0 -10 
Here /(*) and Oix) belong to2i*’ifl<3»<2. 
From (7.2.1), (7.4.4), and (2.1.6) we deduce 

00 00 


(7.4.7)t 


2»'+i 


J e->^X»J,(x) dx y Q J p( i)K+* 

0 

1 

_ 2*' r 

- ^^ra-v) J 


dx 


du = 

(a*M-pl)(l— «)’'■'■* Vff(o*+l )’’+*' 

" (7.4.8)t 

Here the Ifi theory applies if p satisfies (7.4.5). The result holds by 
analytic continuation if > — J. 


7.5. Some integrals of Ramanujan.|| Let 


00 

^(*)= J 






Then 


coshira 

00 

^(a:+» 7 r)+^(a:-i 7 r) = 2 J d« 


(7.5.1) 


<x* in 

= 2e» 


(7.5.2) 

i^^in 

Again, by (7.1.8) and (7.1.9) the transform of e“**** is (2w)“*e*" 


t Wataon, } 13.66 (4). 

II Ramanujan (2), (6), Wataon (6). 


t Ibid., { 13.2 (6). 
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and that of sechTrx is (27r)’‘*sech Ja:. Hence, by (2.1.8), 


00 i(ag—u)* in 
g 4ir 


^(*) ~ I in — du = e*" * I 

^ 27 r J cosh itt J 


p ginv*-ixp 

cosh 1 TV 


dv. 


This integral is of the same form as the original one, and we can 
repeat the process which gave (7.6.2). We obtain 

-ill 


0 4ir 


i.e. 


^(a:+*7r)+e 4>(x—iit) = 2e ^ J e*"*'"**® dv 

— 00 

= 2e 

—Is 


iaf» 


Eliminating <f>{x—i7r), 

(c**— c“*®)^(a:+»7r) = 2e c^” **), 

and, replacing z by z— t«r, we obtain 


^(z) = 


<** 


cosh |z * 

Taking real and imaginary parts, we obtain the formulae 


00 

J 

0 

00 

J 


costm*cosz« 

coshiru 


du 


. z* 1 
2 cosh ’ 

X* 1 

cos T- 

sinym^coszUj 47r v2 

du = 


coshim 


2cosh|z 


(7.5.3) 

(7.6.4) 

(7.6.6) 

(7.5.6) 

(7.5.7) 


Similar integrals with denominator sinh im may be evaluated in a 
similar way, or deduced from the previous ones, as follows. We have 


00 

^(x+iV) ~ J ® 


pit 

-i7rw*-ixtt 


du 


cosh 7m 

= J c“*^"*“’*®“(l+tanh7m) dll 
— 00 

_ g4ir 4_2f f c~^’^“*sinxwtanh7m dw. (7.5.8) 


-00 

00 


0 

N 
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Now by (7.5.4) 


<f){x+i7r)—e 


sinh ix 


sinh ix 


^1— e^^osh 


tanh 7TU 


00 

_ 1 r sinttt; 

TT J sinh it 


Hence the second term on the right of (7.5.8) is 


oo 

2i r . . 


sin a:w du 


sinh \v 


2i C dv r • I • • j 

= I I sin a:tt sin trzi ati 

TT J sinh J 

0 0 

00 

1 r e^«in(W27r) , 


7T 


• r e^”’sin(a:v/2 
J sinh Iv 


Hence 


XX. ^vn 

= _2e^ 


r e*"i'’si 
J sinh Tty 


smxy 


r e^’’^2''sina;t/ , _ cosh^x— e ^ 
J siniiTrt/ 2sinh.Ja; 


cosTTt/^sina:?/ , _ cosh cos(x2/47r) 
sinh Try 2 sinh hx 


(7.5.9) 


sin7Tt/2sin.rt/ _ sin(a;-/477) 


r sin 77 

J si 


sinh Try 


2 sinh hx * 


(7.5.10) 


7.6. Some F -function formulae*! The formula 

1 = a-njl+tTraa-fe '“>■> 


(7.6.1) 


t Hamamijaii (4), (6). 
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may be obtained by calculating 



a-2 

vf^-^ dw 


taken round the contour formed by joining the points i by 
the imaginary axis, and by the right-hand half of the unit 
circle. 

The reciprocal formula is 


00 

J 




2 "-^( cos <)"-2 

r(o-i) ^ 

0 (|<| > \n), 


or, putting a = a+A x — 2u-\-cx—^, t = hj, 

(t-iuy 


(7.6.2) 


/ r(« 


r(a+)8-i) (lyl < ’^) 


0 


Here 


F(x) = {r(a+«)r(i3-M)}-i = 


(7.6.3) 


as tt ->• ± 00 . The functions F(x),f(x), related by (7.6.3) both belong 
to Lp {p ^ 1) if a±/3 > 2; if 1 < a+j8 < 2 they belong to Lp, Lp' 
respectively if p(a+/3— 1) >1. In the latter case (7.6.3) is non- 
absolutely convergent; this may be verified from the asymptotic 
expressions for the F-functions, or by Theorem 69 and its extension 
to LP. 

The particular case y = 0 is 


J r(a+«)r(i8-«) r(a+i8-i) 

— OO 

Since 

sinwiTTw/sinffM = 

(7.6.3), with <x — P, gives 


00 

/ 


Sin rnrrn 


du 


22a-3 


sin 7m r(a+tt)r(a— It) r(2a— 1) 


(m odd). 


0 (meven). 

(7.6.5) 
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The particular case cx = 1 (n an integer) is 

00 

sinmim du it 2*"(n!)* 


f An mini du 

Again, apply (2.1.1) with 
1 


2 2nl 


(m odd), 


0 (m even). 
(7.6.6) 




r(«+*)r(/3-a:)’ 

Then, by (7.6.3), if a+jS+y+S > 3, 

00 

dx 

+»)r03-a:)r(y+a:)r(8-a:) 


0{x) = 


1 


r(y+*)r(8-*) 


J r(« 


2 tTr r(at-f"j8 — l)r(y-f-8 


tr 

— _ J* (2 cos rfy 


r(a+^+y+8 — 3) 


“* r(a+i3-i)r(y+8-r)r(«+8-iyr(/3+y-i)’ 

using (7.6.1) again. Here F and g are if 2— y— 8 < 1/p < «+/3-l. 

The formula (2.1.8) with the same functions and x = tt, cx+S = j3+y, 
gives 
00 

r e-*’'® 

J r(a+*)r(j8-a:)r(y+a;)r(8-a;) 


dx 


1 




2ir r(Qt-f-jS— " l)]r'(y“(“8 

0 

gi»7r(a-j5) 

= 2r{i(«+/3)}r{Ky+8)}r(«+8-i)- 

In particular, 


“j j J (2 cos iy)“+^-*(2 sin iy)y+*-* dy 

(7.6.8) 


J {r(a 


coanx 


+a:)r(a-x)}*‘*® 4r(2a-l){r(a)}2' 


Other integrals which may be evaluated in the same way are 

00 

ginx 


J r(« 


+x)r(j8-x)r(y+ 2a:)r(8- 2x) 


dx 


2<.+Pn^-ieiin<fi-o‘)r{Ucc+p+y+B-Z)} 

v,7ru(«+/3)}r(y+8-i)r(2«+8-2) ^ ^ 
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provided that 2(a— j3) = y— 8; if cx+j9+y+S == 4, then 


J r(<* 


coa7r(x+P+y) 


+a;)r(/S— a:)r(y 4- 2a:)r(S— 2*) 

1 


dx 


2r(y+8-l)r(2«+8-2)r(2j8+y-2) 

If 2(a— j8) = y— S+i, where i: is ±1 or ±2, then 

00 

8in7r(2a:+a— jS) 


(7.6.11) 


J r(« 


+a:)r(/3-a:)r(y+2®)r(8-2a:) ^ 

22at-y-3 


= ± 


Vwr(j8-f-y — a-j-i)r’(2ot4-8 — 2) 


. (7.6.12) 


If 3(q(— j3) = y— 8+1;, where 1: is ±1 or ±2, 


00 

I* sin7r(2a:+Q!— j8) , 

) r(a+x)r(p-x)r{Y+3x)r(8-3x) 

00 

_ 3»“+^-*r(2a-/S+8-2) 

* +Tr(y+8- l)r(3a+8-3)‘ 


(7.6.13) 


The sign on the right-hand side in each case is that of k. 

We next take some integrals of a similar kind, but with F-functions 
in the numerator. Consider 


— 00 

00 

f 1 

^ J r()8+a:)r(l—eK—x) sin «■(«+*) *^‘ (7.6.14) 

— 00 


Now 


1 

sin7r(a+a:) 


2i 

^i7r{CL+x) g-<ir(a+x) 


00 

= 2i 2 

m— 0 


Hence 



gtx/-<ir(2m+lXa+ar) 

ro3+x)r(i-«-x)‘^’ 


and these integrals are of the form (7.6.3), with y — (2ni+l)7r — t. 
Hence 7 = 0 if 1 < 0. If 1 > 0, the only non-zero term is that in 
which m = [l/27r]; the value of I may thus be obtained from (7.6.3). 
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We can now pass to 




(7.6.15) 


in a simUar way. This is 

I* r(a4-®) 


" J rTi - 


P+x) amni^—x) 


= 2iir 


i„ V f ^iit-tiri.2m+lXP-x) dx 

A J r(i-^+*) 


if I()8) < 0. Hence (7.6.15) can be evaluated in terms of (7,6.14). 

The above results may be used to evaluate some integrals involving 
Bessel functions, in which the order is the variable of integration.! 
Using (7.6.4), we have 

J bv-x 


□D OD 

= 22 


^ 1 Jm+n/n ^+v+2m+2n 


m\n\ \2 




OO 00 

= 22 


^ JJm+w Q2mb2n 2^+*'+^*+^ 

m! n\ ^+'’+2'»+2» i) 

(_l)r g2ml)2r-2m 


2'r{u+i'+r+l) 2^ m\{r—m)\ 

r**0 w«=0 

= V (- ir {^±by_ 

^^r{fi+v+r+l) rl 

J aM+* b”-^ {i(o4+6*)}*<M+'') ■ 

— 00 

00 

In particular J «^t+x(«K-*(«) dx = .^+,(2cp). 


(7.6.16) 


(7.6.17) 


The values of corresponding integrals containing a factor e^'“ may 
be deduced in the same way from (7.6.3). 

7.7. Mellin transforms. The simplest example of Mellin trans- 
forms is /(a:) = c-* 5(«) = r(s) (a>0). (7.7.1) 

t Watson, § 13.8. 
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Here belongs to L(0,oo) if k > 0\ and {5(«) belongs to 

L(k—ioo,k+ico) for A; > 0. 

Other straightforward examples are 
1 (x < a), 0 {x ^ a), 

log(alx) {x < a), 0 (x ^ a), 

1^ 

1 

where L{8) is (9.12.1). Here belongs to Zy(0,oo) for i > 0 in 
each case except (7.7.4), when it is A; > 1. 

We also observe that if f(x) and J5(«) are Mellin transforms so are 

1 , 


a^l8 

(<^ > 0), 

(7.7.2) 

a^/s^ 

(<y > 0), 

(7.7.3) 

r(«)a«) 

{o > 1), 

(7.7.4) 

r(«)L(«) 

(<^ > 0)> 

(7.7.5) 


x^f{x) and g(«+A), and also f(x^) and 

introduce parameters in each case. 
Consider next the integral 


Ac + ioo 




5j-). This enables us to 


(7.7.6) 


Ic-ioo 


r(^)r(a-^)r(6-^) r{ci_ 
r(c-s) r(a)r(6) 


where R(a) > 0 , R(6) > 0 , c is not 0,-1, ... , and 
0 < A; < min{R(a), R(6)}. 

Since 

r(8)r(a-8)r(b-8)ir(c-s) = | 2 -*| = 

the integral represents an analytic function of 2 , regular for r > 0, 
— -TT < 0 < TT, If z = a;, where 0 < a; < 1, it may be evaluated by 
moving the line of integration away to infinity on the left, and 
evaluating the residues at 5 = 0, —1, ... . We obtain 

f(x) — 1— a- I 

m - 1 a; ... 

= F(a,b; c; —x) 

with the usual hypergeometric notation. For x > l,/(a:) is therefore 
the analytic continuation of this function (and may, of course, be 
expressed as a sum of hypergeometric series by moving the contour 
the other way). We therefore obtain as Mellin transforms 

r(5)r(a-~5)r(6-a) r(c) 

" ' r(a)r(6j 

(7.7.7) 


f{x) = F{a,b-, c; -x), 5(«) = 


r(c-a) 

(0 < a < min{R{a), R{6)}). 
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Partioular oases are 
1 

1+a:’ 

1 

( 1 +®)“’ 

llog(l+®), 

X 


1 






Sin^TT 

r(s)r(a-s) 

r(o) 

(1— «)8in«7r 


(0 < a < 1), (7.7.8) 

(0<ff<R(o)), (7.7.9) 
(0<<r<l), (7.7.10) 


r(«){r(m-«)}a ^ ^ 

r(l-«){r(m)}* (7.7.11) 

where is the Legendre polynomial of degree n. 

In each case 5(a4*i0 belongs to X(— cx),cx)) for the range of values 
of a stated. In cases (7.7.8), (7.7.9), and (7.7.10) the integral 


J f{x)af-^ dx 


(7.7.12) 


can easily be proved to be equal to gf(«)- 
Another Mellin pair of the same t 3 q>e is 


fix) - W(»^+l)-®}° 


r(i+i«+is) 


(0< a< R(o)+l). (7.7.13) 

Here the integral (7.7.12) may be evaluated by putting 

* = ivNiy+^l 

Another class of Mellin transforms is 




®)“"^ (0 < * < 1), 

(® ^ 1 ), 


m 


_ r(s)r(a) 


/ V > 0, \ 

\R(a) > O)' 


r{8+a) 

(7.7.14) 

0 (0 < a: < 1). r(o-s)r(l-a) , ^ ^ 

:-n-« (x-^1). — mUi) — (<^<R{a)<i). 

(7.7.15) 


U®— 1)-“ (® > 1), 

0 (0 < X < 1), 
{x— V(x»-l)}°+{x-V(x«-l)}-” 


V(®*-1) 


log 


(® > 1 ). 

1+x 


2-r(ia+i-is)r(i-is-ia) 

r(i-s) 

(a < |R(a)|+l), (7.7.16) 


1 — .T 


W 


-tanJsTT (— l<a<l). 

* (7.7.17) 
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In each case/(a:) belongs to a different analytic function for 0 < a: < 1 
and for a; > 1, while a;*~y(a:) belongs to Z(0,oo) for some A;. The 
evaluation of (7.7.12) is immediate in cases (7.7.14) and (7.7.16); for 
(7.7.16), put a: = i(y+l/y). For (7.7.17), 




^3(3+«)+'")’ 


and 




7.8. Further gamma -function formulae. In (2.1.12) let 

/(*) = X"e-^, gf(«) = r(«-l-a), g(x) = ®(«) = r(«-l-6— 1 ). 

Then 

A: + ioO 00 

^ J r(o-l-«)r(6-s)d« = Ja^+*’-»e- 2 *(far 

Ic — <00 0 

= 2-^-f^r(a+b) (-a < k < b). (7.8.1) 


This process and the following ones are justified by Theorem 42. 
The result is a particular case of the reciprocity (7.7.9). 

Taking b = a and the line of integration the imaginary axis, we 
obtain oo 

j \r{a+it)\^ dt 2-^7Tr{2a) (a > 0), (7.8.2) 

0 


and there arc similar particular cases of the following formulae. 


Next let 

/(*) = 


a* 

( 1 +*)“’ 


5W = 


r(ft-i-»)r(o— 6— «) 

r>) 


and so g, ®, with c, d for a, 6. Then 

Jt+<oo 

1 f r(6-i-«)r(o-6-«)r(d-i-i-«)r(c-d-i+«) , 
2iri J r(o)r(c) 

Jk—too 


f J _ r(6-t-d+l)r(a+c-6-d-l) 

J (l+ar)»+® r(o-fc) 
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or, writing c— d— 1 = a, 6 = j3, 1+d = y, a— 6 = 8, 

k+ico 

^ J r(<x+8)r(fi+s)r{y-8)r(B-s)ds 

k-ioo 

_ r(a+y)r(a+8)r(^4-y)r(^+8) . ^ b k v-- k s-^ h 

Let (7.8.3)t 

/(x) = a:*(l— x)“-i (0 < X < 1), 0 (x > 1), g(a) = 

1 (a+0+«) 

and so g, (5, with c, d for a, 6. Then 

k+ioo 1 

j_ c . r(6+.)r(«)r(i+^-.)r(c) t 

2 « J r(o+6+»)r(«+(i+i-») <" J ■« 


Ac-ioo 




r (® -f“ 6 “f- c -f* d ) 

or, writing a = p—ot, b — cc, c = S—y, d = y—l, 


k+ioo 


-• f 

2m J 


k—i<x> 


r(at+«)r(y— :«) , _ r(a+y)r(^+8— a— y— 1) 
r{J+8)r{8-8) r(j8-_a)r(8-y)r(^+8-i) 


(-oc<k,-p<k,Y>k,b>k). (7.8.4) 

Defining f(x) as in the last example and g{x) as in (7.8.3), we 


obtain 


k+ico 


f 

2m J 


k-ioo 


r(6+«)r(o)r(d4-i— «)r(c— d— 1+5) , 
r(a+6+5)r(c) * 


f x*+‘*(l-x)“-i 

J ( 1 +*)" 


The integral can be evaluated in finite terms if c = 1— a. It is 
then 

Jx»-‘{l-x*)“-^dx = i J J,l0+<i-i)(i_y)«-i dy = 1 

Putting b = <Xy a = 1— j3— y, d = y— 1, we obtain 

fc-l-ioo 

_i_ r r(cx+5)r(i8+5)r(y-5) . _ r(i«+|y)r()3+y) 

27ri J r(l+a— y+5) 2 r(l-~^+ Ja— ^yj 


k-iT> 


(“■a < hy —p < k,y > A:,j8+y— a— -1 < k), (7.8.5) 

•f Barnes (1); see Whittaker and Watson, Modem AncUysia, § 14.52. 
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Another formula of Barnesf is 


l:+ioo 


_L f r(<x+a)r{p+a)r{Y+s)r(B-s)r{~s) 

27ri J r(e+s) 

k—ioo 

_ r(a)r(j8)r(y)r(«+8)r(i8+8)r(y+8) ,, „ 

r(c-«)r(.-/3)r(e-yl ’ ^ ’ 

where a+j3+y+8 = «. 

To prove this, we use the formula 

Af + ioO 00 00 


k-'ioo b b 

derived from (2.1.18) with w = 2. Take 


fi(^) 

M = 


(l+x)“+*’ 
xP 

(1+x)^’ 

faix) = xV{l—xY~y-^ (0 < X < 1) 
0 (x > 1), 


53(«) 


r(a+«)r(8-«) 
r(«+8) ’ 

+s)r(- 

m 

r(y+5)r(«-y) 


gi(«) = 


St (s\ = 


r(e+«) 


Denoting the left-hand side of (7.8.6) by I, we obtain 


r(e-y) J_ 

r(«+8)r(/3) 


//(.I-? 


ur>l 


)a+8 

UVj 


1 ly-y-^ diidv 


UV 


Putting = i — l,v = - — 1, the right-hand side becomes 
X y 

Jj" x)“-*(l— X— y)*-/-* dxdy. 

x-\ry<\ 

Putting y = z(l— a:), we obtain 
1 1 

J zy'-\\—zY-y-^ dz j xy-^^'-^i—xY-^i—z+zx)P-^ dx, 

0 0 

The inner integral can be evaluated in terms of F-functions if 
a-}-j3+y+8 = €. It is then equal toj 

r(a)r(y+8) 1 


r((x+y+8) (1-^)'*’ 

r(«)r(y+8) f _ ^ _ r(«)r(y+8) r(y)r(e-y-.) 

r(«+y-f8)J" r(<x+yTsy r(c-«) ’ 


Hence we obtain 
1 


t Barnes (2). 


t See Titchmarsh, Theory of Functions, Chap. I, Ex. 19. 



EXAMPLES AND APPLICATIONS 


196 
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and the result follows. The necessary inversions are all justified by 
absolute convei:gence. 


7.9. Bessel functions. In (7.4.1)we may taken = «to be complex, 
provided that 0 < <7 < v-ff. We thus obtain the Mellin transforms 


3!~’'Jy(x). 


(7.9.1)t 

Equivalent pairs 

are 



2*-^r(i«+iv) s) 

(7.9.2) 

x^Jy{x), 

2 — >r(j.+v) ,_ 2 „ < „ < , 

r(i_i«) ' y). 

(7.9.3) 

and x*Jy{x), 

r(jv-i«+i) ' < 1- 

(7.9.4) 


Taking v — — v = 4in the last pair, we obtain 


cosx, 


sin a;. 


We define 


= r(«)c 08 Isn 
= r(s)8inis,r 

Y (a;) Jy{x)ooBv7r—J.y{x) 


(0 < a < 1), 

(7.9.6) 
(-l<a< 1). 

(7.9.6) 


By (7.9.2) the Mellin transform of y„(a:) is 

Sinv7r\r(iv-ia+l) r(l-iv-i«)/ 

= ^ — il^{8in(i«— Ji/lTrcosvTT— 8in(J«+Ji/)7r} 

TT Sin nr 

= — 2*-V-^r( Jv)r( Jv)co8( iv)ir. 

Hence we have the Mellin pairs 

Yy{x), _2-i,r-ir(is+i.;)r(is-iv)co8(Js-iv)7r (|v|< a < |), 

(7.9.7)| 

x~''Yy{x) , — 2*“’’“^7r“* r( ) r ( Js — v)co8( — v}ir 

(v+H<a<v+f). (7.9.8) 


t Ibid.. S 13.24 (6). 


t Watson. § 6.5 (7). 
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From (7.9.2) we also deduce 

2*7r-*r(i«+^v)r(J«— Ji')sin |«7r cos ^vn 

(l•'l<‘r<i), (7.9.9) 

— 2*7r~^r( J«+ Jv)r(is— |>')cos ^sn sin |v7r 

(IH<a<f). (7.9.10) 

Again, by (7.9.1) and (7.9.8), 

a;-*'{J„(a:)+»7„(x)} 

/c+i« 

fc — 100 
Jfc + loo 

= -^ J 2»-''-ir(itf)r(|s-v)e«‘*-'')'x-»ds, 

k-ico 

and here we can (by analytic continuation) replace x by ix. We 
obtain! 

2 

7r% 

* + 100 

= _-l. J 2*-'-»r(|«)r(i5-v)e<’rti»-»')x-»c-*<’'»d«, 
*-<00 

so that we obtain as Mellin transforms 

x-^K^{x), (a > max(0, 2v)). (7.9.11)! 

An equivalent pair is 

x^K^[x), 2«+»'“2r(i5)r(i«+v) (<7 >max(0,-2v)). (7.9.12) 

Hence we verify that K^{x) is an even function of v. For v = i 
(7.9.12) reduces to (7.7.1). 

From (7.4.2) we obtain the pair 

(-i<.<v+i), (7.9.13) 

r(v— i«H-i) 

and variants of this can easily be obtained in the above way. 

To justify the inversion formulae in the above cases, consider e.g. 
(7.9.1). We obtained (7.4.1) directly; the inverse formula is 
*+<A 

J_lim f j,-. ^ (7.9.14) 

2fftA-*« J r(v-^«+l) x-- 


(-l<a<v+|), (7.9.13) 


t Watson, §3.7 (8). 


t Ibid., §6.5 (3-6). 
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This follows from Theorem 28if0</fc<v+^, and from Theorem 30 
if 0 < & < v+l. The leading terms in the asymptotic expansion of 
z~''J^(x) are of the form cos x+b sin x). Hence, in Theorem 30, 

<f>{x) = >fi{x) = c*, 

and the crucial condition (1.12.1) is satisfied if ^ ^ v-fl. 

We might begin by proving (7.9.14) by the calculus of residues. 
We have then to deduce (7.4.1). We have as f ->-oo 

r(v-is+i) 1 {(^Jr 

The result follows from Theorem 29 if 0 < ifc < v. We can also 
apply Theorem 11; here 

^(<) = <fc-'-i, ^(t) = ilogt-t. 

and (1.12.1) is satisfied if < v-|-|. 


7.10. Products of Bessel functions. By (2.1.16) and (7.9.1) the 
Mellin transform of x-t*~‘’J^(x)JJx) is 

Jlc + ioo 


_L f r(|s-|ti>) 

27rt J r(i+/i— iw) r(i+i'— js+iw) 

k-ioo 


dw, 


and putting w = 2u;' and using (7.8.4), we obtain the Mellin pairf 

J^(x )J,(x) 2»-M-»'-ir(^s )r( l+/i+'^ — ■») 

’ r(i+v—is)r(i+/i—isjr(i+fi+y—i«y 

(7.10.1) 

Similarly, by (7.9.11), the Mellin transform of x-i*-’'K^(x)Xy(x) is 

Jfc+io) 

i J 2'^-i*-^r(iw)r(iw—fi)2*-“>->’-^r(is—iw)r(is—iw—y)dw, 

k-io) 


and, using (7.8.3), we obtain the Mellin pair 

K ^{x)K,{x) 2»-v*-''^r (is)r(|s-^)r(is- v)r(|s-/4-v) 

*/*+•' * r(« — n — v) ' 

(7.10.2) 

From (7.9.1) and (7.9.11), the Mellin transform of x~*'J,{x)K^{x) is 


t Watson 13.41 (1). (2), 13.33 (1). 
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(7.10.3) 


(7.10.4) 


and, using (7.8.5), we obtain the Mellin pair 

(7- 10-3) 

By combining particular cases of (7.10.1), we obtain as Mellin 
transforms 

^ 2V,rr(is+i)r(i+v-l^- 

Other particular cases of (7.10.1) give the Mellin transforms 

coHxJix) 2»-Mr(is+Hr(i-s) 

r(i+|v-i«)r(i-ii.-i«)r(Hi''-ia)’ 

(7.10.5) 

sin a; J (*) - 2” -Vr(^a+^ t' +i)r( j— a) 

r(Hiv-ia)r(l-J.;-|a)r(l + iv-Ja)' 

n u- • .1 I (7.10.6) 

I 'r»Tn Kinirirr f.noaA -u/n nn\ro ' ' 


CO^Xj^(x)y 


sinx 


Combining these, we have 


&^J^{x) 


/c-t- loo 

- JL r 

27n J Vtt 


da. 

ni+v-a) 


(7.10.7) 


As in (7.9.11), we may now replace x by ix^ and obtain the Mellin 
transforms 

pi"’) 

Again, from (7.10.1) and (7.10.4), the Mellin transform of 
J„(a:){J„(a:)+ti;(a:)} 

. _ieli»-r(ia+v)r(4a)r(i-Ja) 

■■27r» r(l+v-ia) 

and hence, replacing x by ix, we obtain as Mellin transforms 

Similarly, the Mellin transform of e-^^{J^[x)-\-iY^(x)} is 
^ %ii»r(s-v)Q0SV7rr(i — 5)r(5 + y)r(5 — v), 

and replacing x by ix we obtain 

e^K^(x), 2-%“^cosy7rr(i— 5)r(5+i')r(5— I/). 

(7.10.9)t 

The processes of this section can be justified by Theorem 73; for 

t Ibid., §6.51. 


mKM), 


(7.10.8) 
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example, belongs to fi* if 0 < i < ft+J, and x^-^x^^J^ix) 

belongs to £* if 0 < a—k < v+^. We can choose o* and k to satisfy 
these conditions if /z > — v > — This would not include (7.10.5) 
directly; for this we could consider first (1— cosa;)e7y(a;), a:*'(l~cosa;) 
belonging to if — 2 < jfc < 0. We can of course also extend the 
ranges of validity of the formulae by analytic continuation. 


7.11.' Integrals involving Bessel functions. We are now in a 
position to evaluate a large class of integrals involving Bessel functions. 
By transformation from (7.7.15), we have the Mellin pair 

(x2-l)--» (X > 1), 0 (X < 1). — (711.1) 

Using this and (7.9.6), (2.1.23) gives 

00 Jfc + too 

r_8ir^ _i_ r 

J 2ni J m-is) 2r(i+is) 

1 k-iao 

k-hioo 

4:m J r(l— i^) 

k-i<x> 

= 2-''-W{i-v)a'’J,{a) {-i<v< i) (7.11.2)t 
by (7.9.3). The formula is the sine-reciprocal of (7.4.3). Similarly, 
using (7.9.5) and (7.9.7), 


(x*-l)'’+l 


dx = -2-<'-Wa-v)a%{a) (_^ < v < i). 


(7.11.3)i 


These processes come under Theorem 42 if J < v < ^; for 

m = 0(|<|*-»), 

which is L if A; < — and x~*(a;*— I)"’'”* is L if —^k < v < ^. The 
result can be extended to the full range — J < v < ^ by analytic 
continuation, or we can use Theorem 43. For 0 < a < 1 

1 

J sinxaf-^ dx = 0(1) 

b ^ ^ b 

and J sinoja:*"^ dx = [— cosxa:®~^]^+(^--l) J cosaja:*”^ dx 

i 1 

= 0 ( 1 )+ 0 ( 1 «|) = 0 ( 1 <|). 


t Watson, 6.13 (3). 


t Ibid., 6.13 (4). 



7.11 


EXAMPLES AND APPLICATIONS 


201 


Also, for or == 1— -fc, 




if —^k<v<^. The other conditions are plainly fulfilled if 
— J < V < ^. By taking k arbitrarily near to 1 the result follows. 
Again, from the Mellin pairs 

x''+^J,{ax), (7.11.4) 

Hi— i«) 




r(is)r(/t+i-|«) 

2r(^+i) 


(7.11.5) 


(transformations of (7.9.3) and (7.7.9)), we obtain 


/ 




k+ico 



k—ioo 


r(^a+v+i) r(|-^s)r(M+i+i^) .. 
ra-is) 2r(^+i) 


fc + 2v+l-|-iQ0 

iSr^+T) / 

/f + 2v+l — ioo 


= (7.11.6)t 

2Mr(/i+i) ' 

by (7.9.12). Here the 3(5) of (7.11.4) is L(k—ioo, k+ioo) if 
— 2i/— 1 < k < — I/— 1; andx“*(a:2+l)'’/*“'^is L if — 2/i— 1 < < 1. 

These conditions are consistent if 0 < v < 2/Lt, and the result 
then follows from Theorem 42. The formula is actually valid if 
— 1 < 1 / < 2ft+f. It can be extended to the full range either by 
analytic continuation or by Theorem 43. 

The following examples can be obtained in a similar way, and 
present no particular difficulty :J 


00 

J e-^(x'^—\Y-^ dx 
1 


2-'r(r+ j) KM) 
r(^) a-' ’ 


(7.11.7) 


t Ibid., 13.6 (2). 

t The corresponding formulae in Watson are 6.15 (4), 13.2 (5), 13.2 (8), 13.3 (4), 
13.3 (6). 13.45 (2). 13.6 (3), 13.6 (5). 


O 



202 


EXAMPLES AND APPLICATIONS 


Chap. VII 


f e~"*J lx)x'' dx — 

Jc J^(x)(lx~ . 

J j;(aa:)e-6*V+» efa: 

]j.Aax)e-^-'dx=- 
f/r _ (2a)/‘(26)>’r(M+v+l) 

03 


V(**+l) 


dx Iiy{la)K^,(la), 


(7.11.8) 
(= 7.4.8) 

(7.11.9) 

(7.11.10) 

(7.11.11) 

(7.11.12) 

(7.11.13) 


00 

r — 
J (^ 


dx = J»/C,(a). (7.11.14) 


J (a4+4)-+* 22''r(v+ J ) ' ' ' 

0 

A more delicate example is 

00 fcH-ioo 

C T, 1 r 2»-»r(i.s+ji')2-'>r(i4-Jv-i«) ,, 

J JiMJ... W *• = S3 J r(i»-V+i) TiFFP+ir “ * 

0 fc — too 

fc-f ioo 

= f ^ds (k > -v) 

2tti j s-j-v 

k — ioo 

— a'’ (0 < a < 1), .J (a = 1), 0 (a > 1). 

(7.11. 15)t 

If a 9 ^: 1 this may be justified by Theorem 43, with 


xiO == J JM^)dy+i(^x) dx. 


The conditions may be verified as in the proof of (7.11.1). If 
a == 1, ;((f) is discontinuous at ^ = 1, and the method fails to 
evaluate x(l)« We can fill in this case by proving directly that 
;^(1) = or we can apply the method in the 

opposite direction, which gives the whole result, but with more 

t Watson, § 13.42 (8). 
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tedious details; or we can write 


00 00 

U 0 


BO that 


00 00 

J JAx)J,^x{x) dx = (,.+ 1) J dx. 


The last integral is 1/(21/+ 2), by taking v = /x, s = 2^, in 
(7.10.1). 

As an example on (7.8.6), we have, by (7.9.12) and (7.10.8), 


OD 

J x-^Ki^(2x)Iy{x)K^(x) dx 
0 

fc+ioo 


J(fc-l) + ioo 


r(j+v+j.) 


.7,^ I r(.'-i.+l)W+i.+l): 




r(v-«')r(i+«')r(-»') , . 


r(i+v+a') 

“ 4r(|4-v+^)r(^--fi/— i/t) 

From (7.7.11), and (7.11.4) with v = 0, we obtain 


(7.11.16) 


U 

As-f-ioo 

_ J_ r 

27ri J r(i — is 


g. r(i^+i) r(|-Mr(«-KM» „_._. . 
r(i-i«) 2r(i+Kr(n)}* 


IC + IOO 
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A;+2»~H-iQo 


27rt{r(»)}* 




fc + 2n — 1 — i-jo 


^Ao(a). 


(7.11.17) 


{r(n)}2 X • • / 

7.12. Some non -absolutely convergent integrals. We have, 
by (7.9.5) and (7.9.6), the Mellin transforms 

cosa;“, -r(-\cos^ (7.12.1) 

a \a/ 2a 

8inx“ ir(-Uin'^. (7.12.2) 

a \a/ 2a 

From (7.12,1). with a = 1 and a = 2, we obtain 

-*>00 

I cos a:* cos ax (/x — — ; i r(a)cosisirr(.J -J«)co.si7r(l— a)o“*rfs 

J J 

0 k—ioo 

ice 

= f 2*-*7r‘r(is)c03i7r(l~3)o~* 

4irt J 

k-ioo 

= inicoaiin-a^), (7.12.3) 

by (7.12.1) and (7.12.2) with a = 2. Similarly, 

— ► .n 

j Sina;'-*cosa;r rfx = ^TT^sin J( 7 r— a‘^). ( 7 . 12 . 4 ) 

0 

The results are equivalent to (7.1.8) and (7.1.9). The process is 
justified by Theorem 39. As in § 7.11 we have 

dx = 0 ( 1 /|) 


for all A and fi. Also 


id 1 ia \ 1 ft 


J cos(aa:— x^) dx - J [- J + J ~ J 1 +J 2 +J 3 

A A io-1 4a ) 1 

(with obvious modifications if A > \a—l or /* < Jo+1). Plainly 
J 2 = 0(1); and 

J ^ f r dsin(ax-x2) = 0(1) 

J a— 2x 2 J 

by the second mean value theorem. Similarly, Jj — 0(1). The con- 
ditions of Theorem 39 are thus satisfied. 
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Next, combine the cases a = 1 and a = 3 of (7.12.1). We obtain 

-♦00 IC + TOO 

J r(«)coa isTT r(i— ^«)co8 J7r(l — 5)a~* ds. 


u 

Now' 


k—ioo 


3»-» 






We thus obtain 

ifc + ioo 


L j 3*-l{l + 2co8i7r{l-s)}r(i«)r(Ja+4)a-«d«. 


24irt 

k — ioo 

In the first part put s = 1^'. We obtain 

f/c+ioo 


ynl J 

%k—ico 

|fc+ioo 

= JsW / ^*‘-’nK)r(K+«(3^;)'' 


|ifc-ioo 

by (7.9.12). In the second part put s = ?5'-— We obtain 

lAj + i-f 100 


J 3«*'-isinj7rsT(^s'-J)r(|s' + J)a-«»'+»da' 

|A: + i-ioo 

= 2*'8inJ,T«T(K-i)r(K+i){2(i«)*}-*'<i«' 

by (7.9.9). Hencef 

J cos ** cos axdx = [«^i{2( J«)'}+«^-j{2(ia )*}] + -q ^i{2(io)*}- 


Similarly, 


(7.12.6) 


J sina^^sinoxdx = g^[«^j{2(io)*}+*^-j{2(io)*}] — g--^l{2(i«)*}* 

“ (7.12.6) 


Vo . 


j- Watson, § 6.4. 
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The process is justified by Theorem 39, as in the previous case. 
We have 


/■ 




coBx^ dx “ ~ J f*^“”^cosf = 0{\t\) 

for 0 < g/oc < 1, as before. Also the integrals 

-►00 

J cos(aa:±a;^) dx 
0 

converge uniformly in any finite a-interval. 

Again, 

Jk+ioo 

a;*'“^cos~ = J r(5)cos da 

Jk— ioo 

1 -v-fcriJO 

r= — . r r(l— r— s)cosj7r(l--v— ds. 

27ri J 


l-v-fc-ioo 

Using this Mellin transformation and thabof cos a:, we obtainf 

/c+ioo 

a® . . , 1 

cos a: cos 

X 'iTTX 

Ifc-ioo 


oc 

J 

0 


— a;*'“^ da; = — f r(5)cos|57rr(5 — v)cos^7r(5 — v)a**'~^*d6 
X 2tt% j 

Ifc-ioo 

2Jfc— 2V+10O 

i-. f r(v+i5')r(J«'){cos |w+cos J7r(5'+v)} a-^ da' 
TTl J “ 


2k—2v—ioo 

COS \nv a''KJ^2a) - 


ttW' 


48in^7n' 

by (7.9.12) and (7.9.10). Similarly, 


{JL,(2a)-J,(2a)}. 


(7.12.7) 


OD 

/ 


Of 

8ina;sin— a;*'”^ da; = cosi7rva*'Ay(2a) ^ , 

X 4 sin iTTv 


Tra^ 


The process may be justified as in the previous cases. 


{JL„(2a)-J„(2o)}. 

(7.12.8) 


7.13. Laplace transforms. Simple functions f{x), <ft{s) con- 
nected by (1.4.1), (1.4.2) are 


e-*. 

1 

s+l’ 

(7.13.1) 

cos a;. 

8 

(7.13.2) 


t Watson, § 6.23. 
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sina;, 

1 

5*++’ 

(7.13.3) 



r(«)5-“ 

(7.13.4) 


l-e-Vx 
Vx ’ 


(7.13.6) 

The pair 

x^J^x), 

2*'r(v+i) 

V7r(l+5*)*'+* 

(7.13.6) 

results from (7.4.8); the pair 




w, 

{V(l+5*)-5}-' 

(7.13.7) 

from (7.11.9); 

the pair 




Jy{x)IX, 

{V(l+5*)-5}-/v 

(7.13.8) 


by integrating (7.11.9) with respect to a; the pair 

(7.13.0) 

comes from (7.11.10). 


Writing a- 

0 

wo have 


z 

_ 1 r flints 

aJ(27t) J 'sJu 


duy 

(7.13.10) 


OCJ Cfi ao 

f e-CW e- 

U 0 u 

^ _L . f = 1/ - 

y/(27r)3 j Vtt 2ay(l-t- 




e.g. by (7.13.7). Similarly, we have the pair 


-f— 

2«W(M 


Defining 
we have 


" 2sy(i+s^) 1+5* 

&(x) == 1+2 f 

n= 1 


(7.13.12) 


(7.13.13) 


00 GO 00 

f e-^&(x) (lx = ( e-'^dx +2 f f dx 

S 6 0 

=.1 + 2^-^==—^ 

if~ Z!/ s+nV VstanhVs 


(7.13.14) 
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In each case the real part of 8 has to be greater than some lower limit 
— in fact 0 in all the above examples. 

7.14. The formula (2.1.20) gives a number of interesting examples. 
The simplest is obtained by taking f{x), <l>(8) as in (7.13.4), and 
g, iff with p for a. We obtain the familiar result 

X k+ioo 


r(a+/S) 

The fonnula (2.1.20) is equivalent to Parseval’s formula for the 
Fourier transforms 

/(x)c-** (X > 0), 0 (x < 0), 

and similarly with g and 0. Here the makes problems of / and 
g at infinity trivial. In the above case the theory applies if 
“ ^ P ^ The result holds for a > 0, jS > 0. The extension 
may be made e.g. by Theorem 38. 

The foUowing examples are easily justified in a similar way. 
Take/(x) and <l>(8) as in (7.13.6), but with parameter ft, and gr, 0, 
with V. Thent 


X 

j y^Jp.iy){x-yYJy{x-y) dy 


= -. f 

2ir» J 


2^^’'r(^+i)r(i>+|) e“ 


( 1 +«*)/*+•'+! 


\l(27r)r(ii+v+l) 


The particular case ft = i, v = 0 is 


j siny Jo(x-y) dy = xJi(x). 


(7.14.2) 


(7.14.3) 


A number of similar formulae derivable from this are given by 
Watson, § 12.21. 

The particular case = 0, v = 0 is 


j •4>(yMi(®— y) dy = sinx. 


(7.14.4) 


t Hardy (10), Watron, ff 12.2-12.22. 
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Similaxly, (7.13.8) gives 

X V fc + <00 

0 k-ico 

= (7.14.5) 

fJLV X 

Taking/, <l> as in (7.13.8), but with fi for r, and gr, ifj as in (7.13.7), 
we obtain 

X * + 100 

U Jfe-ioo 

= (7.14.6) 

Taking g, if/ as in (7.13.7), and /, with /x for v, we obtain 

X Jlc+ioo 

j My)JA^-y)dy = :^ j 

0 *— ioo 

= 2 {J^h.,«(*)-J^+.«(x)+...}. ( 7.14.7) 

The integral is expressible in finite terms if fi+v is an integer; for 
example 

X k-\-ioo 

j J-y{y)Jy{x-y) dy = ^ J J~(fa = 8ina:. (7.14.8) 


k~ioo 


A slightly different type of formula is obtained by taking 


f{x) = x^^J^(aylx), <f>{s) = 
and g, ifj with 6 , v for a, fi, Thenf 

X 

j y*>^Jf,{a^y){x—y)*’'J,{b^(x—y)} dy 
0 

Ic+ioo 


o/* 




1 f a)^b* I o*+6» , \ , 

— 2wi J 4« 


2it+vgn+y+i 


*-<00 

2 om 6'’ 


t The result is equivalent to Watson, § 12.13 (1). 
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Taking the same gr, 0, and the /, ^ of (7.13.4), we obtainf 


Jfe + lOO 


J y<^-Hx-y)i<'J,{byl{x-y)} dy = ~ J exp|-^+a;«j ds 

(7.14.10) 


Jfe-loo 




From (7.13.11) and (7.13.12) we obtain^ 

X fc + ioo 


da 


k — ico 

= J(a:— sina:), 

A: 4 too 


(7.14.11) 


j {C{y)C{x-y)-8(y)8(x-y)}dy = ~ J ^^ -^da 


k-ioo 


k + ioo 


-iS J ). 

Jk-ico 


12) 


and there are some similar formulae involving Jq and Jj. 

The method also leads to an integral equation|| satisfied by the 
function i?(a;). From (7.13.14) we deduce 

X k-\-ioo 


Now 


J »(y)^{x-y) dy = J 
0 

= 1 

r \tanh Vs/ 2v 




« tanh^ Vs 


ds. 


k~ioo 


£ 

da\ 


2V5 2Vstanh*Vs* 


Hence the right-hand side is 

k + ioo lc4 100 


1 r r 

2 iTt J « Tti J \da tanh Vs/ Vs 

fc4-ia0 

= i+jL r 1 (4 

m J tanhVs\V8 2«*/ 


k-ioc^ 


k-ioo 


k~ioo 


= 14-2xi^(a:)— J «?(«) du. 


t Watson, § 12.11 (1). 

11 Due to F. Bernstein. See Hardy (10). 


t Humbert (1). 
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X fc fioo I ioo 

since I* ^(tt) du — f -r-- ^ . ds — -i-. f ^ y 

J 27rt J aHanhVcS 2irt J aHanhV« 

0 Ac-i® fc-1® 

and the last term is 0, as is seen by moving the line of integration 
away to the right. We have thus proved that 

X X 

J y) dy ~ l-^2xd'(x)— J i^(w) du. (7.14.13) 
0 0 
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GENERAL TRANSFORMATIONS 


8.1. Generalization of Fourier’s formulae. Ik the foregoing 
chapters we have studied two formulae of the form 


OD OD 

f{x) = j k{xu) du j k{uy)f{y) dy 


( 8 . 1 . 1 ) 


for an arbitrary function /(*) 




COS o; gives Fourier’s cosine 


formula, and k(x) = J |-jsina; gives Fourier’s sine formula. There 

are, however, other formulae of the same form, the best known being 
Hankel’s formula, in which 

k(x) = x^J^(x), (8.1.2) 

There are also formulae of the form 


/(z) = I kipeu) du J h{uy)f(y) dy (8.1.3) 

0 0 

in which the two cosines of Fourier’s formula are replaced by differ- 
ent functions. The simplest formula of this type is that in which 
k(x) = x*Yy{x), h{x) = ®*H^(a:). (8.1.4) 

As usual, (8.1.1) may be written as a pair of reciprocal formulae 

00 

g{x) = j f{y)k{Ty) dy, (8.1.5) 

0 

00 

/(*) = J giy)H^) dy. (8.1.6) 

0 

A function k(x) giving rise to a formula of the form (8.1.1) will 
be called a Fourier kernel. The main object of this chapter is to give 
an account of such functions.f 

Suppose that we multiply (8.1.6) by and integrate over (0,oo). 
We obtain formally 


GO CO QO 

j g(x)3f‘-^ dx=: j dx j f{y)k{xy) dy 

0 0 0 

00 00 00 00 

= J fUf) dy j k{xy)3f-^ dx = j f{y)y-* dy j k{u)u*-^ du, 
0 0 0 0 

t Hardy and Titchmarsh (8), Watson (2). 
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i.e., with the usual notation for Mellin transforms, 

®(8) = (8.1.7) 

Similarly (8.1.6) gives 


gf(«) = (5(1 -«)«(«). 


( 8 . 1 . 8 ) 


Changing s into 1— a in one of these equations, and multiplying, we 
deduce that «(.)«( 1 _,)= 1 . (8.1.9) 


We should therefore expect that a Fourier kernel k(x) would be in 
some sense of the form 

C“l ico 

f S{(s)x~* ds, (8.1.10) 

2in J 

C-t'oo 

where S{{s) satisfies the functional equation (8.1.9). 


8.2. The condition (8.1.9) may also be expected to be in some 
sense sufficient. 

A characteristic property of a Fourier kernel k{x) is that, if 


1 hen 


X 

kj^(x) ~ J k{u) du, 

0 

f ^ {0<x< i), 

J ' ^ « 0 (a: > ^). 

0 


( 8 . 2 . 1 ) 

( 8 . 2 . 2 ) 


For if we put /(x) — 1 (0 < x < ^), 0 (a; > ^), in (8.1.1), we obtain 
(8.2.2); and conversely (8.2.2) loads to 

X CO OC. 

J At/) j Ay) dy J Hyu)-^^ du 

0 0 0 

CO oo 

= f du J k{uy)Ay) dy, 

() 0 

from which (8.1.1) follows by formal differentiation. 

Now (8.1.10) gives formally 

C h tao 

c- 

Hence, by a formal apj)lieation of Parseval’s formula for Mellin 
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transforms, in the form (2.1.20), 

c-f-ioo 


r k(xu)^^^^du = r — —x-^^ da (c > 0) 

j u 2 it% J a 

0 C—loo 

c+ioo 

= is J ©‘t = ■"><*<«• 


Hence (8.2.2), and so the Fourier formula, is formally a consequence 
of (8.1.9). 


8.3. Similar analysis holds for the unsymmetrical formulae arising 
from (8.1.3). If we now wite 


fix) = J k(xu)ff(u) du, 

0 

(8.3.1) 

oo 

giu) = 1 hiuy)fiy) dy, 

A 

(8.3.2) 

the relations between Mellin transforms are 

%i8) = (5(l-a)ft(«), 

(8.3.3) 

®{«) = 3r(l-«)S(«). 

(8.3.4) 

and, eliminating $ and Cf), 

Jl(«)S(l-s) = 1. 

(8.3.5) 


We may regard (8.3.2) as the solution of the integral equation (8.3.1) 
for the unknown function g{u)y the ‘solving kernel* h(x) being 
given by c+ix> c+ioo 

= ^ I = i J 

c— ioo c— ioo 


8.4. Examples. Before proceeding farther we shall give a number 
of examples. 


(1) If 

then 


Si(a) = 

k{x) = xiJy(x), 


(V > -1). 


and the formula is that of Hankel; the cases v == — and v = -J- are 
Fourier’s cosine and sine formulae. 

If —2 <v < —1, then 



ihxr ) 

r(v+i)j’ 
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and generally, if — m— 1 <v< —m, then 

' ^o«!r(v+n+l)j 

the sum being the first jw -|-l terms in the power series for Jy(x). 

(2) Iff Hx) = x%(x), 

then, by (7.9.7), 

iKs) = -2*-‘7r-ir(k+^v+i)r(i«-iv+i)cos(^a-ir+i),r. 

This does not satisfy (8.1.9), so that k{x) is not a Fourier kernel. But 
(8.3.5) gives 

It then follows from (7.9.13) that 

h(x) = a:*H^(a:). 

(3) There are a number of very general transformations, due to 
Fox,J in which k{x) and h{x) are linear combinations of generalized 
hypergeometric functions. From our present point of view these 
originate as follows. 

Suppose that oci > 0, that and p^ are any real numbers other 
than negative integers, and that 

^ = “l— Pl— P2+2, 

r(«,+|^-is)r(^g-j,^) 


and let 


S<{8) = 2«- 


We deduce from the calculus of residues that 


k{x) = (Jx)-^ 2 

n — 0 


r{cc,+n) 

r(pi+w)r(p2+w) 


7l] 


= iF2{(Xi, pu p2] 

in the usual hypergeometric series notation. If we now calculate 
5 ( 5 ) from (8.3.5), and then h(x) by summation of residues, we find 


h(x) = K(x)+h2(x), 

where 

Kix) = ®4?l5“ii:^(ix)*/>‘+^-SF,(i-«i+pi, i-p^+PvPi.-Wh 

8in(p8— Pi)7r 

and ^^(x) is derived from Ai(x) by interchange of p^ and p,. The 
formulae thus obtained are those of Fox’s Theorem 1, in the special 


t Titchiaarsh (3). 


t Fox (1). 



GENERAL TRANSFORMATIONS 


216 


Chap, vin 


case p = 1. In the general case jt(s) is a more complicated product 
of gamma-functions of the same type. 

The case = 1, Pi = f, P 2 = v+f gives example (2) above. The 
case «! = 1, Pi = a+1, p2 = v+a+l gives a more general trans- 
formation found by Hardy f and discussed by Cooke. J The case 
= v+f, Pi = v-f 1, p2 = 2i^+l gives 

Hx) = Mx) = 

a transformation due to Bateman. || The case == 

Pi = v+a+l, p 2 = 2v+a+l gives a more general transformation 
due to Titchmarsh.ft Fuller details concerning these transformations 
will be found in § 5.2 of Fox’s paper. 

If we take 

sKs) = o«-t r (0i+i<)r(02+|a)r( 03- jj) 

^ r(6i+i»)r(6;-i«)r(6,-i«)’ 

where Oi+Oz+Oj+i = 61+62+^3. 

we obtain examples of Fox’s Theorem 2. For example, if 

«i = «2 = i— i»'. «8 = h 

bi =1, 62 = Iv—ln+l, 63 = iM— 

k{x) and h{x) are each combinations of two hypergeometric functions, 
and can be reduced to the forms 

(4) If i(a:) = *t|l^(a:)+?coso7rA„(a:)|, 

then, by (7.9.7) and (7.9.11), «(«) is 

2««-ir(ia+i./+i)r(is+ i .>+t)r(i^- iv +i)r(ia-iv+f) . 
r(J«— iv+i+io)r(|+ Jv— Js— Jo)x 

X r(itf— jv+ j— io)r(|+ jv— ja) 

In this case again h{x) is the sum of two hypeigeometric series. There 
are two interesting particular cases. If v — 0, a = 1, then 



t Hardy (13). t Cooke (1). || Bateman (1), (2). 

tt Titchmarsh (6). 
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which satisfies (8.1.9), so that, by (7.9.7), (7.9.11), 
k{x) = a;tj7„(x)_|Ao(a;)j 
is a Fourier kernel. If v = 2, a = 0, then 


«(«) = 22*-i 


r Ifni 
lr(-V-i«)/ is+i’ 


and il(«)il(l— «) = —1, so that 


k{x) = 



The formulae in this case are due to A. L. Dixon and Hardy.f Much 
more general formulae of a similar character have been obtained by 
Steen| and Kuttner.|| 

(6) If 51(a) = (a > 0), 

then 5(a) = e“*<*“*>*. 


Taking c = J in (8.1.10), we find that 


/ 

— 00 

and h{x) is the conjugate function. The Fourier formula thus 
obtained may be reduced by a change of variable to the exponential 
form of the ordinary Fourier formula. It is 


e“"*cos(noga:) dt = 


2yJ(TTax) 


g-iaogx)»/4a^ 


00 


/(*) = 

-f 


47ro J 

u 


^(xn) 

and, if we put 

a — k. 

and 


II 

u ■■ 


II 

> 

we obtain 

S/(l) = 

1 

27r 

00 

J e-*f«dC 


— 00 


f gHloguv)’l4a /(y) (ty. 

J \/(«y) 

o 

9(i) = e*'f+*f/(ef), 

00 

J e*i^g{7]) dr). 


This formula is not included in our standard form, since the limits 
are — oo and oo instead of 0 and oo. 


t Hardy (17) ; see also Hardy and Titchmarsh (8). 
t Steen (1). || Kuttner (1). 

P 
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(6) If Ria) = €»<•-*)* (a > 0), 

then k(x) is a Fourier kernel. Taking c = J in (8.1.10), we find 

—♦•00 

‘w = ^ ! cos(a<®+<loga;) dt 

(0 < a: < 1), 

by (7.12.6) and (7.12.6). 

(7) If yi(tf) = exp{ie“^<*~0} = exp(tV) (a — 1+tO. 

then §(«) = exp(— *e~^). 

We obtain 

00 00 

k{x) = ^ J exp(tV)a:~*~* dl — ^ j ^ 

— 00 0 
00 

= ^ J c“®(vc*'")“**‘*® — = -r(— ilogx), 

0 

and h{x) is the conjugate.']' 

(8) If S({a) = 1, 

then (8.1.0) is satisfied, but the integral (8.1.10) is not convergent. 
If, however, we regard (8.2.3), with 0 < c < 1, as the definition of 
ki(x), we have 

c+ioo 


c — ioo 

If we replace (8.1.6), (8.1.6) by 

00 


(0 < X < 1). 


9{x) = i J f{y) dki(xy), f(x) = i J g(y) dk^ixy), 

0 u 

then our formulae become 

i'**’ = Mi)' “ Ms)’ 

which are plainly consequences of one another. 


t Pttley aiid Wiener, Fourier Transfonns, $ 10. 
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(9) In all these examples 5I(s) is analytic. Suppose, however, that 
c — and 5I(i+iO = isgn^. 

Then defined by (8.3.5), is —it. The integral (8.1.10) is not con- 
vergent, but it is formally 

G oo 0 . 00 

J ’’‘“‘“I = 


/(y ) dy _ 
-^{xy)\og{xtj)' 


2ny/x 

^0 -ao ' 0 

the integral being summable (C, 1). Our formulae become 

; /v(SoXy)’ / 

0 0 

If we replace x and y by cf and and interpret the integrals as 

principal values, we obtain formulae equivalent to those of the 

theory of Hilbert transforms. 

(10) If S<{8) = cot J87r, 

then (8.1.9) is satisfied. The integral (8.1.10) is of the same type as 
in (9). A formal application of the theorem of residues gives 

and we again obtain formulae of the Hilbert transform type. 

(11) Wo obtain formulae of a somewhat different type by taking 

Then (8.1.9) is satisfied, and 

C30 00 

- 2^ J J '“(j-'loe*) 

— 00 0 

The integral is summable ((7, 1) if and has the value 

— |a:logij ^J,|2|logij^| (0 < x < 1), 0 (x > 1). 

Ifx = 1, the integral for k(x) diverges to infinity, and ki{x) has 
a discontinuity, as in example (8). The formula which results is 
therefore i/j. 
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If we put 

X = c-f, y = e-’?, = ^(|), e-^‘^g{e~-^) = ^(f), 

we obtain oo 

The reciprocal formula is obtained by interchanging ^ and 0. The 
Fourier formula which results may be verified by using the integral f 

r j ___ n ^ \ 


(12) The kernels which arise in the summation formulae obtained 
formally in § 2.9 are Fourier kernels. For example, in the argument 
of § 2.9 we obtain 2 cos 2irx and 4:Kf^{i^'Jx)—2nYQ{4^^Ix) as the Mellin 
transforms of 4(1— a) 4®(1— «) 


«(«) 


4*(S) 


respectively. These functions of course satisfy (8.1.9). 

Note also that, if k{x) is a Fourier kernel, so are ^ak{ax) and 

\(M^-Vk{x^). 


8.5. 2i*-theory. In the theory of Fourier integrals we have proved 
theorems of two kinds, theorems on convergence in the ordinary 
sense, and theorems on mean-convergence. There are also theorems 
of both kinds for general transforms; but here the mean-convergence 
theory is both easier and more general than the other, and we begin 
with this. 

In the first place, we need only assume the existence of the function 
S{{s) on the line cr = The equation (8.1.9) then takes the form 

il(HiOH(i-*0 = 1. (8.6.1) 

We might simply write ft(i.-}-t0 = = 1; we 

shall retain the previous notation to preserve the appearance of the 
formulae. 

We should now have formally 

oo 

A:(a:) = ^ J S<(\-\-it)x-^-^ dt. (8.6.2) 

— 00 

There is no reason in general to suppose that this integral will exist 

t Watson, § 13.47 (10). 



8.5 


GENERAL TRANSFORMATIONS 


221 


in any sense. However, the formula for k^(x) obtained by formal 
integration will exist in the sense that 

T 

— ^l.i.m. f (8.5.3) 

2tt T->oo J 4 — it 

-T 

If, as in most of our formulae, ft(s) takes conjugate values for con- 
jugate values oi s, then (8.5.1) gives 

m+it)\ = 1. (8.5.4) 

Hence S{(l-\-it)l{l—ii) belongs to L^-~co,co), the integral in 
(8.5.3) exists in the mean-square sense, and k^(x)lx belongs to 
L2(0,oo). 

It follows that our theorems have to be stated in terms, not of 
k(x), but of k\{x). For example, (8.2.2) is no longer significant. 
However, the formula obtained by formal integration with respect 
to a: is 

J = min(x,^). (8.5.5) 

0 

This integral is absolutely convergent in the general case, and 
(8.5.5) by itself may be taken as the basis of a Fourier theory. 

The theory takes different forms according to whether (8.5.5) 
appears explicitly or not. The results may be summed ui) in the 
following theorems. 


Theorem 1 29. 
(8.5.4), so that 


Let S{(l-\-it) be any function of t satisfying (8.5.1) and 

m+it) 

i-it 


belongs to i^(— oo,oo). Let kf,x) be defined by (8.5.3). Letf(x) be any 
f unction of L^(0, oo). Then the formula 

00 

!7(a:) = ^ J ki{xu)f{u) (8.5.6) 

0 

defines almost everywhere a function g(x), also belonging to L*(0,oo); 
the reciprocal formula ^ 

/(*) = ~ 

0 


( 8 . 5 . 7 ) 
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aUo holds almost everywhere; and 

00 00 

J {/(*)}* dx = j {5f(a;)}* dx. (8.5.8) 

0 0 

Theorem 130. If R{^+it) satisfies the conditions of Theorem 129, 
then k^{x)lx belongs to L*(0,oo), and (8.5.6) holds. 

Theorem 131. Let lc^{x) be such that k^{x)lx belongs to L2(0,oo), and 
let (8.6.6) hold for all values of x and Then the reciprocal formulae of 
Theorem 129 hold. 

Theorem 129 is thus a consequence of Theorems 130 and 131. 
But it is possible to prove it directly. 

The above theory is due to Watson. f We shall call functions f{x) 
and g(x) connected by (8.5.6), (8.6.7) i;-transforms; and (8.6.8) the 
Parseval formula for Aj-transforms. 

8.6. ProofJ of Theorems 129, 130. Let f(x) be any function 
of 1/2(0,00), and "^(s) its Mellin transform, so that 3f(i+i0 belongs 
to Z/2(— oo,oo). Since |it(i+iOI == il(i+i05(i— iO belongs 

to L^, Let g(x) be its Mellin transform. Thenjl 

X l+too 

J g{u) J A(«)5(1-5) ^ ds. 

0 i-ioo 

Now ki{x)lx is the Mellin transform of R{s)/(ls), Hence, by the 
Parseval formula for Mellin transforms, 

oo 

^-ioo 0 

X 00 

Hence J g(u) du = j dy, 

0 0 

and (8.5.6) follows almost everywhere. The i-transform g(x) of f(x) 
is thus the Mellin transform of Sl(«)5(l— «) (on a = J). By the same 
rule, the A;-transform of g(x) is the Mellin transform of 

mm-mis) = 3f(^). 

Thus the fc-transform of g(x) is f(x). All these transformations are 
of the class L*, so that the necessary uniqueness theorems hold. 


t Watson (2). t Busbridge (1). 

II This formula and the next come under Theorem 72, extended as in (2.1.23). 
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0 —flo 


00 

= kj 

— 00 



tho Parseval theorem for /:>transforms. 

Theorem 130 also follows at once from the Parseval formula for 
Mellin transforms. Since lc^(x)lx is the Mellin transform of il(8)/( 1 —8), 


00 


/ 


ki{ax) ki(bx) 
ax bx 


l + ioo 


dx = — . f 


2ni J 

1-8 

| — too 


l + ioo 


--i- f 

d-sbs-l 

2in J 

(l-s)s 

i~iao 



els 


by the functional equation for 51(8). If a > 6, the integral may be 
evaluated by moving the line of integration away to the right, and 
the value is a-^. If a > 6, its value, obtained by moving the line of 
integration to the left, is 6“^. Also the integral on the left is con- 
tinuous at a =- 6. Hence the result. 


8.7. Proof of Theorem 131. f Suppose first that f(x) has a con- 
tinuous derivative, and that it vanishes for all sufficiently small and 
sufficiently large values of x. Let 

0 u 

Then gi(y) is clearly differentiable, and 

00 00 

g{y) = g'liy) = J dx. 

Hence " “ 


J {g(y)Y dy 

u 


00 00 00 


= J /'(X) dx I m d( J dy 


0 0 0 
t Titchmarsh (16); see also Plancherei (6). 



224 


GENERAL TRANSFORMATIONS 


Chap. VIII 


= !/'(*) 

0 0 

= J r(x)x dx J m di + J fm J nx) dx 

Ox ^ ( 

00 

= — 2 J f{x)f'(x)x dx 

0 

= [-*{/(*)}*]“ + /{/(*)}* d® 

0 

= J{f{x)Ydx. 

0 

All the transformations are easily justified if f(x) satisfies the given 
conditions. 

Next let/(a!;) be any function of i2(0,cx)). Then it is known that 
there is a sequence of functions each satisfying the conditions 
previously imposed on f{x), and such that 

J {/(*)-/«(*)}* dx = 0. 

Let correspond to /„(«) in the same way as the above g{x) does 
tof{x). Then 

J dx = J {fJx)-f„{x)Y dx, 

0 0 

which tends to 0 as m and n tend to infinity. Hence the sequence 
Qnix) converges in mean, to a function g(x) say. Then 

J {?(«)}* d® = lim J dx = lim J {f„[x)}^ dx = J {/(a:)}* dx, 

J 91—^00 v 91—^00 v v 

0 ^ ^ 0 0 

the Parseval formula. 

Also y y 

j g(u) du = lim f du 

J n-^co J 


!!-►«> J X 
0 

= j^-^nx)dx. 
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80 that g{y) = ^ J 

0 

i.e. g(y) is the A;-transfonn of f(x). 

Let <f>{x) be another function of L*(0,cx)), and 0(a:) its ii-transform. 
Then the Parseval formula gives 


Let 


QO ao 

0 0 
<f>{x) =!(*<«), 0 (a; > u). 


Then = 

0 0 0 
uy 

dy J X y 


and hence 


0 

Hence J dx j f{x) dx, 

0 0 

and the reciprocal formula (8.6.7) follows. 


8.8« Necessity of the conditions.'!' It is also easily seen that 
the conditions imposed on k^(x) and 5t(8) in the above theorem are 
necessary. For suppose that the reciprocal formulae 



u 

(8.8.1) 

*■<?!>/(«) dn 
u 

(8.8.2) 


0 0 

hold for any function /(x) of 1/^(0, oo). Let/(x) = 1 (x < ^), 0 (x > ^). 
Then (8.8.2) gives 


lg(y)dy = = 

0 0 0 

BO that g{x) — . 

X 


t Busbridgo (1). 



GENERAL TRANSFORMATIONS 


Chap. VllI 


Substituting in (8.8.1), we obtain 


J 




In particular (x = $ = 1) k^{u)lu belongs to 2/*(0,c»). 

If il(«)/(l— a) is the Mellin transform of ki(x)lx, Parseval’s formula 
for Mellin transforms gives 

i + ioo 00 

1 f 51(1 — ^ k^(ax)ky{!bx) _mm(a,b) 

^ J ~iL^a 8 ~ J ^6 ‘ 

J+_ioo ® 

a“* 


*-ioo 

But also 


1 r a“* 

27ri J 1 — 8 8 


da == 


min(a, 6) 
06 * 


*-<00 


Hence (taking 6=1) 


* + <00 


1 r l=^I-l)a-.da = 0 
2m J ( 1 — 8)8 


* — <00 


for all values of o. Since the integrand (as the product of functions 
of L^) belongs to L, it follows from Theorem 32, p. 47, that it must 
be null, i.e. that 51(«)5t(l— a) = 1. 


8.9. The unsymmetrical formulae. For the transformation 
arising from the equation (8.3.5) a similar set of theorems holds. We 
now assume that and A(i+^0 ^.re both bounded. Let 

hi(x)/x and ki(x)/x be the Mellin transforms of and 

il(J+*0/(i“*0- Then a given function f(x) of L^(0,co) has two trans- 
forms « „ 

»»(*) - E / <ly. ^ J 

0 0 

The i-transform of g^(x) is f(x), and so is the A-transform of flf*(a;). 

The usual Parseval formula is replaced by the relation 

00 00 

/ = / {/(*)}* 

0 0 

together with the inequalities 

J dx<cj {/(a:)}* dx, 

0 0 

/ Ifl'fcl*)!* dx<cj {/(x)y dx. 

0 0 



S.9. 8.10 


GENERAL TRANSFORMATIONS 


227 


The proof of Theorem 129 extends without substantial change to 
this case. That of 131 holds only if S{(i+it) and are con- 
jugate, so that gh{^)9k(p^) = general case the result 

still holds, but now we have to prove (8.3.5) as in § 8.8, and thence 
proceed as in the proof of Theorem 129. 

8.10. A convergence theorem. In the foregoing theory the trans- 
formation is expressed in terms of which is not necessarily 

differentiable. To obtain the forms (8.1.5), (8.1.6) we require further 
restrictions, both on the kernel and on the function represented. f 

Theorem 132. Suppose (i) that i^) satisfies (8.5.1) and (8.5.4), 
so that x-^ki(x), defined by (8.2.3) with c = J, belongs to L2(0,oo); 
(ii) that k^{x) is the integral of k(x); (iii) that x^^k^ix) is bounded. 

X 

Let f(x) = lj <l>(y)dy, (8.10.1) 

0 

where belongs to L^(0,cx)). Then 

-♦00 —►00 

f{pc) = I k{xu) du I k(uy)f(y) dy (8.10.2) 

-►0 -^0 

for every positive x. 

We have a: x 

\f{x)\ < ^ J \<l>iy)\^dy J = o{x-*) 

W 0 ^ 

as a; -> 0; and 

\<i>{y)? dy ^ dy\ =o(a:-*) 

0 ' 

as a; -> 00 , by choosing first X and then x% 

Let 0(a:) be the A;-transform of <f>(x). Then ^(x) belongs to L*, and 


X 00 



r ^(y) dy = 

f *i(®“)0(«) du. 

1 u 



J 

0 

0 


Let 

fl'w = 

]mdv. 

(8.10.3) 


tr 



t Hardy and Titchmarsh (8) ; see cdso Morgan (2). 
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X 00 

I dy = — j ki(Tu)g'(u) du 

^ ^ A 

lim ^\k^{xu)g{u)^^+x (8.10.4) 

w \g{u)\ < ! J |0(t;)12 J J j =0 


as u->oo; and 


as u ^ 0, by choosing first 8 and then t^. Hence the integrated 
terms in (8.10.4) tend to 0, and we obtain 

X -♦00 

f(x) — ^ J* i^{y)dy= J* k(xu)g{u)du. (8.10.6) 

0 -M) 

Again, (8.10.3) may be written 

00 

g{u) = j >l>{v)n{v) dv, 

0 

where fi{v) = 0 (v < u), l/v (v > u). Hence by the Parseval formula 


where 


Hence 


oo 

g{u) = J <f>{v)X{v) dv, 
0 

uv uv 

g(u) = J <f>(v) dv J ~ J 


= ?!(«)-?*(«) 
say. Integrating by parts, 


( 8 . 10 . 6 ) 


00 - 00 — ♦oo 

ffi(M)= + I (8.10.7) 

■ MW n —.it 
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and the integrated terms vanish since vf(v) = o(v*), and, since 

k,m is 

J ^d^==o(v-i) 

UV 

as in the case of g(u). Also 

^ -♦-00 —►00 

— J vj(v)^^^dv+ J vf(v)^^^^dv, 

" ( 8 . 10 . 8 ) 

and the integrated terms vanish since v~^ki(uv) = 0(1). 

From (8.10.6), (8.10.7), and (8.10.8) it follows that 

—►00 

g{u)= J k(uv)f(v)dv, (8.10.9) 

-io 

and (8.10.6) and (8.10.9) give the theorem. 


8.11. The resultant of two Fourier kernels .f Let 

00 

m(x) = J k(xy)l{y) dy 
0 

be the resultant of k(x) and l(x). Then a formal rule is that, if k(x) 
and l{x) are Fourier kernda, so is m{x). We may, for example, put 


JJ m{xu)m(ut)f{t) dudt = JJJJ k(xuy)k{utz)l{y)l{z)f{t)dvdtdydz, 


00 0000 
and the substitution t = v/z, y ^ zw gives 


00 00 00 00 

JJ l(z)l{zw) dzdw JJ k{xzum)k(uv)f\^ dvdv 
0 0 0 0 


= JJ l{z)l(zw)f{xw) dzdw = f{x) 

0 0 

if k and I are Fourier kernels. 

We can also argue in terms of Mellin transforms. If 5t and £ are 
the Mellin transforms of k and I, that of m is 


00 OD OO 

9Jl(«) = J m{x)3f-^ dx = j x’-^ dx j k(xy)l{y) dy 

0 0 u 

00 00 00 00 

= J i{y) dy J k(xy)x“-^ dx=-- j l{y)y-^ dy J k(u)u*-^ du 


== £(!-«)«(«). 

■f Hardy (20). 
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Hence an(«)®l(l-«) = il{«)Jl(l-a)fi(l -«)£(«) = 1, 

and the result again follows. The argument is still of course purely 
formal. 

The theory gives 

Theorem 133. Let ani l^(x) satisfy the conditions of Theorem 
131, and let m^illx) be the Utransform of ki{x)/x. Then mi{x) also 
satisfies the conditions of Theorem 131. 

Here myUljx) is defined by 

J \u] J u u 

0 0 

Now m^ia/x) is the Z-transform of k^(ax)lx. Hence by Parseval’s 
formula for Z-transforms 

0 0 

0 

the required result. 

As a particular case, let Si{x) = 0 {x < 1), 1 (a: ^ 1), so that 


ijr 


X \x, 


1 /I 


= zAzh /(^) = Z9\Z 


X \Xi 


We call this the transformation S. If k^ = Zj, then 

J J dt = mm(l,a:), 


0 0 
and Mil = If = Si, then 

X 


0 1/X 0 

and mi = Thus the resultant of k and k is s, the resultant of k 
and s is k. 

Examples. (1) If k and Z are the cosine and sine transformations. 


mi(x) = ilog 

TT 


a;— 1 


x+l 


m{x) 


1 

1 -*®’ 



8.11 


GENERAL TRANSFORMATIONS 


J31 


and the m-transformation is 

9{x) = 

If / is even, this gives 


2 f 

rrj 


dt. 


yjA.i f M *, 

X yx] TT J x—t 


the Hilbert transform of f{t). 

The resultant of this transformation and k is defined by 


Si*' 

0 

or, regarding k{x) as even, by 

«W = 1 f M 

TT J X — l 


dL 


Thus the conjugate of a Fourier kernel is a Fourier kernel, 

(2) The function ly{x) = x {x < 1), 0 {x 1), satisfies (8.5.5). We 
conclude that, if k(x) is a Fourier kernel, then so is 

GO 1 X 

m{x) — J k{xt) dli(t) = J k{xt) dt —k(x) = “ J —k(x), 

0 0 0 
Similarly, taking = 0 (x < 1), logx— 1 (x > 1), we find that 


m ^ u - 

J u 


k(x) 


is a Fourier kernel. 


(3) The resultant of and isf 

(4) The resultant of .^(2 /it)co8x, ^J{2|7T)x-^coax~^ is (§7.12) 

?{/iro(2Vx)-r„(2Vx)}; 

TT 

that of .y/(2/7r)sinx, ,J{2/n)x-^8vax-^ is (2/rr){.Ko(2Vx)+Fo(2Vx)}. 

The last kernel is also the conjugate of Jq(2Vx). ’ 

(5) The resultant of Jo(2Vx) and cosx is — sinx, and that of 
Jo(2Vx) and sinx is cosx. This may be proved as in § 7.12. 


t Watson, § 13.61 (1), or as in § 7.12. 



232 


GENERAL TRANSFORMATIONS 


Chap. VIII 


(6) We have 

a:* J dt = ^ (C. 1). 

0 

ifx ^ 1, while when x = 1 the integral diverges like 

The divergence indicates that when we form the resultant of 
x*J^(x) and there will be a discontinuity in mi(x) at a: = 1. 

In fact X 

, . 28in/ifl- r di , 

m,(a!)= (»<!). 

0 

2 sin WIT C dt . / -i \ 

n J 

0 

The inversion formulae are 

»<*> = J dt + 

0 

and the reciprocal formula. 

(7) If we form the resultant m{x) of ^J{2[7r)oosx and J^(2-Jx), and 
then replace m(x) by 2-*x-%(l/2a:), we obtain the Fourier kernel 

(2a;)*{cos(*— 4w)J|(*) + 8in(x— j(x)}. 

8.12. Convergence of Mntegrals. We now leave the transform 
theory, and prove quite independently a theorem on convergence in 
the ordinary sense. To do this we have to make very special assump- 
tions, and the theory is practically restricted to those examples in 
§ 8.4 in which jt(s) is a product of P-functions. For such functions, 
however, we obtain a direct generalization of Theorem 3. 

Theobem 134.f Let it(«) he regvJar in a atrip vj < a < uj, where 
oTj < 0, <7, > 1, except perhaps for a finite number of simple poles on 
the imaginary axis; and let be of the forma 


t Hardy and Titchmanh (8). 
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for large positive and negative t respectively, where 

ilo(^) = r(«)COS \S7T 

is the Jfellin transform of cosx. Let R{8) satisfy (8.1.9), and let k{x) 
be the Mellin transform of S<(s). 

Let X > 0, and letfiy) be i(0, oo), and be of bounded variation near 
y ^ X. Then 

—►00 00 

J k(xu) du j k{uy)f(y) dy == i{/(®+0)+/(a:— 0)}. (8.12.1) 

0 0 

The function regular in any strip (Ti< a < ag, except for 

a finite number of simple poles at points where a < 0. If / is large 
and positive, then 

51o(a+i0 = + 

where C and a are complex, and a depends on a; and iV) 

satisfies the conjugate formula. 

The functions 

r(«)8ini«7r, 

are the Mellin transforms of 

sinx sin x— a: cos a; 

sma;, , , 

X x^ 

and are of the form 

for large t. If ft(8) satisfies the conditions of the theorem, we can 
find constants a^, a^, a^, a^, such that 

S{{8) = fta)(5)+5l<2>(8)+il(®>(8), 

where 

S{^\s) = a^r{s)cos^S7T+a2r{s)8in^S7T, 

1 — S It — s 

and = 0{|51o(«)«-*l} = 

for large a of the strip. Let be the Mellin transforms of 


Q 
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8 . 13 . Tj Bmma ac. k{x) ia bounded for all positive x. 

This is true for and Id^^x), so that it is enough to prove that 

c+iflo 

jfc(8)(a:) = ^ J »pi>(a)x-*dB 

c— ioo 

is bounded. If a: ^ 1, we take c = 1+8, where 0 < 8 < J, 1+8 < or*. 
Since is then 0( ]« |*“*), 1(!^\x) is bounded, and indeed is . 

If 0 < a: < 1, we take c = —8, where < —8 < 0. Then 

— 8+ <00 

— 8— <00 

the latter term being the sum of the residues at any poles on the 
imaginary axis. It is plain that p is bounded, and the integral is 
bounded because 9!^\a) = 0(|s|-*-l). Hence k{x) is bounded for all 
positive X. 

8 . 14 . Leioia/S. Let 

A 

<f>{X,x,y) = { k(xu)k{yu) du, (8.14.1) 

i/A 

where A > 1 and x ia positive and fixed. Then 

(8.14.2) 

for all positive y for which \y—x\ ^ C. 

In view of Lemma « we may replace ^ by 
A 

X(A,a:,y) = J k(xu)k(yu) du 
1 
A 

= J" {ftO>(*«)+jfc<*>(aw)}{l;0>(ytt)+l:^®(ytt)+i:W(ytt)} du + 

1 

A 

+ J lif^{xu)k(yu) du. 

1 

The last tmm is bounded because = 0(«~^~^) and k{yu) is 

bounded. 

Denote the integral involving 1d^\xu)W^'>{yu) by Xp^' Then xi,i “ 
clearly bounded. Next, xi,i splits up into four terms, a typical term 
being 
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yhi^ J yhi^ 


d/ii “f” 


sina;i4sm^tl 


mi XU cos yu 


Since (sina;— a:cosa;)/a;^ is positive increasing in 0 < a; < 1, the first 
term on the right is 


f 

(sin 1— cos 1) j sinxudUf 

Ui 

where 0 < < l/y. The second and third are 

«i * w, 

J sinxusinyuduy — J smxucosyudu, 

1/1/ i/v 

where U 2 > 1/j/, Uq > l/y. All these are bounded, and the other 
terms of xi ,2 be shown to be bounded in the same way. Hence 
is bounded. 

A similar argument applies to X24 s»nd X 2 , 2 - Thus a typical term 
of Xa,2 if 


sma;t4 sm^t^ 

XU yu 

l/y A 


f r siny r sina;zt , , f sinxtt . , 

= 4- == — ^ I du + smyu du, 

J J y ] XU J XU 


1 i/v 

and each of these is bounded. 
A typical term in ^1.3 is 


A c+ioo 

J cosa:i4 du J 

1 c—ioo 

If has no pole on the imaginary axis, we may take c = 0, and 
invert, and obtain 

00 A 

~ J y-^S^^\it) dt j u-^ooBXudu. 

-« 1 

The inner integral is 0(A) = 0(t) for t > A, while for 0 < f < A it 
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differs by Oif) from 
A 


1 


GO^XU 


V/ 


ii 


[ sina:it”| . Tcosxul it{it+\) f 

” J 


QO^XU 

^i/+2 


du, 


each term of which is 0{t), Since = 0(1^1“*) for large t, the 

term in question is bounded. 

If there are poles on the imaginary axis, it is sufficient to consider 
one of them, say at 5 = ir with residue C. Let 

9P(a) = (7r(a-iT)+ilW(«), U^\x) = Cx-^^e-^+U^^ix). 


Then satisfies the conditions imposed above on and the 
additional term is 

A A' 


J QO^xu du = Cy-*‘*‘ J u^^^co&xu du== 0(1) 


1 


1 


by the argument used for the above inner integral. Hence xi ,3 is 
bounded. Practically the same argument proves that X 2.3 ^ bounded, 
and the lemma follows. 


8.15. Lemma V. Let 

A 

^(A,a:,y) = r du, 

J u 

i/A 

X c+ioo 

f 1 r 

where h,{x) = | k(u) du — I jl(«) ds. 

J ZTrt J 1— « 

0 c— too 

Then |0| < B{x,^) for X > 1, x > 0, and 0 < x—^ <y < x+^; 
and tji{X, X, y) converges {boundediy) as X-^aa to the limit 

0 (y < *). i (y = *), 1 (y > *)• 

Since k{u) = 0(1), kj{u) = 0{u) for small u, the integral over 
(1/A, 1) is bounded. We now write 

k{x) = 4;<W(a:)+iK®)(®), 
where is the same &s before; and 

J du 

1 

= J ¥‘‘\xu) du + j k{xu) - - du + j A®(a:tt) 

1 1 i' 
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The first term is a multiple of 

A 

f, , . .aisinw + «2(l-~ cost/t^) , 

I (a^ cos XU + ag sm xu) - - — - — ! — ^ du 

J ^ 

A A 

coBxusinyu 


«i J du +a,aJ du + 


+«! 


2 J Binxw(l— cos 


u 


each term of which converges boundedly. Also k{u) and are 

bounded, 

k^^\u) = J dt^ = 

taking a = J— 8 ; and uh^\u)y is 0(u-^). The remaining 

terms are therefore bounded. 

This proves the lemma except as regards the value of the limit. 
To calculate this directly requires some further examination of the 
argument, but the result can be obtained from the transform theory. 
We have in fact proved that 


J 


converges boundedly for x ^ S, where 0 < 8 < 1, and uniformly 
except near x = 1; hence, if its value is <^(x), 

j m du - J du = I)-8 

8 0 

<I>{X) = 1 (X < 1), 0 (x > 1). 


and hence 
If X = 1, 

X 


J _ kj^) _ J k{u}^{u) J ^ 

0 0 0 
and since each integral tends to a limit as X ->oo, so does kl{X)IX, 
and this limit must be zero since ki{X)IX* belongs to 2/(0, oo). Hence 

2 (hM^du= 

J « J tt* 
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8.16. The Riemann-Lebesgue theorem is here replaced by the 
following theorem, due to Hobson (1). 

Lemma 8. Let f(t) belong to L{a, b) ; let <^(A, t) belong to L(a, 6) for 
all values of A, let it be bounded uniformly with respect to \ in (a, 6); 
and let p 

j ^(A, dt -> 0 

OL 

as A ->oo, uniformly in oc and j8 for a < a < j8 < 6. Then 

5 

lim f f(t)(l>{Xy t) dt = 0. 

A->oo J 
a 

Suppose first that f(t) is absolutely continuous in (a, 6). Let 

t 

j ^0. '^) du = <f>l(Xy t), 

a 

h b 

Then J /(0^{A, t) dt - /(6)^i(A, 6)- J /'(<)^i(A. 0 di. 

a a 

Given e, we have 

|^i(A,<)|<e (A>Ao(€), 

and hence 

J smx, t) dt < 6 j|/(6)H- 1 1/'(<)1 d<) (A > A«). 

The result therefore follows in this case. 

In the general case we can, given e, define an absolutely con- 
tinuous function x(0 

b 

J l/(0-x(<)l dt < 

a 

Having fixed t and x(0’ part, choose Ao so large 

that 6 

j X(t)i>(^>*)dt <e. 
a 

If |^(A,t)| < Jlf, it follows that 

b b b 

j f(tmX, t)dt ^ j x(0M t)dt + J {/(f)-x(0}^{A, 0 dt 

a a a 

(A>Ao). 

This proves the lemma. 
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8.17. Proof of Theorem 134. By Lemma ot the integral 

00 

J k{uy)f{y) dy 

0 

is uniformly convergent for 1/A < < A, so that we may multiply 

by k{pcu) and integrate under the integral sign. Hence 

A 00 00 

J k{xu) du j k(uy)}{y) dy = ^ x,y) dy 


l/A 


8 a;— J 




=J- J + J + J + J+J 

0 5 x—1^ X A 


It follows from Lemma /3 that 

lAI < -B I \f(y)\ dy < e, |/e| < -B J l/(3/)l dy < e 

0 A 

for 8 = 8(e), A = A(e), A > 2. 

Next yj X 

j<f>dy= [ du 

at l/A 

= 0(A,a;,^)— 0(A,a:,a). 

If a < P < X, or X < a < P, this tends to 0, when A-xx), by 
Lemma y. Hence, by Lemma 8, 

lim/a = 0, lim /5 = 0 

A-*-ao A-^oo 

when 8, and A are fixed. 

We may suppose $ small enough to ensure that f{y) is of bounded 
variation in {x—^,x+Q, and then 

where /i and/j are positive and decreasing and tend to 0 when y->x 
from helow. Then 

I 3 = f{z— 0 )yi{X,x,x)—tfi{X,x,x—^)}+ 

X 9 * 

+ f — f Mym\x,y)dy. 

x-l x-i 

The first term tends to J/(a?— 0). The second is 

/i(*— 0 / dy = fi(x—C){>f)(X,x,i^)—ifi{X,x,x—C)}, 

x-l 
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where x—^ <r) <x, and, since tf) is bounded, this is less than e (for 
all A in question) if is sufficiently small. A similar argument 
applies to the third term. Hence 


lim/,— |/(a;— 0) 

A-^OO 


< 2 « 


if is sufficiently small. There is a corresponding resvilt for and 
it follows that 


A 00 

lim f k{xu) f 1c(uy)f(y) dy = i{/{»+0)+/(»— 0)}. 
i/A 0 

The tt-integrand is, however, bounded as ->• 0, so that this may 
be replaced by (8.12.1). This proves the theorem. 

It is easily verified that the jl(«) which gives rise to Hankel’s 
theorem satisfies the above conditions if v > — and so do all 
the other A’s which are products of P-functions if the parameters 
involved are subject to suitable restrictions. 


8.18. Hankel’s theorem.f The most important particular case 
of the foregoing theorem is that in which 1c{x) = Vx<7„(x). This case 
can be obtained much more simply. 

Theorem 136. Iff[x) belongs to 1/(0, oo), and is of bounded variation 
near the point x, then for v > — J 

00 00 

i{/(x+0)+/(«— 0)} = J J,(aM)^(xu) du j Jy{uy)^{uy)f{y) dy. 

® ® (8.18.1) 
Let 8 be a small positive number. Then 

A x—S 

J J^{xuy{xu) du J J„(«y)V(«y)/(y) dy 
0 0 

x-i A 

= Vx I Vy/(y) dy j J,(xu)Jy(uy)u du 
0 0 

J ^ y 

0 

= 0(V») J +0(V») J 

0 0 
t Watson, Chap. 14. 


(8.18.3) 
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for any fixed x and 8. Now 
l/A , 1/A 

j ^ oR i 


ds _ o| j (WVI/to)! <l»j 

( 1/A 1 / 1/A V 

A” J dyj = o(a-* f l/(y)l dyj = o(A-*). 


For Ay > 1 we have 


J.W +°l(Wi)- 

The O-tenn contributes 

o(A-.jV(y)lf) 

' 1/A ' 

( l/vA » / ac— 8 V 

A-* / l/(y)|#)+o[A-i J |/(y)|dyJ = o(A-t), 


and the main term contributes 


A-* r {A cos Xy+B sin Ay) dy = o (A-*) 

i/A * ^ 

by the Riemann-Lebesgue theorem. The second term in (8.18.3) 
may be dealt with in a similar way. Hence (8.18.2) tends to 0 as 
A 00. 

Next, we may invert 

A 00 

J Jy{xu)>/{xu) du J J,{'uy)^(uy)f{y) dy 

0 *+8 

by the uniform convergence of the y-integral. The proof that this 
part tends to 0 is then similar, but simpler, since here y is not small. 

We can suppose 8 so small that /(y) is of bounded variation over 
{x—8, *+8). Then so is y~'’~*f{y)- Hence in {x, x+8) we can write 

y~'"*f(y) = Xa(2'). 

where and xa are positive, increasing, and less than e. Then 
A x+8 

/ Jy{xuy{xu) du f Jy{uy)^(uy)f(y) dy 

0 X 

A x+8 

= V* J J„(*it)« dtt J J„(tty)y’'+H®"*’"*/(®+®)+Xi(y)~x»(»)}‘^y- 

0 X 
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The first term in the bracket contributes 
A 

x-''f{x+0) J du 

-*• x-''f{x+0){x'’—l3^) = i/(a:+0), 
by (7.11.15). The second term contributes 
A ®+S 

Va: J J,{xu)u du j % 

0 X 

x+S A 

= J xi(y)y*’‘''‘ J Jy(xu)j,{yu)u d® 

X 0 

x+S A 

= Va:\i(ar+8) J J Jy(xu)J^(yu)u du 

A 

= V®xi(*4-8) J dK(*«)[(*+S)’’+^d;,+i{{«+8)tt}— ^''+V,+i(^«)] du 
0 

where x < i < x+8. Now for x ^ Xq > 0, y x^, 

A 

J J^(x«)/,+i{y«) du 

® A A 

= 0(1)4-^! cos(a:-iw-iir)sin(a;-Jj;7r-i7r)-^^^+ J dtt 

= 0 ( 1 ) 

for all A. The contribution of the xi term is therefore 0(c). Similarly 
so is that of the xz 

The theorem therefore follows on choosing first 8 sufficiently 
small, and then, having fixed 8, A sufficiently large. 

8.19. Formulae derived from Hankel’s theorem. Simple 
pairs of Hankel transforms may be. derived from (7.4.6), (7.11.6), 
(7.11.8)-(7.11.15), and (7.11.17). Another elegant pair is 

2^-W(v+^)^nl^J^xJy{px)J,(qx), 

{**— (p— g)*}'’-*{(p+g)*— (\p—q\ <x< p+q), 

0 elsewhere. (8.19.1) 

To prove this.f put v = — J, ft — A— J, a: = 1, y = sin*8 in 

t This is Sonine's proof referred to by Watson, § 11.41. 
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(7.14.9). We obtain 

(.»n «)*<*■»« 

® (8.19.2) 

Putting a = gsin^, b = p~q cos <f>, and multiplying by sin^+*^ and 
integrating, we obtain 


J 2i>gco8^)*^ ^ ^ 

0 

1 A ^ w 

= J J sin^+*0 *A-i(9 8^ ® dd 

0 0 
I A ^ w 

= j J 8in^+*0 g<pco88 J sin^+*<^ 0sm<f>)( 


== q-^ J sin^+*0c^^®®®^sin^““*d,^(g) 
0 

= 2>^r(X+^)Mpqy^Jxip)Jx(9y 


(8.19.3) 


The result stated follows on taking p^+q^—2pqcoB<f> = ^ as a new 
variable. 

The reciprocal formulaf is 


00 

J x^-^J^{px)J^{qx)J^{ux) dx 

^ {n^-{p-qYy-K(p+q?-u^y-^ 

23v-iv^r(i/+J)(pgw)»' V • ; 

if \p—q\ <u < p+q, and 0 otherwise. 

Still other results can now be deduced from the Parseval formula. J 
For example, (7.11.12) gives the Hankel transforms 

xX-^'^^^Kxidx), 2^+*'a^x*'+*r(A+i/+ (8.19.6) 

and we deduce 


00 

J x^-*-i^-^^+^Kx{ax)K^(bx) dx 
0 00 

= 2 »..«..^r(A+.+i)r(M+.+i) J 

0 


t See Watson, § 13.46; Nicholson (1). 


X See Titchmarsh (11). 
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We can put re = 6 tan and expand the integral in powers of 
(6*— a*)/6*; if a = 6, the result (with v = iA— 1) is 


J X;^(ax)K^(ax)xP-^ dx 

Similarly, from the Hankel transforms (see (7.11.14)) 
28'’o*''r(./+ i) (**+4o<V^’ 

we deduce 


(8.19.6) 

(8.19.7) 


0 


r(iv+i)r(v+i)r(iv+i) 
0*»+* V7rr(v+1) ’ 


and from (8.19.1), with p = q,w6 deduce 


J J*{px)x^-*’ dx = 
0 


p2y-2 r(v)r(2v) 

2 7r{r(v+i)}*r(3v)- 


(8.19.8) 


(8.19.9) 



IX 


SELF-RECIPROCAL FUNCTIONS 

9.1. Formalities . Ik previous chapters we have noticed a number of 
functions which are their own Fourier cosine or sine transforms, i.e. 
functions f(x) such that „ 

/(*) = y (■) J ^ ) 

0 

00 

or f(x) = f{y)smxydy. (9.1.2) 

The simplest solutions of (9.1.1) are 

a;-*, sech{a;^(j7r)}. 

Similar solutions of (9.1.2) are 

^ ^ 

> Xy/(2ny 

There are also functions which are their own Hankel transforms 
of order v, i.e. solutions of 

00 

/(*) = / /(y)V(*yR(*y) dy. (9.1.3) 

0 

Solutions of (9.1.1), (9.1.2), (9.1.3) will be called HI., H^, re- 
spectively. 

Other functions are ‘skew-reciprocal’, i.e. satisfy (9.1.1), (9.1.2), 
or (9. 1.3) with the sign of the right-hand side changed. Such functions 
will be called —Be, —B^, —B^ respectively. 

The first problem of this chapter is to determine all self-reciprocal 
functions; or (since complete generality is hardly attainable) all such 
functions of certain classes, such as the class We shall take (9.1.1) 
as the typical case. 

In a sense, there is an immediate solution. If g(x) belongs to H*, 
then g(x)+Oe(x) is also a function of L*, and is plainly self-reciprocal. 
Also any self-reciprocal f(x) may be expressed as 

The formula g{x)-\-OJipc) therefore gives the complete solution of the 
problem. 
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On the other hand, it is obvious that none of the examples quoted 
above have been obtained in this way, and the solution does not 
enable us to decide (unless by actual verification) whether a given 
f{x) is self-reciprocal. To determine whether f{x) is of the form g+O^ 
is to solve another integral equation, viz. 

oo 

f{x) = g{x)+J^ j g{y)coBxydy. (9.1.4) 

0 

We shall consider such equations in § 11.15; but it is easier to attack 
(9.1.1) directly. 

Let 3f(«) be the Mellin transform of f(x). Then (9.1.1) gives formally 


00 00 

^ a/(w) J ^ J 
^ 0 0 

00 oo 

= y(^) J J ^ 

0 0 

00 

= y r(s)cos isTT j /(j/)y-* dy, 


i.e. ^(«) satisfies the functional equation 


5(«) 




r(a)cos |«7r 0f(l— s). 


If now we write 2f(«) = 2i*r(i5)^(«), then 

0(«) = 

and, by Mellin’s formula, 


C + lOO 


/(*) = ^ J 2*»r(i«)i^(«)a:-» da. 


(9.1.5) 

(9.1.6) 

(9.1.7) 


We may therefore expect (9.1.7), where 0(«) satisfies (9.1.6), i.e. is 
an even function of «— |, to be a general formula for functions of Rg. 
The simplest example is 

0(s) = 1, f{x) = 

We can deal with (9.1.2), or generally (9.1.3), in a similar way. If 
f(x) satisfies (9.1.3), then 


(S(«) = J y*f(y) dy j x> -^Jyixy) dx = 
0 0 


2»-tr(iv+is+i) 

r(iv-js+f) 
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(9.1.8) 


/ N 1 /A 

x(») = -xi-y 


If n{a) = 


We may write (9.2.1) as 


oo 

x(a*) = J (2tt)-y{(2tt)*}e-*“ du. 


and the reciprocal formula is 


(2tt)-‘/{(2tt)*} = i j x(«*)e’“ 

c—ioo 

C + <QO 

/(«) = ^ J 


Putting 5(a) = 2**r(ii'+ Ja+J)^(a), we obtain as a general solution 
of (9.1.3) 

/(*) = ^ J 2»«r(iv+Ja+J)^(s)a:-da, (9.1.9) 

C — too 

where 0(^) again satisfies (9.1.6). 

9.2. Another formal solution of the problem is obtained by 
considering oo 

X(a) = I /(a5)c-‘*'** dx. (9.2.1) 

u 

Then (9.1.1) gives 

00 00 

X(«) = Ji^ J «■!*'** J f{y)co3xy dy 

0 0 
00 00 

= J S(y) dy J c-l*‘®*cos xy dx 
0 0 

00 


(9.2.2) 


(9.2.3) 


(9.2.4) 


Hence (9.2.4), where /n(a) satisfies (9.2.3), may be expected to be i?,. 
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The simplest example is 
For general v, let 


m(«) = 1. /(*) = 


x{s) = J dx. 

Then (9.1.3) gives 

00 CO 

x(«) = J e-**‘®v+* dx j f{y)>j{xy)J,{xy) dy 
0 0 
00 00 

= J Hy)^y dy J e-**'*V+V,(a:y) dx 
0 0 
00 

= J dy 

=M)- 

If /i(s) = M^) satisfies (9.2.3), and 

C4-ioO 

x*-” 




ds. 


(9.2.6) 


(9.2.6) 


C-iao 


9.3. Still other formulae of the same kind can be obtained by 
replacing the e"*®* of the above example by other functions which 
are self-reciprocal, and which also are the kernels of a general 
transformation. We may take, for example, the function 

xij^dx^). 

Proceeding as before, we obtain 

X(a) = J (8x)*J_idsh;^)f(x) d* = ^xQ. 

0 ' ' 

and f{x) can be expressed in terms of x(^) by Hankel’s theorem. 
This transformation has been studied in detail by Mehrotra (8). 

9.4. Functions of L®. We shall now justify the above arguments 
under a variety of conditions. The simplest conditions are provided 
by the Z®-theory of Mellin transforms. 

Theorem ISG.f A necessary and sufficient condition that a function 
f{x) of L^(0,oo) should be its own cosine transform is that it should 

t Hardy and Titchxnarsh (4). Proof suggested by Miss Busbridge. 
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be of the form (9.1.7), where c = the integral is a mean-square 
integral, 5(i+i0 = (9.4.1) 

belonga to Z(®(— oo.oo), and (9.1.6) holds, i.e. ^(i+*0 »« <*» function 
oft. 

In view of the L* theory of Mellin transforms, all that we have to 
prove is the equivalence of the self-reciprocal property of f{x) to 
( 9 . 1 . 6 ). 

Now/(y) and anxyly belong to 2/*(0,oo), and the Mellin transform 
of the latter is 

r(i-f iOcos iir(iH-i<) a:»-"/(i— it). 


Hence 


m 


.smxy 


— 00 

X 00 

Also J f{y) dy == ^ J '^{^^U)~^dt. 

0 - 00 

If / is self-reciprocal, the right-hand sides must be equal; since each 
integrand belongs to L{-ao,co), they must be equal almost every- 
where (Theorem 32, p. 47). Hence ^(i+t'O is even. Conversely, if 
fpi^+it) is even, the right-hand sides are equal; hence so are the 
left-hand sides, and so / is self-reciprocal. 

9.5. Functions of Lp. 

Theobbm 137. If a function f(x) of Lp{0,oo), where 1 <p <2, is 
its own cosine transform, then it is of the form (9.1.7), where 

g(«) = 2*T(i«)0(a) 

is an analytic function which (i) is regular in the strip 

1 < a < i ip' = (9.6.1) 

p p \ p—l) 

(ii) tends to 0 uniformly a« a ->-oo inside any interior strip, and (iii) 
satisfies (9.1.6); the integral in (9.1.7) is a mean-square integral along 
any line of the strip (9.6.1). 

This is a one-sided theorem, with conditions which are necessary 
only and not sufficient. 
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If f{x) belongs to L^, its cosine transform belongs to so that 
f{x) here belongs to both and and therefore to all inter- 
mediate classes L^. In particular it belongs to and so satisfies the 
conditions of Theorem 136. 

The function g(5) reduces to the of Theorem 136 when 

s — i+it, but 5(^) is now an analytic function, regular in the strip 
(9.6.1). In fact 


00 

J \f{x)\x°-^dx 
1 



and these integrals converge for the values of or stated. It follows in 
the usual manner that Q(s) is regular in the strip, and bounded in 
any interior strip. 

Again, we can write g(5) in the form 

5(«) = (/ + J + fjf(z)X-^X^dz = gi(«) + g*(«) + g3(«)- 


Let T) > 0, and 


l/p'-j-rj ^ <7 ^ Ijp — 7]. 


(9.6.2) 




as 8 0, and we can therefore choose 8 so that |3fil < e for all s in 

(9.5.2). Similarly, we can choose A so that Igg] < c. When 8 and A 
are fixed, 0r2 0 uniformly as 5 -> oo in (9.6.2). Hence 5 ^ 

formly in (9.5.2). 

It follows from Theorem 136 that 5 ( 5 ) satisfies (9.1.6) ons = \-\-it, 
and so throughout (9.5.1). 

Thus g(5) possesses the properties stated in the theorem, and it 
remains only to prove (9.1.7). This is true for c = J, by Theorem 136, 
so that it is sufficient to prove that the value of the integral is 
independent of c; and this follows by the argument of § 6.4. 


9 . 6 . The previous theorem is a one-sided theorem, and we cannot, 
in view of the asymmetry of the theory of transforms about the 
number 2, expect in this case a theorem as satisfactory as Theorem 
136. There is, however, a very similar class of functions for which 
we can obtain a complete solution. 
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We shall say that f{x) belongs to L*(0,co), where 1 < p < 2, if 
*“/(*) belongs to L^{0,oo) for 

1,1 11 

ao- 

It is plain that /(a:) then belongs to i®(0, 1) for g < 2. Suppose now 
that p < g < 2. Then we can choose a < so that 2ga > 2—q; and 
then 

? / ? \ 9 / 2 / ? \( 2-«)/2 

J \f\^dx ^ I J dxj < 00 , 

so that/(a:) belongs to i®. If also /(a;) is its own cosine transform, it 
belongs to so that a self-reciprocal f(x) of L* belongs to all 
i-classes between and though not usually to either of these. 

The class of self-reciprocal functions of L* is thus in this respect 
a little wider than the class of those of L^, In other respects it is 
narrower. Suppose, for example, that h{x) is defined by 
h(x) = 2-^ (wf-l < a; < n!-fl, n = 2,3,...), 
and h{x) — 0 elsewhere. Then h{x) belongs to for every positive 
r, but to no L*, since 2 2“^^ is convergent j but 2 divergent 

for every positive a. The cosine transform of h{x) is 

nl + l 

n!-l 

which is continuous and 0{x-^) at infinity, so that H^ix) belongs to 
for r > 1, and to Z* for 1 < p < 2. Thus h(x)+Hc(x) is a self- 
reciprocal function which belongs to 1/ for all r > 1, but to no L*, 
Theorem 138. A necessary and sufficient condition that a function 
f(x) of L*{0,co) should be its own cosine transform is that it should be 
of the form (9.1.7), where 5(5) satisfies the conditions (i), (ii), (iii) of 
Theorem 137, and (iv) belongs to L^(—oo,oo), qua function of t, for 
all a of (9.5.1). 

(i) The condition is necessary. Since f{x) belongs to for 
p <r < p\we have only to show that 5 ( 5 ) satisfies condition (iv). 
This results immediately from the theory of transforms, since 


ao 

2f(«) = J dx. 


and x^-if{x) belongs to Z/* if |<r— i| < oo, i-e. ii 1 /p' < a < l/p. 

(ii) The condition is sufficient. Since 5(5) belongs to on the 
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line a = c+it, the integral (9.1.7) exists as a mean-square integral 
for all c in question, and as before its value is independent of c. It 
therefore defines a function f{x) independent of e. Since 

CO 

**■*/(*) = ^ J dt 

— 00 

for jc— < cxq, and the right-hand side belongs to for every such 
Cif{x) belongs to L*. Finally, by Theorem 136, /(a?) is self-reciprocal. 

9.7. Analytic functions. We shall say that f(x) belongs to 
A (a, a), where 0 < a < tt, a < i, if (i) it is an analytic function of 
X = regular in the angle defined by r > 0, \0\ < a, and (ii) it 
is 0(|a:|“®-*) for small x, and 0(|x!® for large x, for every positive 
€ and uniformly in any angle 10| < oc— q < a. 

Theobem 139. A necessary and sufficient condition that a function 
f{x) of A{ocy a) should be its own cosine transform is that it should be of 
the form (9.1.7), where ipis) is regulcur^ and satisfies (9.1.6), in the strip 

a<a < 1— a; (9.7.1) 

^(«) = (9.7.2) 

for every positive rj and uniformly in any strip interior to (9.7.1); and 
c is any value of a in (9.7.1). 

(i) The condition is necessary. The integral 

00 

J /(a:)**-i dx (9.7.3) 

0 

is absolutely convergent for a < or < 1— o, so that 2f(«) is regular 
in (9.7.1). Also, /(a:) belongs to L*, and it follows from Theorem 136 
that 5(«) satisfies (9.1.6) on a = ^, and therefore throughout (9.7,1), 
or, what is the same thing, 0(s) satisfies (9.1.6). 

Also, f{x) satisfies the conditions of Theorem 31, with j8 = « and 
b = 1 — 0 . Since 

m = 5(«)2-**/r(is), I r(|«) 1 ~ liiiK'-i, 

it follows that 0(s) satisfies the conditions stated. 

(ii) The condition is also sufficient because Theorems 31 and 136, 
on which we have based the argument, are reversible. 

9.8. More general conditions. The next theorem is of a more 
general kind here /(*) does not necessarily belong to any L- or 
A((x, a)-clas8 
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Theorem 140. Lei f{x) be integrable over any finite interval; lei 

—►00 

= J f{y)<ioaxydy (9.8.1) 

0 

exist for every x; and lei 

-►00 

2f(«) = J /(a:)«*~^ dx (9.8.2) 

->0 

exist for |or— < a, where a > 0. Then a necessary and sufficient 
condition that FJ^x) = f{x) almost everywhere is that 3f(«) should satisfy 
{9,1,5) for |a— ^1 < <x. 

Let i < jS < i+oty and 

9(a:) = 

1 

Then g{x) is bounded. Hence if a </3 

X X 

J f{x)af~^ dx = j g'(x)x‘-P dx 
1 1 

X 

= g{X)X-P-{a-p) J g(x)xf>-P-^ dx 
1 

/ ^ \ 

= 0(1)+0^|«| J x-P-^dxj = 0(|«|) 


for all X. Similarly, 


for a > J— a. Thus 


J f{x)xf-^dx= 0(1«|) 


l/X 


jf{x)3f-^dx= 0(|«|) 


IIX 

in any strip interior to |or— < a. 

It follows by dominated convergence that 

l+ioo 


f 

277* J 


m 


X 


. 3 -« 


i~ioo 




ds 


i + ioo 




~ 2mi J ^ ^ / (a-l)(«-2)(«-3) 

-►0 l-iao 

= -i J/(^)(x-f)*d|. 


ds 
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and that 


* + ioo 


i-ioo 


2ni j (a-l)(«-2)(a-3) ’ 

i + lQO 

= — . r r(«— 3)cos W 55(1— 5)a:3“« ^ 

27n J 

*-{oo 

—*•00 i 4 - ioo 

= ^ J j r{s-3)cos^8n{xi)->ds 

-*0 1—100 

->oo — 2i+<® 

= ^ j J r'(«)8mjsir(a:^)-»«fo 


— 2J— 100 


0 



If Q(3) satisfies (9.1.5), it follows that 


0 



di. 


But, as in the proof of Theorem 118, (9.8.1) gives 



F^(v) dv = 



1— cosa:^ 


d^- 


We may integrate over (0,x) by uniform convergence; hence 


X X ( u 



and, differentiating three times, it follows that f{x) = F^x) almost 
everywhere. 

Conversely, if/(x) = Ff,{x) almost everywhere, the argument shows 
that l+i® 

i_ r gW-V(2Mr(a)cos^s,rg(l-s) 

2ni J («-l)(s-2)(«-3) 

l-ioo 

for all values of x. Since the integrand belongs to L, it must be null 
(Theorem 32, second part). Hence 5(«) satisfies (9.1.5) on a = J, and 
so throughout its region of regularity. 
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If the conditions are satisfied, /(a:) is represented by (9.1.7) in the 
(C, 1) sense, by Theorem 32. 

9.9. A general theorem. Even if (as in the case f(z) = x-^) the 
integral (9.8.2) does not exist for any s, it is possible to obtain a result 
corresponding to (9.1.5), but involving the functions 3f+(8), 3r_(^). 
We shall deduce our result from the following theorem, which is 
frequently useful. 

Theorem 141. Let (f>{w) be regular in the strip ^ Ug, and 

let ^(u-\-iv) be i(--oo,oo) (or L\—oOyCo))y and tend to 0 as u-> 
for V in the above interval. Let tp{w) have similar properties in 
6i < V < b^y where b^ < a^. Lei 

ia + oo ib + oo 

J dw + I ^w)e-^dw = (i (9.9.1) 

i6 — 00 

for all Xy where < a < Ug, 6i < 6 < 62. Then ^ and ^ are regular 
for bi< V < a^y their sum is 0 in this strip, and they tend to 0, as 
ih 00 , uniformly in any interior strip. 

Consider first the L case. Multiply (9.9.1) by where $ = i+irj, 
a < 7) a a 2 y and integrate with respect to x over (0, 00 ). We can 
invert the order of integration by absolute convergence, and we obtain 

ia + oo ii)+oo 

r ---j. dw + r dw — 0 (a < 7) < o,). (9.9.2) 

J w—^ J w—C 

ia—oo — 

Now move the line of integration of the ^-integral to v = Ug. We 
obtain 

iat+oo i6 + oo 

r dw r dw = —27Ti<f>(Q (a < 7 ) < Ug). 

J W—C J W—l 

16-00 (9.9.3) 

The left-hand side is now regular for 6 < ry < Ug- therefore pro- 
vides the analytic continuation of — 27ri<^(0 throughout this strip. 

Similarly, multiplying (9.9.1) by e^^^, where bi < t] < b, and inte- 
grating over (— 00 , 0 ), we obtain (9.9.2) with bi < tj < b. Moving 
the line of integration of the ^-integral to = 6^, we obtain 

la+oo i6i + oo 

/ v^\ J (^1 < ^7 < ^)* 

ia -00 i6i-oo (9.9.4) 

This provides the analytic continuation of 27ri^(5) over 6 ^ < 7 ^ < a. 
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If 6 < Ty < a, the left-hand sides of (9.9.3) and (9.9.4) are equal, 
by an obvious application of Cauchy’s theorem. Hence 


in the strip. 

Also 

I iaa + oo I 


m - -m 


! 


' <a ,— 00 




a c; 00 . u 

— W u ' -u 


which tends to 0 as | ±oo, by choosing first V and then Similarly, 
for the other term on the left of (9.9.3). Hence ^(0 -*■ 0 uniformly in 
the strip. 

In the L* case (9.9.2) follows from (9.9.1) by the L® case of 
Parseval’s formula, and the argumeilt then proceeds as before; in 
the last part we put 

iOa— 00 ' ' — 00 —00 

+{ J u^2 J i^(«+*«a)r + 

u 

+ [£f^ J 

and again choose first U and then 


9.10. Application. Theorem 142. Let f(x) be integrable over every 
finite interval, and tend to 0 at infinity, and let 


fix) 


-70/ 


f(y)coaxydy 


(9.10.1) 


for aU but a finite set of values of x. Then almost everywh&re 

(X + ioo j3-{~ioo 

/(*) = ^ / J "^Mx-ds 

a— ioo ^p^ico 

05 < 0, a > 1), (9.10.2) 
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where the integrals are (C, 1) integrals; 5«(5) is regular for a ^ 0, and 
5+(^) for or > 1; and the functions 


5-fW- / -l5-(l-“«)r(«)cos isTT, 


g_(5)- / -)g+(l-«)r(5)cos i«7r 


(9.10.3) 


are regular for 0 < a < 1, except possibly for simple poles at s == 
and their sum is 0 in the strip. 

X X 

Let /i{a:) = | /(«) du, f^f^x) = J /^(m) du, 

0 0 

etc. Then, as in the proof of Theorem 113, (9.10.1) gives 


AC*) 






(9.10.4) 


Let g_(«) = I f(x)x‘-^ dx, g+(«) = J f(x)x‘-^ dx. 

1 0 

These are clearly regular for or < 0 and a > 1 respectively; and (9. 10.2) 
holds by the ((7, 1) analogue of Theorem 24, for Mellin integrals. Let 

-J + ioo 

= / »-Ws--9=2)*- 


-J-ioo 


— I + lOO 


f 

27TI J 


— J — ioo 
f + 100 


3f+(l— ^)r(5)C0S 


r2-8 


{s-l)(s-2) 


ds -j- 


+ 2 ^ J 

|-ioo 
l + ioo 


I — ioo 

= <*>l(*)+<I>2(*)+<t>3(*)+®4{*)- 

We may insert the above integrals for etc., and invert, by 

absolute convergence. We obtain 

00 -i+ioo 

X 1 -l-ioo 

= J Siy)ip^—y) dy (x > 1 ), 0 (* < 1 ), 
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1 l+ioo 

0 1 — ioo 

1 

- / yf(y) dy (a: > 1), 

0 

X 1 

— / yf(y) dy —X J f{y) dy (a: < 1). 

^0 X 

X 1 

Hence Oi(a:)+<I> 3 (a:) = | f{y)(x—y) dy —x j f(y) dy 

0 0 

for all a: > 0. Also 

1 — 1 4- ioo 

Oj(a:) = “^(1) J J ^(3-2)008 \s'n{xy)- ds 

0 — l-ioo 

0 

00 l + t’oo 

<I> 4 («) = - y Q ^ J f{y) dy I* r(5- 2)cos i«77 (xy)-» ds 

1 §-<00 

' 1 

Altogether « 

J dy +ax+bx\ 

’ 0 

where a and h are constants. Hence, by (9.10.4), 

-|+ioo 

— J~tOO 

| — ioo 

= 0 

for every positive x. The result therefore follows from Theorem 
141, with an obvious change of variable. 

A similar result holds if /(a;) does not tend to 0, but (9.10.1) holds 
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everywhere. The proof is similar, but with an extra factor 3 in 
the denominator. 


9.11. The Second Solution. A similar set of theorems might be 
constructed for the second solution obtained in § 9.2. It will perhaps 
be sufficient to prove one of them, and we take the case of analytic 
functions. We shall say that f{x) belongs to A ♦(to, a), where 
0 < CO < Jtt, 0 < a < ^, if (i) it is an analytic function of x = 
regular in the angle A* defined by r > 0, \d\ < to, and (ii) it is 
for small x, and 0(|x|“~*+S) for large x, for every positive 
S and uniformly in any angle \9\ < to— < to. 


Theorem 143. A necessary and sufficient condition that a function 
f(x)ofA*( cOf o) should be %ts own cosxne transfomt xs that xt should be of 
the form (9.2.4), where c is any positive number, the integral is the limit 
of an integral over {c—iT, c-\-iT), and fi{s) has the properties 

(i) fi{s) = is an analytic function of s, regular in the angle 

j5(to,a) defined by p > 0, 1<^1 < i7r+2to; 

(ii) pl(s) is 0( |s I small s, and 0{ |s |*®+^) for large s, for every 
positive S and uniformly in any angle |<^| < i7r+2to— 5 < 

(iii) p{s) satisfies (9.2.3) in B{a),a). 

The conditions of regularity and order follow from Theorem 31. 

It is then only a question of proving that (9.2.3) is necessary and 
sufficient for /(x) to be self-reciprocal. 

Integrating (9.2.4), we get 


C+iao 

1 r . 1 

j 

c~ioo 


27ri 


cf 100 

J ds, 

c — ioo 


the other term being zero, by an obvious application of Cauchy’s 
theorem. Again, 

c+ioo 

== r ds, 

y 47rt J 

c~ioo 

and hence 




C+1® 



c — ioo 


ds J dy 

U 
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c+ioo 

= ^. J da 

c—ioo 

c + ioo 

= f ei^'»a-ij-] da, 

47n J xsj 

c— i® 

the inversion being justified by absolute convergence. It follows 
that 

CO C+i® 

0 c— i® 

and hence that the condition (9.2.3) is both necessary and sufficient. 


9.12. Examples. 

(1) If 0(«) = 1 in (9.1.7), then 

f(x) = f(x) = 2*“**'a:>'+*e-*^* 

in the cosine and general cases respectively. The conditions of 
Theorem 139 (and a fortiori those of the less special theorems) are 
satisfied. 

If 0(«) = P(i— «), where P{u) is an even polynomial, or an even 
integral function of order less than 1, we find that 


fi^) = 2 2 ^p^P(2n+i) 

'• n — 0 

is its own cosine transform. If P{u) is a polynomial, /(a:) = 
where Q{u) is a polynomial. 

(2) Sonine’s polynomials !'“(*) are defined by 


T«ix) = V 

’ Zr!(«-r)!r(n+v-r+l) 


If 

then 


f(x) = a?'!r?(a;)e-*®, 

® 

0 0 

= V = 1 


r-O 


g{x) = a:»+*e-*®’3^(a:*), 


If 
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00 

fi(3) = «*•’+* J g{x)x?’+ie-i^* dx 
0 


Hence 


mW = (— 7 » 

\3 


and g{x} is according as n is even or odd-t 

The parabolic cylinder functions D^ix) may be defined for integral 
» by 2 „ 

On+t 

and xT^ix^) = 

Thus D 2 n{x'^ 2 ) is ±1?^ according as n is even or odd, and 
is according as n is even or odd. This is equivalent to the self- 
reciprocal property of Hermite polynomials (§ 3.8). In fact it is easily 
verified that 

H 2 n(x) - (2n)\ Vtt = (2n+ 1)! ^nxT\{x^). 

In the case v = ^ ParsevaFs formula gives 


OO C“l xoo 

|* dx = J <l>(w)(f>{8--w) dw 


C + IOO 

2irt(n!)* J «>)’*+* 


2irt(n!)* j «>)’*+* 

c—ioo 

Denoting this by a)(«), and putting w = w'+ls, we obtain 

0.(6) = -1- 

27ri{n\Y J 

c'—ioo 

Changing s into l/«, and then putting w' = it follows that 

ai(l/a) = «*a>(«). 

CO 

If now fiiia) == « J ®~*-Di„+i(a:) .a:*e-**’* dx, 


we have 


, , {(2»+l)!}*ir , , 


t A. Milne (1), B. M. Wilson (1). 
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and hence ^^{s) satisfies (9.2.3). Hencef 
is Ri. 

For negative (not necessarily integral) n we have 

00 

0 

It follows that 


J dx = 

0 


r(«)r(-in-is) 

24»+i»+if (— n) ’ 


It is then easily verified from the formulae of § 9.1 thatj 
a:''+tci**Z)_2,_3(x), x>'-‘el5*D_2,(x) 

are R,. 


(3) If/(a:) = sechx.^(^7r), we find that 

m = 2l^'’r(s)L{s), 

where Z,(s) = • 


(9.12.1) 


and 5(*) satisfies (9.1.6) by the functional equation for L(s) (§ 2.11). 
This is another example of Theorem 139. 

we find that 5(«) = (27r)“J*r(a)$(«). Taking v = | in the formulae 
at the end of § 9.1, we obtain 

where ^(s) is Riemann’s ^-function. This is an example of the 
analogue of Theorem 139 for sine transforms. 

Other self-reciprocal functions are associated in a similar way 
with the functional equations of other Dirichlet’s L-functions. For 
example the functions 

cosh(Ja:V7r) 1 

cosh(xV7r) ’ 1 + 2 cosh{a:-^(§ 7 r)} 

t Mitra (1), Watson (4). J Varma(l). 
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are they are associated with 

respectively. And 

sinh(ia;V7r) smh[xyj{l7r)} 

cosh(a;V7r) ’ 2 cosh{a;^(§7r)}— 1 

are they are associated with 

“ 2 *"'''{((tr+ l>''”(Sq:5)'-) 

respectively. 

(4) It is easily verified from (7.1.8), (7.1.9) that 

/(a-) = cos(Ja:2 — Jtt) 

is its own cosine transform. This does not belong to any L-class, 
but is an example of Theorem 140, The integral (9.8.2) exists for 
0 < (7 < 2, and (5(5) = 2^«“^r(l5)cos J7r(5— 1) satisfies (9.1.5). 

(5) The function f(x) — x-^ is its own cosine transform, and is an 
example of Theorem 142. Here 

3 — 2 3— t 

and 

5+(«)-y(^)5-{l-«)r(3)cOsi3,r = 

which has a simple pole at 3 = 0, and is regular for ct > 0. 

A more general example of the same kind is 

f(x) = (0 < o < 1). 

(6) It follows from (7.5.6) and (7.5.7) that 

cos ^aj^+sin 
coah{x^{in)} 

is R^, and from (7.5.10) that 

sin ^x^ 
ainh{x^{^iTj} 
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is Rf. These are examples of Theorems 139 and 143, but ^(«) and 
n(a) do not seem to be particularly simple. 

(7) Taking /{*) = 

we find ^8) = r(lHlTi^rr(iv+j-is)’ 

SO that 0(5) == 0(1—5). By Theorem 140 f{x) is its own Hankel 
transform of order v. In this case, however, f{x) behaves like 
for. small a;, and x”! for large a:, and does not belong to L*, or to any 
ZfP for which p < 2. 

In the case v = —^ the resulting formula is 

-) f ^yJ-i{^y^)coBxy dy = Va:J_j(ix*). 


70J 


Differentiating twice with respect to x, we obtain formally 


Ml 


0 

This is true if the integral is taken in the (C, 1) sense, but it does not 
come under any of our general theorems. A discussion of functions 
self-reciprocal in this sense is given by Mehrotra (8). 

(8) Let f{x) = a:l”’'(a;2— 6*)} (x > b > 0), 

Then „ ® (0 < a; < 6). 

5(a) = J 

b 

00 

by (7.11.6); and, A’^(a:) being an even function of /*, (9.1.8) follows. 

Here f{x) is 0{(a:— h)*”-*} near x — b, and ©(a;-*””*) at infinity; 
it belongs to £* if v > 0, and to IP and Z* if v > |1— 2/pl. 
If— l<i'<0itisa case of Theorem 140. 

(9) The function 

/(*) = a:'+‘(a:*4-o*)-l'’-lJr,,+j{o7(a:*+o*)} (fl > 0) 

is By (see Watson § 13.47 (2)). By Watson § 13.47 (6) we find 

^(a) = 2-t(?y’”'V_„(a*). 
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9.13. Lattice-point formulae. There are some interesting 
examples of self-reciprocal functions in the analytic theory of num- 
bers.f Let r{n) denote the number of representations of n as a sum 
of two squares, and let 

= 2' r{n)‘—7rx, (9.13.1) 

0<n<x 

the dash implying the insertion of a factor | in the last term of the 
sum when x is an integer. Then 

/(x) = x-«[pg)-l} (9.13.2) 

belongs to jBg- 

It is clear from the definition that f(x) = 0{x^) as x->0. That 
P(x) = 0(x^) as x->QO is comparatively trivial, and in fact it is 
known J that P(x) = O(x^), Hence f(x) = 0{x-*) as x->oo. Hence 
f{x) is and is and L* if p > 

We have 

CO 00 

5(«) = J J 

0 0 

the integral being convergent, and g(3) analytic, for — | < or < j. 
The last integral is 

00 00 

f( 2 »•(»)— wa:)**’"* da; = f ( ^ r(»)— 7rx|x»*-l dx, 

J U<n<x I i 'l<n<x > 


and this provides the analytic continuation of 55 ( 3 ) to a < — J, there 
being a simple pole at 5 = — J. If a < — ^ 


and 


00 ^ V+1 

f 2 dx = 2 f {r{l)+...+r(v)}a;**“l da; 


where 


z(.) _ 2 


r(n) 


n-1 




4C(«)Z-{s), 


t See Hardy (17), Hardy and Titchmarsh (4), 212-3. 
} Landau, Vorlesungen iiher Zahlentheorie, 2, 204-8. 

S 



266 


SELF-RECIPROCAL FUNCTIONS 


Chap. IX 


L(8) being (9.12.1). Hence 

Now Z(1 -8) = Z{s) 

by the functional equations for $(«) and L(s) (pp. 65-6), or inde- 
pendently, f Hence 3f(«) satisfies (9.1.8) with y = 2, and Qof(x) is iJg. 

It follows from the analogue for Jg'fransforms of Theorem 136 
(p. 248) that (9.1.3), with y = 2, holds in the mean-square sense. 
In fact it holds in the ordinary sense, i.e. 

0 

for every positive To prove this we require the analogue for 
Jg-transforms of Theorem 58 (p. 83). It is easy to obtain this 
analogue by adapting the argument of § 8.18. There we justified the 
inversion of 

A 00 

J J^{xu)^{xu) du J Jy{uy)^{uy)f{y) dy 
0 0 

by the uniform convergence of the inner integral. If f(x) is L*, the 
inversion is justified by the mean convergence of the inner integral, 
and the result is a case of ParsevaFs formula for Hankel transforms. 
Having obtained the inversion, the rest of the proof is the same as 
that given in § 8.18. 

Putting y = f = yH^TTx), (9.13.3) gives 


P{x)-^\ 

2Trx 

Now 

2irV{(N-l-l)a;} 




^ 27rV{(»+l)jc}’ 


n ll=*0 


2rr^/(nx) 


-XmO)+ 

„4o y 2,rV(»=^) 2^V{(«+1M /“ 

27rV{(N + l)a;} 


t See e.g. Mordell (2), Potter (1). 
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" 2 /^ ^ 2n^{nx) ^ 

^ +0(1)1 

^ 0 ^ 
for N -> CO, X fixed. The terms involving J^2TTyj{(N +l)x}'\ are 

— >00 

and, since [ J^(t) dl ~ 1, we obtain finally! 


P(x) = Vr 2 


(9.13.4) 


n-l 


It has been proved by Walfisz| and Oppenheim|| tliat, if rj^(n) is 
the number of representations of n as a sum of p squares, and 

Pp{^) 


0Kn<x 


X^P 

r(i-t-Jp) ’ 


then 


F^(x) = zip 2 


the series being summable by Ces^ro’s means of sufficiently high 
order. It follows that 


X-l-iPiP, 


- Ix^\ 
p (—l- 
'Vrr) 


1 


belongs to If we take p = 3, and use Walfisz’s result 

P^(x) = we find that f{x) falls under the obvious extension 

of Theorem 136. This is not true for any larger p. 

If we take p = 1, we find that 


[v(L)])’ 


where [u] is the integral part of u, belongs to JS|, as may be verified 
directly. 


9.14. Formulae connecting different classes of self-reci- 
procal functions.!! The simplest such formula is given by 

Rule 1. If f(x) is its mm cosine {sine) transform, then 

00 

g{x)^ j f{t)e-=^dt (9.14.1) 

U 

is its own sine {cosine) transform. 

t See Hardy and Landau (1), Hardy (15). J Walfisz (1), (2). || Oppenlieim (1 ) 

tt Phillips (1), Hardy and Titchmarsh (6), Mehrotra (1), (6). 
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Supposing, for example, that f{x) is its own cosine transform, we 

have ^ m « 

00 00 00 

^(-j J $r(^)sma;^ dt — J J sina:^ dt |* dy 

' Q ' 0 0 

00 00 

= J /(y) J ^ 





X 


Now /(- 


X 


, ^ - is the cosine transform of c-®*', and fly) is its own 

Tr/x^-fy* 

cosine transform. Hence Parseval’s theorem for cosine transforms 
gives 



w) J dy = j f{y)e-^y dy = g(x), 


and the rule follows. The example with /(<) = 8ech{<^(f7r)}, g(x) R^, 
has been observed by various authors. Rule 1 is a particular case of 

RtTLE 2. Iff(x) belongs to i?„, and 


« + too 


k{x) 


= ^ j 2*r(Hi/*+i»)r(i+iv+is)x(s)*-»ds, 


C-<00 


where 

then 


x(«) = x(l— »). 

00 

9f(a;) = J f{y)Hxy) dy 


(9.14.2) 

(9.14.3) 

(9.14.4) 


belongs to R,. 

A general formula for f(x) of R^ is 


c+ioo 


/(*) = ^. J 2**r(jH-i/*+i«)^(«)a:-»d«, (9.14.6) 

c—ioo 

where tfi{s) = ^(1— «). By (2.1.22), 

C + <00 

= ^ J 2*-*T(HJ^^Js)^(l-s)2T(Hi/*+i-)X 

X r(J+iv+i«)x(a)x-* ds 


c—ioo 
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c I 

= J 2i»r{Mv+ls)^,{a)x-> ds, 

c — 1*00 

where ^i(«) = 2‘r(| + 

Since = ^^(l— «), 

gf(a:) is of the same form as (9.14.5), with ^ replaced by v. This 
proves the rule. 

Since the rule is symmetrical in /a and v, a kernel which transforms 
into also effects the converse transformation. 

Taking /a = J, v = — 2 » vice versa, we obtain 

c+ ico 

l{x) J r(«)x(»)^-'' ds, 

C—ioo 

where x(5) satisfies (9.14 3), as the general kernel which transforms R^ 
into R^ (or vice versa). Rule 1 is the case x(«) = 1/2 Vtt. Taking 

2r^+I«)r{TZis)’ r(ia)r(i-ia)’ 
we obtain 

k(x) = Jo(x), xJaix), 

as other kernels with the same property. 

Taking x(^) = 2 *p+**'“* in the general rule, we obtain 
k{x) = 

and, in particular, Kq{x) transforms R^ into itself. 

Taking xio) = 

we obtain k{x) — x^'’~^^^+^J^n+^y{x); 

2in-iv-i 

«.d taking *(.) = j,-;,,. 

we obtain k(x) = 

Naturally any of these rules, once they have been obtained, can 
be verified in the same way as Rule 1. 


9.15. Other rules for such transformations may be obtained by 
combining those already known. For example, if we iterate Rule 1, 
we obtain « » « 

g{x) = J e-**' dy J f(t)e-v‘ dt = j dt (9.16.1) 
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843 a function which is (iJ,) if f(x) is R^ {R^. This transformation 
is not of the above form; but it is of the form 


00 


(9.16.2) 


with 1c(u) = l/( 1 + This suggests a general rule for transformations 

of this type. 

Rule 3. If f(x) belongs to and 

c + ioo 

(9.16.3) 

where x(«) = (9.15.2) belongs to R^, 

If f{x) is given by (9.14.5), (2.1.17) gives 

c + ioo 

g(a:) = J 2**r(J+Jv-l-Js)i/'i(s)a;“*ds, 

c — ioo 

where ^i(^r) = r(j+|fi+j5)r(j+|/i— ^5)0(«)x(l-~«). 

This verifies the rule as before. 

In the particular case /x = y, (9.15.3) reduces simply to 

C+lOO 


k{x) 


27ri 




where Xi(^) == equivalent to 


Hence 




(9.15.4) 


Rule 4. If f{x) belongs to R^, and k{x) satisfies (9.15.4), then g(x), 
defined by (9.15.2), belongs to R^, 

It is easy to verify this directly in the usual way. 

Particular cases are ^ 

= (!+*«)»/«’ 
a.«a/5-i) 

or, more generally, k(x) = 

Taking /(*) = x''+lc“*®*, which belongs to R,, and a = 2, j5 = 1— v, 
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we obtain „ 

0 

00 

= a:»-e‘*’ J dt 

X 

(putting = t^) as a function of In particular! 

00 

J e-»'‘ dt 

is K 1 

The formula g{x) = x*+‘' J dg 

0 

for functions of where h(i/) = h(l/t/), is derivable from the above 
rule by taking /(z) == and making obvious transforma- 

tions. 

Taking /t = — v = J, we obtain 
Rule 6. 1/ f(z) belongs to Be, and 

Cf too 

*(*) = T- f ~~r' *"* 

2t J smjaw 

c—ioo 

where x(^) = 

00 

g(x) = ^jf(y)k(i^dy 
0 

belongs to Rg, 

For example, if x(^) = 1» then k(x) = ll(l+x^), and 


dy. 


If x(s) = '^Wr(i+is)r(i— i«)* 

k(z) = (1-a:*)-* (0 < a: < 1), 0 (a: > 1), 


and 


X 

g{^) = J 


/(y) dy 


There are, of course, similar rules for transformations from JJ, 


to B. 


t Hardy (1). 
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9.16. The main interest of the above rules is in their formal 
appearance. A considerable variety of theorems about them could 
be constructed.f We shall give here only one, applying to Buie 2. 
The reader should have little difficulty in dealing with the other 
rules in the same way. 

Theorem 144. Let f{x) and k(x) be lr*(0,oo), and letf{x) be R^. Let 


?(«) = / f{y)K^j) dy 


(9.16.1) 


be also L^(0,oo). Then, in order that g(x) should be R,,, it is necessary 
and sufficient that B(s), the Mellin transform of k{x), should be of the 

form (9.16.2) 

where x(<) = x(l“*)> ^ right-hand side is L^{^—ico,^-\-ico). 

By Theorem 72, with g(x) replaced by k{xy). 

00 i-|-<oo 

J /(y)*(*y) <^2/ = 2 ^- J 5(«)«(i-«)y*~‘ ds. 

0 i-ioo 

The Mellin transform of g(x) is therefore 

®(«) = 5(l-s)«(«). 

By the analogue for of Theorem 136 

5(s) = 2»T(i+J^+is)^s), 
where 0(«) = ^(1— «). If g{x) is J?„, we have also 
®(s) = 2»»r(i+iv+is)a,(s), 
where w{s) = a>(l— «). Hence 

n(g\ _ 2*»r(|+^v+^s)a>(s) 

> 2»-*T(i+J/i-is)iA(l-a)’ 

which is of the form (9.16.2), with 

x(«) = V2r(J+J/*+J«)r(f+^/t— J«')i)(a)/^(1— «) 

satisfying x(«) = Hence the form (9.16.2) is necessary; and 

the reversed argument shows that it is sufficient. 

9.17. A series formula for self-reciprocal functions may be 
derived from the function 




Us’)])’ 


t See e.g. Mehrotra (1). 
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which belongs to Let k(x) be a kernel which transforms R^ to Ry. 
Then, by Rule 3, 

c+ioo 


C—iao 

c-f ioo 


and xk'{x) = f 2*r(l+i«)r(i+Jv+J«)x(«)a:~*ds 
m J 

c — i^ 

is a kernel which transforms i?| to Ry. Hence 

00 

= J f{y)xyh'{xy) dy 
0 

00 nV( 27 r) 

” 2 * J 


00 °° 

= 2 * W( 2 ^)} - J <^(«) 


should be a function of Ry, 

The rule may be verified as follows. Let 


c + ioo 


Then 


Hence 


*(*) — f da (c > 0). 

2ir» J 

c—ioo 

c'+i« ^ 

I k{nx^(2n)} = I m y {nx,l{2n)}-ds (c' > 1) 

imml JTrt J ^ 

c’-ioo 

C'-ftoo 

= ^. J il(«)(27r)-‘*i:(«)x-* da 

c' — ioo 
c + ioo 

- 2 S J 

c—ioo 
c+ioo 

?(«) == ^- J* H(«)(2ir)-**J(«)a;-* da. 
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If k(x) transforms to R„, then by Rule 3 

m = 2«r(is)r(j+iv-f is)x(«). 
where x(«) = Hence 

©(«) = R(«)(27r)-*»{(«) 

where Xi(«) = 

Hence Xi(«) = Xi(l-«) 

by the functional equation for ^{s). 

Hence g{x) belongs to R^, by (9.1.9). 

As examples, let k{x) = c“®, v = ^. Then 

is as in § 9.12 (3). 

Taking k{x) = J[,(a:), another i?, function isf 

Taking k(x) = a:**'+*Aj„+j(x), we obtainj 

f {wa:V(2iT)}‘*'+lA*„+j{wxV(2fl-)}- 

n-1 

as a function of By. 

t See § 2.10 (vi). 
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1 

2 * 


J Watson (1). 



X 

DIFFERENTIAL AND DIFFERENCE EQUATIONS 

10.1. Introduction. In this chapter we use Fourier’s integral 
formula and its related formulae to obtain the solutions of certain 
differential equations. The general method is to transform a 
differential (or other functional) equation, involving an unknown 
function, into a relation involving the Fourier transform, or some 
similar transform, of the original function. The new relation may 
be simpler, and so lead to the solution. 

That certain differential equations can be solved by means of 
definite integrals was shown by Laplace and Cauchy. The main 
object of this chapter is to present some cases of this familiar method 
as exercises in the use of Fourier’s integral formula. 

The chapter is merely a collection of examples illustrating the 
possibilities of the method. Most of them are familiar, and the solu- 
tions are to be found in standard works. The methods usually 
employed, however, are more or less tentative, and often make no 
explicit use of Fourier’s theorem. Here we aim at solving the 
equations subject to simple conditions which justify a 'priori the 
process used. 

10.2. Ordinary differential equations. We shall first give a 
method of solving ordinary linear differential equations, due to 
Bromwich. f The method, in its rigorous form, depends on Theorems 
33 and 34. 

One of Bromwich’s examples is 



where x(0) = Xq, x''(0) = x^, y{0) = y^y y'(0) = y^ are given con- 
stants. 

It can be seen a priori that x(t) and y{t) are integral functions of 
exponential type. For example, by further differentiation and 
elimination we obtain 

x''\t)-\-C^x''(t) \-C 2 X' {t)-{-c^x(t) = 0. 

■f Bromwich (1). 



276 


DIFFERENTIAL AND 


Chap. X 


Hence = 0. 


If |a:<’">(OI ^ {^(0}"* for m = l,2,...,»+2, it follows that 
|a^»+»)(0| < (|c2|+...+ |C3|){/i:(<)}»+* < 
provided that K(t)'^\, K(i)'^ |ci|+...4-|c3|. Hence x{t) is ex- 
pansible by Taylor’s theorem, and 


woi = |2»* 


^ n! ’ 


80 that x(t) is an integral function of exponential type. Similarly 
for y(f). 

Hence, by Theorem 33, 


x(f) = 5^- J dw, y(t) = ^ J dw, 

^ (10.2.2) 
where f(«>) and are regular for \w\ > B, say, and zero at infinity; 
and C is a simple closed curve surrounding |w| — J2. 

The differential equations then give 


J" {({u>){w*—4cw)—‘ri{w){w—l)}e''*dv} — 0, ' 
6 

J {ii‘w){w+6)+ri{w){w^—w)}e'^dw = 0 . 

c ' 

({w){w*—4:w)—ri{w){w—l) = p{w), \ 
${w){w-\-6)+r){w){w^—w) = q{w). / 


(10.2.3) 


(10.2.4) 


Then p{w) and q{w) are regular for |«>| > R, except for poles of the 
first order at infinity. Hence, by Theorem 34, they are linear 
functions of w, say 


p{w) — a-f-6w, q(w) = ot+^w. 
Also, from (10.2.2), 

“ 2^ J ^ 2^ J 

c c 

and hence, by Laurent’s theorem, 

\lw\y 

for large |w|. Similarly, 

7)(w) = 

w'w^ 


(10.2.5) 


( 10 . 2 . 6 ) 

(10.2.7) 
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Substituting (10.2.5), (10.2.6), (10.2.7) in (10.2.4), and equating 
coefficients, we find 

p{w) = («)— 4)a;o+a:i-yo, q(iv) = a:o+(M’-l)yo+yi- 

Solving (10.2.4) for ^ and q, we obtain 

, , ^ wp(w)-\-q(w) , . ^ — {w+Q)p(w) + {w^—^w)q {w) 

' (w+l)(«;-2)(u;-3)’ ' (u;2-1)(m;-2)(m;-3) ' ’ 

The values of x{t) and y(t) now follow from (10.2.2) by the calculus 
of residues. For example, the term in x(t) corresponding to the pole 
at M? = — 1 is 


-?>(-l)4-g(-l) , ^ Oxo-ar^- yo+yt < 
12 12 


Naturally the method is quite general. Another simple example is 

0 , 


^4.2n— + 




where x{0) == 0, x'{0) == A, y(0) = 0, y'(0) = 0. This is given by 
Jeffreys, Operational Methods^ § 3.31. as an example of the operational 
equivalent of the above method. 


10,3. If we are given a linear equation whose coefficients are 
polynomials of degree m, and treat it by the above method, we have 
to integrate by parts m times, and the transform of the original function 
satisfies a differential equation of the mth order. Consider, for 
example, Bessel’s equation. 


^ 1 ^ 
X dx 



2 = 0 , 


where v > 0. Putting z = w'e obtain 


dx^ 


X dx 


I^t us seek a solution which is an integral function of exponential 
type. Let it be 

y = J dw. 

a 
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Then 


Hence 


xy = “ J 

o 

I "2S 

c 

J {2wYj{w)+w^rj'{w)}e^'*^ dw, 

c 

j [(\-{-w^)r}\w)—(2v — \)wr)(w)}e^^*^ dw = 0. 


The factor in brackets has at most a pole of the first order at infinity; 
hence, by Theorem 34, 

(\-{-w^)ri\w)--{2v--\)wri{w) = a, 

r){w) = o(l+w*)*’-» J 

Since rj{w) is regular at infinity, 6 = 0, and 


OD 

rj(w) = J 


di 

(52+l)..fi> 


where we take the branches of 1)*'“^ and (^^+1)*'+* which are 
real on the real axis, and suppose the plane cut along the imaginary 
axis from — i to %, Then «, 

^ 27rtJ ^ ^ ^ J a^+lY^^ 

C w 

This can be reduced to a more familiar form. Let w; be a point on 
the imaginary axis between 0 and i, w' the same point after a circuit 
has befen made round i. Then 
y{w)—ri{w') 


Now 


= o{ 14 -u>*)'’-* J 

— c 

J 




W 

dc 






dC 

{ 52 +i).+r 




.g-2irf(i'+|) 


w 

/ 


dC 

(^2^_1)V + 1> 


where the suffix denotes the branch obtained by cuts from — ioo to 
— t and i to too. Hence a, 

7}[w)—r}(w') = o(1+m;®)'’-* J = oA’(l+w;2)''-», 
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where K depends on v only. Hence 

1 1 

y =z Ki ^ ( 1 — dv = K 2 j (1—v^y-^coaxvdv. 

-1 0 

10.4, If we put z = = 4i in Bessel’s equation, we obtain 

The solution corresponding to 2 = J^,{x) is not an integral function 
for general v. Let us look instead for solutions y{t) such that 
y{t) = 0{e^) as ^ 00 for some positive c, and y(0) = 0. 

Such a solution is representable by a Fourier integral, by Theorem 
24. Itei f(t) = y(t) for t > 0, and/(0 = 0 for « < 0. Then F_(w) = 0, 
and F^.{w) is « 

Y(w) = J dt (10.4.2) 

0 

for V > c. Since y(t) is continuous and of bounded variation in any 
finite interval. Theorem 24 gives 

la + A 

2/(0 = 7; i -Jim f Y{w)e-^'^dw, (10.4.3) 

■Yv^^/ A— ►oo J 
ia— A 

for < > 0, a > c. 

Integrating (10.4.2) by parts, we have 

— ►(» 

^(2tt)Y{w) = r y'{t)e^«*dt, (10.4.4) 

tW J 
0 

the integrated term vanishing. Similarly, 

oo 

^{27r)Y'{w) = J ity(t)e^^ dt 
0 

—►00 

= -^ J {2/(0+<2/'(0}e*“'d<. (10.4.6) 

0 

Integrating by parts again, 

—*■00 

^{2n)Y'{w) = f {2y\t)+ty'’{t)}ei-Ut 

IW J 
0 

= i f {(•'+l)2''(0-2/(0}e'“’'d« (10.4.6) 

IW J 
0 



DIFFERENTIAL AND 


280 


Chap. X 


by (10.4.1). The last integral is convergent since (10.4.4) is; the 
integrated term i 


twr 


must therefore tend to a limit as 1 ->■ oo, and the limit can only be 0. 
From (10.4.2), (10.4.4), and (10.4.6) it follows that 

v+1 


Hence 


\ w turj 


w %w^ 

Y(w) = 


Y{w). 


ia-k-oo 


yif) 


= _Z - f 

V(2») . J 


^-iwt+ljiw 


dw. 


ia— 00 


This is in fact a multiple of l*'’Jy(2Vl), by (7.13.9). 

10.5. A similar method may be used to solve differential equations 
with a given function on the right-hand side. To take a simple case, 
consider ™ 

(<> 0 ), 

where all the functions concerned are of the form O(e^) as 1 ->• c». 
If w > c. 


4i2n)Y{w) = j y{t)e^<^dt 


_ _y(0) y'(0) 1 


IW 

integrating by parts twice. Hence 




CO 

J y'’(t)e'^dt. 


OO OD 

<!>(«’) = J dt = J {y''(<)+*V(<)}c*"* dt 


i.e. 


Y(„) = ^ 


1 t«n/(0)— y'(0) 


k^—to* k*—w^ 

Hence for a sufficiently large, in particular a >c. 


i<i+ A 


^ ^(2fr) A-«o J (i*— w* yli^) k^—w* J 

ta— A 
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In the first part we can insert the Fourier integral for 4>(t/;), and 
invert, by absolute convergence. We obtain 

00 ta + oo t 

— J 4>{x) dx J W-x) dx, 

0 ia—oo 0 

evaluating the inner integral by the calculus of residues. The remain- 
ing terms are . , . 

y(0)cos kt +y'(oy—^. 

Hence < 

2/(0 = J/{0)cosi/-{-y'(0)^^-f-i J <f>{x)smk(t—x) dx, 

U 

the usual solution. 


10.6. Partial differential equations. Obtainthe solution v(x,t) of 

dv d^v ....... 


dt dx^ 


(—00 < .r < 00, t > 0 ) 


( 10 . 6 . 1 ) 


such that t’(.T, 0) = f(x) (^oo < x < co). 

This is the classical problem of the flow of heat in an infinite rod 
with a given initial temperature distribution, v being the temperature, 
t the time, and x the distance along the rod.f 
Formally we proceed as follows. Let 

00 

“V(S) / 

— 00 

Then <» oo 

8(“V(2'') j »< V(2”) J S** 

— 00 — 00 
00 

— oo 

integrating by parts twice, and assuming that the terms at the 
limits vanish. Hence 

V{tt) = A{$)e-(\ 

where .4(^) depends on | only. Putting / = 0, 

00 

— 00 

t Hiemann- Weber, 2, §30; Carslaw, Heat, § 16. 


T 
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F being the transform of /. Hence 

ViU) = F(i)e-('>, 

and the solution is a> 

— 00 

or, in terms oif{x), „ „ 

v(x, 0 = ^ J* j /(tt)e''f“ i 


00 00 

= ^ J /(«) du I 

— 00 — QO 

= 4^ J 


( 10 . 6 . 2 ) 


That in fact v(x,t) ->f(x) aa t->0 follows from the theory of 
Weierstrass’s singular integral. The method would be justified e.g. 
if all the functions concerned belong to L(—oo,oo). But the follow- 
ing procedure is much more general. 

Suppose that lv(a?,<)| < for some c and all ty with similar con- 
ditions on any of the partial derivatives which occur. We shall say that 
such a function is of exponential type. 

Let v{Xyt)-^f(x)y as ^->0, for almost all values of x. Then 
|/(a;)| < almost everywhere. 

Let 00 0 

J v{x, dx, V.{C, t) = J V{x, dx, 

0 — 00 

where C = Then V+ exists and is regular for > c, K. for 

1 ) < — c. 

Now if ij > c, 

0 0 

= — C® j* dx 

= -vJO, t)+mo, t). 
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This is an ordinary differential equation, of which (e.g. as in § 10.6) 
the solution is 

t 

Ka,t) ^ Aa)e-C‘-^J {vJ0,r)-i^v(0,r)}e(‘- dr. 

0 

Making < -> 0, oo 

A(0 = limF^C^.O = -77^, f dx = F40 

t-^0 V(2^) j 


by dominated convergence, since v(x,t) “>/(x) for almost all x, and 

lv(x,t)e^f^l < 

Hence t) = t), 

where x(L 0 is an integral function of ^ which -> 0 as f -> ± oo. 

In the corresponding argument with K- the integrated terms 
appear with the opposite sign, and we obtain 

V4U) = F.a)e->^’‘+xiU). 

Hence, by Theorem 24, 

ia+A 

^ J + 

ia-X 

ib^X 

+^)lim J {F40e-i’‘+x{U)}e-^^^dC. 

ib—X 


The contribution of x is plainly 0. The contribution of F+ is 

la + oo 00 00 ia+co 

JL J dt J /(«)e‘“f dM = ^ J /(«) du J di 


ia-oo 


(inverting by absolute convergence) 


0 

Similarly for F^, and we obtain (10.6.2) as before. 

We do not know whether, for a unique solution, it is necessary to 
assume that v(Xyt) is of exponential type. But some condition 
bearing on v{x, t) and not merely on f{x) is necessary. It is an easily 
verified rule that, if v{x, <) is a solution of (10.6.1), then so is 
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Hence, v{x^ t) = x being a solution, so is 

as is easily verified; and this function tends to 0, as ^ 0, for every 

X, without vanishing identically. It is of course unbounded near 
a; == 0 as ^ 0 (e.g. for x = Vi^), so that it does not satisfy the con- 

ditions of the above analysis. 


10.7. Obtain the solution v{x,t) of 

S-S («>o.<>o) 

such that v(x, 0) = 0 (a: > 0), t;(0, t) = f{t) {t > 0). 

This is the problemf of the conduction of heat in a semi-infinite 
rod, initially at zero temperature, the end being suddenly raised to, 
and maintained at, a given temperature f(t). 

For a formal solution let 


Then 



v{x, ^)sin ^x dx. 


II2\ Cd^v 


V \7r/ J 


sin ^x dx 


cos dx 


= — ^|~j^|[t;cos^a;]*+^ J vein^xdx 


= 7 


Hence 


76 

V, = J ef«/(«) du. 


Since v(x, 0) = 0, T^(^, 0) = 0, and hence = 0. Hence 

00 t 

v(x, t) — ^ j ^e-(‘‘amix j ^“/{u) du 
0 0 

t Riemann-Wober, 2, § 40; Carslaw, Heat, § 23. 
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r 00 

= - J f(u) du J 

0 0 
t 

2\7t j 


That this tends to f{x) in general follows from Theorem 13. 

For a rigorous proof suppose again that v{x, t) is of exponential 
tjrpe. Let « 

0 = J v{x, dx (t) > c). 


Then 


w = J s'“' 


= -Oj(i,0+*W)-V(2”«*>', 

integrating by parts twice. Hence 

t 

0 

As before, A(Q = 0; if /(«) and Vj.{0,u) are bounded in a finite 
interval, the other term is 

o(c-f’' J dt^ = 0(1^1“^) 

as I ± 00 . Hence, by A* theory, 

ia 4- 00 t 

e-t*(:x_i 


v{x, t) 


L ^ 

2 tt 


^ J ^ dl^ j {i^f{u)-v^(0,^ 

ia — 00 0 

for a: > 0, while the right-hand side is 0 for x < 0. The repeated 
integral is absolutely convergent, and we may invert, and then 
replace a by 0. The term in f{u) contributes 

i 00 

J J ( 1 — 


= 1 ^ f /(«){! 

2>/iTdxJ •'' '^ ^ V(<-«) 

u 

f 

“4V7rJ''^^ (<-«)* 
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The contribution of the other term is an even function of x. Changing 
the sign of x and subtracting, we obtain the same result as before. 


10.8. Obtain the solution of 

dv _ d^v 


■ a.h', 


where v(x, 0) = 0 (x > 0), t'(0, <) = f(t) {t > 0). 
Proceeding as before, we obtain 


00 



Hence t 

0 

^{^) = 0 as before, and 

t 00 

v(x, <) = “ |* /(«) du J ^e<f'+“’X“-‘%in ^x di 
b 0 

t 

u 

The rigorous solution may be obtained as before. 


10.9. Noiret 


dv cH 2 /n ^ ^ 1\ 


where v = {x = 0, t > 0), v — 0 {t = 0, 0 < x < 1), and 

g.o (x = o. 

Here we take t as the variable of the Fourier integral, and suppose 
that \v{x, t) I < for all x. Let 


0 = J v{x, t)e*if dt {7} > c). 
0 

t See Jeffreys, Operational Methods, p. 70. 
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Then 


itt® 7(2”) J 
0 

“v® / 1+4“''“ 


[“■“'C- -7^, J <" + ““ 


7(277)'-'''' --o V(2 

Hence F = A(C)coshy(a.^—il)x}-\-B(l^)sinh{^\oc^—iQx}. 
When X = 0, ^ 

7(2w) J iC-J{2TT) 


Hence 


>1(0 


8V 


iU{2n)‘ 


When X = I, ~ — 0. Hence 
dx 

^(08inh{V(a2—iOO+i>’(Ocosh{7(a2-iOO - 0. 

Hence 

*W(2’^)L cosh{7(a'*— *0/} J 

_ _ Vq cosh{7(a*— iO{a;— 0} 

iCyJi^n) {cosh7(a'*— I'OO 

Hence for < > 0 

v(xt) = -^ r cos1>W(«--^'0(-<^-0} ,-.7<<^4 

27rt J cosh{7(a*'— iO/} ^ ’ 

ia — 00 

Here a.TgyJ{oL^—i^) varies from Jtt to — Jtt, and the integral is 
absolutely convergent if 0 < a; < Z. 


10.10. Obtain the solution o/f 

dv d-v Idv ^ ^ ^ V 

e7 = i?+r» ('>'>.’■>“) 

«mcA ZAaZ r(r, 0) = 0 (r > a), r(a, /) — /(/). 


t See Nicholson (2), (Jloldstcin (2). 
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Suppose that v{r, t) = 0(e"+^). If 

00 

y{r, 0 = J v(r, t)e^i‘ dt {rj > c), 

0 

then <o 

0 

00 

= [wc’'^]“— J dt 

0 

The solution of this may be written 

V{r,0 = A{OH^^^{r^(iO}+BamrM)}, 

yvYlGTG 

HiHz) = Mz)+iYo(z), = Mz)~iY,(z). 

Let ^ = i+ik, V(iO = V = i'+W- Then 

= -k, 

i.e. C' varies along a branch of this rectangular hyperbola, say the 
upper branch. On it 

Since V(r, J) = 0(e®^) in the upper half-plane, we must have B{C) — 0. 
Also, as r o, „ 


Hence 
and the solution is 


Ad) — 

- Hn«v(ic)}’ 


i^+oo 

ik—<x> 


where Jtt < arg^(i5) < Jtt. 

For suitable functions f{t) we can make ^ 0, and obtain the 

solution in the form of integrals along the real axis. 
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such that 


(»>o,o<!,<6) 


!.=/(») to = 0, 0 < I< 00), 

V = 0 (y = 6, 0 < a; < CX)), 

V = 0 (a: = 0, 0 < 2/ < 6). 

This is the problem of the steady distribution of heat in a semi- 
infinite strip with the edges kept at given temperatures. f 
Formally, let 

oo 

VM^y) = Ji^ J v{x,y)iim(xdx. 

Then «, 

" V w J " 

0 

® 0 

00 °° 

® 0 

= 

Hence Vg = A (^)cosh ^y+ )sinh ^y. 


Hence Vg = A (^)cosh iy+ )sinh $y. 

00 

Making y -»■ 0, A($) = J J /(a:)8in ix dx, 

0 

so that i4(^) is the sine transform of f{x), ,4(^) = Fg{^). 
Putting y = b, 

^(|)co8h^6+H(^)sinh^6 = 0, 

H(|) = -coth^6oF.(|). 

Hence _ i;(^)(cosh ^y-sinh ^y coth ^b) 

i;T/ixSinh^(6-y) 


= Fg{^)- 


sinh ^6 


f Carslaw, Hea/, § 45. 
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0 

In terms of / this gives 

= /(«) du j s>” di 


= a^f jM co»(6-i,W6T 


•/6 + cosh (x —u)7rlb 

1 




cos(6— j/)7T/64-cosh(a;+M)7 

That this tends to ^{f(x+0)+f{x—0)} wherever it exists, follows 
from Theorem 18; for 

sinhg(fc-y) ^ >a sinhgy 

sinh^ft sinh^6’ 

and the contribution of the last term is clearly 0. 

Suppose now that v(x,y) = 0(eP^) cw a; ->oo, uniformly with respect 
to y, where njb < c < 27r/6. oo 

Let V{t,y) = J v(x, dx, 

0 

where c < ij < 2nlb. Then 

dy^ 


0 

= _ (%iUdx 

J dx^ 


= — J dx 

== 9{y)+^I{2ir)tW, 

where g{y) = t)j.(0,y). Henee „ 

V(Ly) = -4(Ocosh5y+i5(OsinhCy+-^^i^ J sinh^(y— tt)g(tt) dw. 

0 

Making y -> 0, we obtain, by dominated convergence, 

00 

MQ = /{a:)e'«:-da: = F{i), 
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and making y->by ^ 

0 = 24(5)cosh^6+fi(J)sinh$6 + -^;i-- f Biviil{p--u)g(u) du. 

0 

Hence ^ 

V«,„ = I _ 


sinh^t/ 


^(27r)J sinh 


0 

J sinh l^{b—u)g{u)du. 


Hence if c < a < 27r/6, 

<a+oo 


V(2^ 


k! 


i« — 00 


ia + oo 


+ 




sin hg(y-6)8inhgtt .. _ 

C8inhC6 


la- 00 

h 


ia + ao 


i 


sinh gy sinh C(b-u) 
{ sinh ^6 


-ljg{u)du 

y ia—oo 

^v(x,y) (a: > 0), 0 (x < 0). 

Replacing x by —x and subtracting, we find that, for a; > 0, v{x, y) 
is equal to the above expression with replaced by — 2i sin l^x. In 
this form, if we replace a by 0 in the last two terms, we obtain 0; 
but if a > 7r/6, the pole at $ = iirfb gives a residue term of the form 


Xsin^sinh^. 
b b 


(10.11.1) 


In the first term we may insert the Fourier integral for F(() and 
invert, by absolute convergence. The result (again allowing for the 
pole at ^ = irr/b) is oo 

/ /(u)xM du, 


where 

v(u) = — sin — 
xy«') 26 6 


/ 1 

1 \ 

\ cos «■+ cosh ^-r-^ n 

\ 0 b 

b—y , x,x-[-u 1 

cos TT + cosh -y— TT J 


2 . 

-6“" 6 


— sinh^e-**'/*. 


We obtain the same solution as before, plus a term of the form 
(10.11.1), which isasolution ofthe corresponding problem with/= 0, 
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The solution in this case is therefore not unique, unless we make 
some hjrpothesis which excludes such a term. 

10.12. Obtain the solution of 

(-0C < =. < cc, (> 0), 

such that y{Xy 0) = f{x), yt(x, 0) = g{x). 

This is the problem of the motion of an infinite string with a given 
initial displacement and velocity, y being the displacement at distance 
X along the string at time t. 

For a formal solution, let 


Then 


— 00 

dt^ ^{2n) J 


' dx 


00 

^J{2n) j 


dx 

8z^ 


= 

integrating by parts twice. Hence 

Y = A(^)coB$t+B{$)sm$t, 
and clearly A{$) — F{^), $B(i) = 0{$). Hence 


00 oo 


— 00 

The first term is 


00 00 


— 00 

and the second is 


1 f 

2n J 


' du 


^ - dl J g{u)e^i”i 

— 00 

=.1 J J J 


X + t 


x-t 
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x^t 

Hence y(*,0 = i{/(*+0 +/(*—<)} +i J g{v)du, 

X — t 

the classical solution. 

For a rigorous solution let y{x^i) = and similarly for the 

partial derivatives. Let 

CD 0 

Y4C, <) = y{x, dx. r_($, J y(x. i)e<(^ dx. 

0 —00 
where exists for t ) > c,Y_ for t ) < — c. Now 

--- / 

0 0 

00 00 

— J dx 

0 u 

where = y^iOJ), ^{t) = y(0,f). Hence 

i 

= A(t)coa^l+B{Osintt—-j^^^ J sin C(«-«){^(tt)— dtt. 



and the initial conditions give A{^) = F^(0> == ^+{0- Then 

Y^(U) = F4i)co8^t+^-^O^mnCt+x(Uh 

where x integral function which tends to 0 for £ =- i+ik, 

f -> ± 00 . Similarly, 

Y4U) = F.(0cosi<±^-iG_(08inC<-x(S>0. 

<a+A i6+A 

“V(t)£S.J +v(L)IL” j 


ia-X 


ib-X 


where a > c, b < — c. The contribution of x(C)0 f^i® The 
contribution of F is 


<a+A 

<o-A 

ib+X 

<6— A 
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The contribution of 0+ is 

00 ta-f 00 

^^g(u)du J 

0 ia— 00 

(inverting by the bounded convergence of the ^-integral). The 
([-integral is w if x—t <u < x-^t, and otherwise 0. Similarly for 
(7_, and we obtain the same result as before. 


10.13 Obtain the soltUion o/f 
8t^ a** 


(0 < X < < > 0) 


such that y(0,t) = 0, y{l,t) = 0, y(x,0) = fix), and y,(x,0) = 0. 

This is the problem of the vibration of an elastic string with fixed 
ends, y being the displacement of the string at distance x along the 
string at time t. 

Suppose that y(x, t) and its derivatives are 0{c^) for some c. Let 


Yix, 0 = J yix,t)e^^dt 

0 

for 7} > c. Then 

0 0 

® 0 

= = itf(x)-iyi2n)Y. 

0 

X 

Y = .4(0cosJx-|-.B({)sin(;x-f--j;^ f /(«)sin 5(x— «) 

V(2v) J 


Hence 


The initial conditions give Y (0, { ) = 0, 7(i, ([) = 0, Hence .4(0 = 0, 
and I 

H(0sinCl+^|^ J sin 0^— «)/(«) du = 0. 


t Riemann -Weber, 2, § 85. 
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Hence j 

i sin 


- 


^(27r) sin 


/(«)8in l{x—u) du 


» BinC{l — X) r ,, V . y , 

, \ --ir f(u)saiiu du — 

Irr) sinCi J 


Hence 


V(2' 


ia + Qo 


i sin 
^(27r) sin 


( 

J f{u)Bin^{l—u) du. 




1 r sinC^a;) . 


sin 


la — 00 

ia + oo 


X 

^ J /(i^) 8 in 


+ 


I J/M8in$(Z-tt^ (10.13.1) 


If we replace t by t-\-2l and subtract, we introduce a factor 
2isin5Zc~^i^ and the resulting integrals tend to 0 when a -> — oo, if 
t > 0. Hence the solution has the period 21, and wc may suppose 
0 <t < 2L We then write 


1 

sin 


= — 2tVf^+ 


^2iCl 

sin 


and the contribution of the last term is seen to be 0 on making 
a -> 00 . The contribution of the first term may then be deduced from 
Fourier’s theorem. For example, the first term in (10.13.1) gives 

ia+ao X 

L J dt J /(tt)(e‘{“-e-i««) du. 

ia—o:) 0 

The first terms in each bracket give 

-y{2l-x-t) 

if 21— 2x < t < 21— X, and otherwise 0. The complete solution may 
be written 


where /(x) is defined outside (0,/) by saying that it is odd and. has 
the period 21, 

If /'’(a;) exists everywhere and is continuous, the whole process is 
plainly valid. In other cases the differential equation is not satisfied 
everywhere, and the given conditions are not strictly consistent. 
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Suppose, for example, that f(x) = x (0 < a: < ^l), f{x) = l—x 
< x < Z). Then /'(a;) = 1 or —1, ai\df{x) = 0 where it exists. 
To cover a case of this kind we could restate the problem by assum- 
ing that, instead of the differential equation, y satisfies 



for every Z, for all but a finite number of values of x, and that dy/dx 
is bounded in x for each L Then 


0 

0 Xt 

^Xt -*0 0 Xi 

Xt 

^assuming that yda;“>OasZ->oj 

X, 

Xi Xi 

gay iCflx) 

Hence exists, and is equal to analysis then 

proceeds as before. 

Another equationf which may be solved in a similar way is 

(»<*<'). 

where p is a constant, y{x,0) = g(lx—^x*), y{0,t) = 0, y((x,0) = 0. 


10.14. The problem! of the waves on a plane sheet of water, caused 
by a disturbance of strength f{t) at a fixed point (the origin), depends 
on the solution of 


8 (^ 





{r>0,t> 0), 


t Jeffreys, Operational Methods, p. 59. 


X Lamb, Hydrodynamics, p. 297. 
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0 

If the surface of the water is initiaUy flat and at rest, <t>(r, 0) = 0 and 
0) = 0, and the usual partial integration shows that the right- 
hand side is — Hencet 


Hence 


Since 0 must be bounded for 1(5) > 0, J5({) = 0. Also 

0 0 

= lim(-27rr— ^ = lim— = 2,rA(5). 
r-,o\ dr) r-O c \cf 

ia + oo 

ia—oo 

00 la-foo 

0 ia-® 

The inner integral is 0 if < < and otherwise it is 

2fr 


Hence 




3nce i-r!c co8h-\rf/r 

If f(u)du C /(t_rco8hA)dX. 

0 ® 

10.15. Obtain the solution ofX 

^ « (X > 0, y > 0) 

dxdy 

such that u(x, 0) = a, u(0, y) — a. 

t See Wateon, J 3.6. t Bateman, Partial DiffererUM Equatioru. p. 125. 


U 



208 


DIFFERENTIAL AND 


Chap. X 


00 

Let U (C, y) = J uipc, y)^'^ dx 


for Tj > c. Then 

dU _i r ^ 

V(2^) J dy 


dy 


dx 


= 1 \due^i-f 1 

V{27r)[ay J„ 


_ _f/ 

iC 

since (with sufficient continuity) Uy{0, y) — 0. Hence 

ua,y) = AiOe^'l^. 

Making y -> 0, 

00 

r/ 


^(0 


V(2rrj J 


oe*^-* dx — — 




ik+00 


Hence 


by (7.13.9). 


u{x 




a C 


iX* — oo 






a/o(2V(a:y)} 


10.16. Differential-difference equations. f We shall illustrate 
the general method of solution by considering the simple special case 

f'{^) = ^^{f{x+h)-f{x-h)}. (10.16.1) 

We shall first assume that f(x) = for some positive c. It 

follows by repeated appeal to the equation that f(x) has derivatives 
of all orders, each of which is and iff(x) satisfies the equation, 

so does/*(x) = /(O)— a;/'(0), and /*(0) =/*'(0) = 0. Hence we 

may suppose without loss of generality that/(0) = /'(O) = 0. 

Define F^(w)y F_{w) as usual, for v > c, t; < — c respectively. Then 

0 

t Hilb (2), Titchmarsh (16), Kitagawa (1), Dickson (1). 
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as \w\ ->oo; and similarly for F_(w). Hence (1.3.4) and the formula 
obtained from it by differentiating under the integral sign are both 
valid; and (10.16.1) gives 


00 


j (-i» 

ia — CO 


e- 


■ihw ^ihw\ 

2A ) 




dw-i-... = 0, 


where +... indicates the corresponding term with 6 and F_ instead 
of a and F^, Hence, by Theorem 141, 

( sin Ait; \ n / v / v /sin hw \ r, / x / x 

—j wjFJw) = xM, I— wjF_(w) = -xM, 

where xM is regular for 6 < v < a, and x(^) -> 0 as w -> ±oo. Hence 

ia + 00 ifj-hoo 

y/(27r) J sin kw—hw yj(2n) J sinhw—hw 

ia~ CO ib — CO 

This is the sum of the residues at poles in the strip b <v <a. There 
is a triple pole at the origin, giving a quadratic in x. The other zeros 
of the denominator give exponential terms. Hence 

fix) = A + Bx+Cx^+ 2 (10.16.2) 

where A, B, Cy are constants, and Wy runs through zeros of sin hw^hw 

other than 0 such that |I(iiv)l 

If we do not assume that/(a;) = 0(6^'*'), we can proceed as follows. 

1 f 

Let K.pM = J dx. 

a. 

Then 


J f(x+h)e^«’^ dx 

a 


P+k 

J /(x)e‘«’<* 


oc-\-h 


-^^dx 


= e-<«”^^(2iT){F^p(w)+Fp^p+^[w)-F„^^^^(w)}, 

and similarly with ~h. Also 

P. 

j /'(«)€<“’* da: ===/()3)e‘«’^-/(a)e«“'“—iu;V(2w)J?’„,(5(M>). 


On multiplying (10.16.1) by e*”’® and integrating over (a,j3), we thus 
obtain 


y/(2n)ih-^(8mAw—Aw)F„p(w) — 0Jw)—0fi(w), 
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where 




a.a+i 




and similarly for ^p{w). Now 

ia+oo 

fix) = J F^p{w)e-*'^ dw {(X <x <P) 

ia—co 


for any real a. Choose a so that no zero of sin At/;— Aw; has the 
imaginary part a, e.g. take a positive and sufficiently small. Then 


ia+oo 



ia — 00 


sin Aw;— Aw; 


dw-- 


ia+oo 

A f 

2irt J wa.hw—hw 

ia—oo 


It is easily verified that for a fixed j8, and I(w;) = t; > 0, 

0^(w;) = O(e^^'ft). 

Also we can choose a sequence of contours, e.g. the squares with 
vertices at 2n7rA~^(±libi), OR which lain Aw;— Aw;| > C\w\. The usual 
process of contour integration then gives 


ia+oo 

J sinhw—hw ~ ^ cosAm^^— 1 

ia—oo 


{x < /3— A), 


where runs through the zeros of sin hw—hw in the upper half-plane. 

The coefficients in this series are independent of J3, since 

^ \ ’^^2A 2A / 

Similarly the term involving <I>^ gives a series depending on the zeros 
of sinhw—hw in the lower half-plane, convergent for x > a+A> 
together with a quadratic in x arising from the triple zero at w; = 0. 
The result is that (10.16.2) again holds, w^ now running through all 
zeros of sin hw—hw except w; = 0, and the series converging uniformly 
in any finite interval. 


10 . 17 . The equationf 

/(”)(*)+"2 o^/^^+AJ = g{x) 

V— 0 

t For another method see Schmidt (1). 
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can be treated in a similar way. Consider the case in which each 
function is By putting 

/y.n-1 

we can reduce it to a similar problem in which 


m =/'(0) = ... =/<"-«(0) = 0; 

and repeated partial integration then shows that w^F^.{w) belongs to 
Zf*(io— co,io+oo) if a > c, and similarly for F_(w). It follows as in 
the previous section that 

ia+co 

j G'+(w)}e-^du>+... = 0, 

ia— CO 

n-1 

where K(w) = (—iw)”^+ 2 


and the integrals are mean-square integrals. Hence, by Theorem 141, 
F^{w)K{w)—0^(w) = x(^)» F_(w)K(w)—0_^(w) = —x(^) 

where x(i^) is regular for 6 < v < a. Hence 


> V( 2 ») J K{w) 

ia— 00 

il 

J 


+ 

'ibAao 


K(w) 


where a and 6 can be chosen so that all the zeros of K(w) in 


— c < t; < c. 


but no others, lie in 6 < v < a. The terms involving x(^) 
calculated by the theorem of residues. The result is 

ia+oo ift+oo 


f{x) = 


1 f q^) 

V(2ir) J K{w) 

ia—00 


e-^dw 


1 r 0_(w) 

J K(w) 

ih-ao 


g-tew dw + 


+ 2 

where runs through the zeros of K{w) in the strip — c < v < c, 
and is a constant for simple zeros, a linear function of x for double 


zeros, and so on. 

We have used L* theory in the proof, but there is no difficulty in 
avoiding it, e.g. by first integrating twice, so that all the integrals 
dealt with are absolutely convergent. 

The problem can also be solved by the method of the last section 
in the case in which the functions are not 
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10.18. Difference equations. A pure difference equation can be 
solved in the same way. Take, for example, 

f{x+l)—f{x) = g{x) 

with the usual assumptions about / and g. This is equivalent to 

io+oo 

ia — 00 

t64-oo 


Hence 


i6 — 00 


F+{w)(e-^'«—l)—G+{w) = xM, 
F_{w){e~^'^—l)—0_{w) = — x ( m ’)> 
where x{w) is regular for 6 < w < a. Hence 


ia + 00 


f(x) = -r^ f 


ift + oo 


V{ 2 ^). J 




dw. 


ib— 00 


The terms involving x(^) merely represent a function of period 1, 
which is obviously part of the solution. Hence the solution is 

ia f 00 

/(*)=/*(») J + 

ia-oo 

id + oo 

I 1 f O-M 

ib-oo 

where /*(*) is any function of period 1. 

The formulae are valid in the i* sense if belongs to for 

some c. Under more special circumstances we can reduce it to 
other forms. If we expand l/(e“*"’— 1) in powers of e'**®, we obtain 
formally 

which is obviously a solution if the series converges. 



XI 


INTEGRAL EQUATIONS 


11.1. Introduction. Thk most familiar form of integral equation is 

b 

f{x) = sr(a:)+A J k(x,y)f{y) dy, 

a 

where g(x) and k(x, y) are given functions, and f(x) is to be deter- 
mined. 

The equation can be solved by means of Fourier integrals in certain 
special cases; these are, roughly, the cases in which k(Xy y) is of such a 
form that the integral is a ‘resultant’ of one kind or another. 

We shall usually suppress the factor A, which is of no importance 
in most of our results. 

First take k{x,y) = k{x—y), and the limits — cxd, oo, so that the 
equation is 

f{x) = g(x)+ J k{x—y)f(y)dy (—00 < x < co). (11.1.1) 

— 00 

A formal solution may be obtained as follows. With our standard 
notation for transforms, we have 


00 00 

— 00 — 00 

CO 00 

7^) J J k(x—yy^'^dx 

— 00 — 00 

OQ 00 

= j f(y)dy J dl 

— 00 — X) 

= a(u)+,I(2n)F(u)K(u). 

F(,A =r 

l-V(27r)A'(«)‘ 
and the solution may be written 


Hence 


( 11 . 1 . 2 ) 

(11.1.3) 


to 
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Also, (11.1.4) gives 




C-**" du 


00 

= J 


K{u) 


^(2n)K(u) 


e-ixu 


If 


Tun V ■«'(«) 

l-V(2rr)A(tt)’ 


and m(3;) is the transform of M(u), this gives 

00 

S(^) — (/(«)+ J g{t)m{x—t) dt 

— 00 

as another formal solution. 

The equation ^ 

fix) = jr(a:)+ f fiy)k(^ ^ 


J 


y 


( 11 . 1 . 6 ) 


( 11 . 1 . 6 ) 


may be reduced to the form (11.1.1), or solved similarly by Mellin 
integrals. The formal process is 

00 “ 00 

af(«) = ©(«)+ j x»-^dx j f{y)k^ Y 

0 0 

= ©(«)+ J fiy) ^ J dx 

0 0 

00 00 

= ©(«)+ J fiy)y*~^ dy J k(u)u*-^ du 

0 0 

and the solution is 

c— too 

This can also be reduced to a form corresponding to (11.1.5). 

The simplest conditions under which the process is valid are 
given by 

Theorem 145. Lei g(x) belong to L^(—co,co), and kix) to L(—co,cx>), 
andlettheupper bound of K(u) be less than l/^(27r). T/ien (11.1.4) j/tves 
a solutum of the equation of the class L^, and any other solution of L* is 
equal to it almost everywhere. 
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Clearly 0{u)f{l—^{2n)K(u)} belongs to L*, so that (11.1.4) exists 
in the L* sense, and defines a function/(x) of L*; as in § 3. 13 

00 

h{x)= J k{x—y)f{y)dy 


exists for almost all x, and belongs to L^; and, by Theorem 65, if 
F, H, K are the transforms of /, h, k. 

Hence the transform of fir(x)+/t(x) is 


^(2n)0{u)K{u) _ 0{u) 

^ i-^{2iT)k{u) l-yj(2n)k{u) 


= F{u). 


Hence g{x)-\-h,{x) — f{x) 

almost everywhere, i.e. the equation is satisfied. 

Conversely, if / and g are Z/®, kia L, and (11.1.1) holds, then by 
Theorem 65 (11.1.2) holds, and hence (11.1.4). This proves the 
theorem. 

If also k is Z/®,so are K and M, and (11.1.5) is equivalent to (11.1.4). 


11.2. The homogeneous equation. We have shown that, so 
far as the class L* goes, the solution is unique. But under special 
circumstances there may be other solutions not of L®. If there were 
two solutions of (11.1.1), their difference would satisfy the homo- 
geneous equation 

00 

/(«) = J k{x—y)f(y) dy (— oo < x < oo). (11.2.1) 

— 00 

This equation is satisfied formally by putting f(x) = c“®, if a is such 
that „ 

J k{t)e-^dt=l. (11.2.2) 

— 00 

We shall next show that, under fairly simple conditions, the only 
solutions of the homogeneous equation are of this type. 

Theorem 146. Let 0 < c < c', and let e®'i*ii:(x) belong to L and 
g-ci*i^(x) to L*(— 00 , 00 ). Then, if /(x) satisfies (11.2.1), it is of the form 

fix) = 2 i (11.2.3) 

V J9 — 1 

whereWyrunsthrovghallthezerosofl—^{27r)K{w)suchthat\l{Wy)\ < c, 
the are constants, and q is the order of multiplicity of the zero Wy. 
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It is at once verified that (11.2.3) is a solution of (11.2.1). 

To prove the theorem we observe that, with the usual notation, 
K(w) is analytic for — c' < v < c', F+(w) is analytic for v > c, and 
/’_(«>) analytic for v < — c. For c < a < c' 


ia — CO 


0 (a; < 0) 


in the mean-square sense; and by Theorem 65 

00 iaH-00 

j k{x—y)f(y) dy = J F^{w)K{w)e-^^'^ dw, 

U ia— CO 

also in the mean-square sense. Similarly for F^( 2 v), with a replaced 
by 6, where — -c' < 6 < — c. Hence (11.2.1) gives 

i‘rr + 00 

f F^.(v))[l—^J(2-rr)K(w)}e-^^''’dw + 

ia — CO 

ib + CO 

+ J F_{w){l—^(2‘7r)K(w)}e~''^'''’dw — 0 

ib— CO 

in the mean-square sense. 

It therefore follows from Theorem 141 that F+{w){l-‘^(2n)K{w)} 
and F^{w){l—^(2Tr)K{w)} can both be continued throughout the strip 
b Cv C. a, and = —F^{w) in this strip. Hence F+(w) and 

F^(w) are regular in the strip except possibly for poles at the zeros 
of 1--^(27t)K(w). 

We can now write 


ia+Qo 


i6 + oo 


ia— CO ib— CO 


and, since F^(w) -> 0 as w -> ±oo, we can evaluate the right-hand 
side by the calculus of residues in the usual way. This proves the 
theorem. 

In particular, the result is true if A;(a;) = and/(a;) = 0(6^i*i), 

where 0 < c < c'. In this case it can be obtained without recourse 
to theory. For, if c < a < 17, 


lim 

T-^oo 




/ 


W—C 


ia-T 


ia+T 




ia—T 
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1 r r 

0 ia-r 

00 

= ^(2n)i j f{x)e^i dx 
0 

by dominated convergence; and similarly 

ia+T 00 00 ia + 2 

r“r. J = J iWisita J 

ia—T 0 —00 ia-T 

00 00 

= t J /(x) dx j jk(y)c*{<*+>') dy 


gitiKx+y) 


= i J J f{x)k(t—x) dx. 


Hence 


J 


00/00 

^{2ir)i J e’t* <i<|/(0— J* dx . 

n ^ i\ 


Similarly 


00 0 


J dw ^ -V(27r)iJ J J(x)k(t-x)dx. 

ib — oo 0 — oo 

Hence the sum of the terms on the left is zero, the result of Theorem 
141 again holds, and the theorem follows as before.t 

11.3. Examples, (i) Let 

g{x) = c-'*', k{x) = Ae® (x < 0), 0 (x > 0). 

Then „ 

— 00 


t A solution under different conditions is given by Bochner (2). 
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The solution is therefore 


/w = ij 


c 


-ixu 


(1— »«)(!— A+itt) 


du. 


Suppose, for example, that 0 < A < 1. Then 

This is plainly a solution, and so the only solution. There are 
similar solutions for other values of A. 

The equation is » 

/(«) == c-i*'+Ae* J e-»/(y) dy, 

X 

and is reducible to differential equations. Let 

00 

^(a:) = J e-yf{y) dy, ^'(a:) = -c-*/(a;). 


(11.3.1) 


Then, for a; > 0, 
so that 
For a: < 0, 
so that 


-^'(a:) = e-**+A^x), 

(*) = 1+A^(a:), 


Since tf>(x) is continuous at a: = 0, C' = (7-f ^ . Hence 

2 — A A 


f{x) = e-*+(7Ae<^-^>® (x > 0) 


The complete solution therefore contains a term with an arbitrary 
constant; and in fact _ g(i-A)x 

is a solution of the homogeneous equation 

00 

/(*) = Ajc*-v/(y)(iy, (11.3.2) 

X 

corresponding to the zero w — t(l— A) of the function 

A 
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K(u) 


■m 


A 


M(u) 


,7r/ l+a:a-2A' 


m(x) = 


V(1-2A) 

and, if g{x) is L*, the L* solution is 




Also 


00 

/(*) = !/(*)+ ^j^ 2A) / 

— 00 


80 that ^ej;V(i-2A)_|_j3g-xv(i-2A) 

is a solution of the homogeneous equation if A > 0. 

(iii) Consider the homogeneous equation in which k{x) = 

X 


(iv) Let A = i. k(x) = - ^ g{x) - , , ^ 
tr IT l-f-a:* 1+a:* 


. Then 


K{u) = iagnuffC"'*', 

and the solution is 

— 00 

V(2^) J rfw = V(2’^)(|coth»ra;-^j. 

0 

Tins just fails to come under the above conditions, and in fact /(a;) is 
not L*. 


(v) Lett ^(“) = A/(l+tt) in (11.1.6). Then S({s) = ATrcosecsTr, and 
the solution is 

ffi(s) 


/(*) = f 1 — 

27n j I—Att cosec 57r 


C + <00 


or 




t Picard (1). 


t A. C. Dixon (1). 
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If Att = sin atn, where 0 < a < ^, we have 

C + tOO 


1 r sin otTT - , tan oltt 

— I du = 

27rt J Bin«jr— sinaw ir 1 




-U" 


and, by Parseval’s formula, the solution may be written 


t, \ / \ I tan aw f , , {a:/y)~^~“— (a:/y)“ 

f{x) = g{x)+X—~— J 


dy 


(vi) The homogeneous equation 


x+y 


dy 


(11.3.3) 


is reduced by the substitutions 

a: = ef, y = ev, e‘f/(ef) = 

Hv) 


to 


m 


J 


2cosh 7^) 


dr]. 


The only solutions of this of the form ) == 0 < c < i, are 

exponentials. We have 

A T,. X AVtt 


m = 


2 cosh 


K{w)^ 


and 


l^^{27T)K(tv) - 1 

^ cosh TTW 


V2 coshirw^ 

rrX 


This has an infinity of zeros, some of which may lie in — ^ < v < ir, 
and give solutions. For example, if A = I/tt, there is a double zero 
at ii; = 0, and 


^(1) = 

_ .4+-Bloga; 
Vx 


is the solution, i.e. f{x) 
is the solution of (11.3.3). 

That there are in fact no other solutions of any kind is proved by 
Hardy and Titchmarsh (3). 

(vii) The homogeneous equation 

X 

a^“/(*) = J dy (0 < a < 1) (11.3.4) 

0 

is reduced by the substitution 

® = cf, y = s’?, e“f/(c{) = 
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to the form J 

— 00 

Here ^•(^) = ^ (ef — 1 )«-i (f 2> 0), 0 (f < 0), 

I (ot) 

and = (»>-(!-.)). 

11.4. Various forms. Various other forms of equation are 
reducible to that just considered. 

For example, considerf ^ 


f(x) = Jf(a:)+ 




\f{y) (ly- 


Putting X = e~f, y = e-’J, and writing 

/(e-0 = m, g{e-^) - «A(^)> = k{^), 

00 

we obtain = ^(^)+ J «(f— d-q. 

i 

This is of the standard form if ) = 0 for ^ > 0. 
Another related form is 


X 

g{x) = J *||j/(y) dy. 


1^“ fii^) = j /(<) dt, and k is an integral, 
0 


X X 

J ^ ^(i)/i(a;)- J J ^y> 


and if i{l) #0 the equation is 




This is of the same form as (11.4.1). 


(11.4.1) 


(11.4.2) 


(11.4.3) 


11.5. The equation with finite limits. Another equation of 
some interest is obtained by putting f{x) = 0, g(x) = 0, k{x) — 0, 
for a: < 0, in (11.1.1). We obtain the equation 

f(x) = gi(a:)+ J k{x—y)f{y) dy (x > 0), (11.5.1) 

0 

t Browne (1). 
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considered by Doetschf and Fock.J Theorem 145 of course still 
applies; but now there is a more general solution of the same tjrpe. 

Theorem 147. Let belong to Z*(0,oo), and k{x)e-^^ to 

2/(0, 00 ), for some positive c. Then there is just one solution f{x) of 
(11.5.1) such that f{x)e’^'^ belongs to L\0, ao) for some positive c'; it is 
given by to+A 

/(*) = — ^ f e-^ dw (11.5.2) 

a-*x J 1 — ^(27t)K{iv) 

ia-A 

if a is sufficiently large. 

The equation (11.5.1) is unchanged if we replace f{x),g(x)y and k(x) 
and k{x)e-'^ respectively, and we may argue in 
terms of these functions; or, what comes to the same thing, we may 
apply the argument of § 11.1 to K(u+ia), etc., instead of to K(u). 
We have oo 

0 

if a is sufficiently large. The solution then proceeds as before. 

The solution (11.5.2) may also be written 

A 

/(*) = gr(x)+ l.i.m. J 0(w) 

ia-X 

Suppose that k(x)e-^^ is also L*. Then K(w) is L^, and hence so is 

K(w) 


M{;w) = 


l-,j(2n)K(wy 
<o+A 


(11.5.4) 


and 


ni(*) = l.i.m. j M(w)e-*^dw. 
V(27r) J 

ia—X 


Making a -> 00 , it is seen that m(x) = 0 for a? < 0. The solution 
can therefore be put in the form 


/(x) = jr(x)H- j g(y)m{x-y) dy. 
0 

The relation (11.5.4) is equivalent to 

X 

m{x) = k(x)-{- J k{t)m(x--t) dt; 


(11.6.5) 


( 11 . 6 . 6 ) 


t Doetsch (1), (2). 


t Fock(l). 
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in fact it is at once verified that (11.5.5) is a solution of (11.5.1) if 
(11.5.6) holds and the inversions are justified. 

(1 1.5.4) also gives 

M(w) = f (27r)l»»“»{K'(M0}’^ 

n“l 

and this is equivalent to 

m(x) — 2 

n—l 

X 

where = k(x), kf^^\x) = J dt. 

0 

This is the well-known Volterra form of the solution.f 

It has been proved^ by Wiener that, if k(x) is i(0,cx)), a necessary 
and sufficient condition that (11.5.6) should have a solution h(x) of 
L(0,oo) is that l—^l(27r)K(u) ^ 0 for u real. This is bound up with 
Wiener’s Tauberian theory, which we do not discuss here. 

Examples, (i) Let k(x) = Ac® (x > 0), 0 (a: < 0). Then 

J(2ir)K(w) = - M(w) ^ 

\-\~%w -^(27r) l-f-A-f-tu^ 

m(x) = 

Hence the solution of 

X 

f(x) = !7(a:)+A J e?‘-«f{y) dy 
0 

X 

is f(x) = ?(a:)+A J dy. 

0 

X 

If <^(x) = J e-^f(y) dy, the equation reduces to the differential 
equation f (a:)-A^{a;) = e-='jr(*). 

This gives for /(*) the above solution, together with but 

A — 0, since all the other terms vanish for x < 0. 

(ii) Let|| k{x) be a finite sum of exponentials, 

ifc(*) = PcP*+Qe«*+... (x > 0). 

Then K(w) = - +...1 

' ' ^{ 27 T)\p+tw q+tw f 

t See Goursat^s Cours d'analyae, t. 3, § 548-9. 

X Paley and Wiener, Fourier Transforms, § 18. || E. T. Whittaker (1). 


X 
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Hence M(w) is a rational function, and may be written 

where *a, i/5,... are the zeros of 1 —^{2it)K{w). The calculus of residues 

then gives ^ 

m{x) = - > Yd f 

^(p— a)(y— a)- 

since ^(27r)K(i(x) = 1. 

A similar expression may be obtained for the solution if k{x) is a 
polynomial. 

(iii) Letf g{x) = k(x) = AJoC^)* Then 


0{w) = K(w) 




J^(x)e^^ dx = 


and the solution is 

ia+oo 

/(») 


_x 

2tt 


V(27r)V(l-M;*)’ 

> p--ixw \ ” > pxs 

J = ^ J 7(r+.ir--A‘^ 


a+ioo 


ia—oo 

a+<® 


a-i<x> 


= A f V(I+?!)rfc*«ds + 

27 rt J ^ 


a-<oo 


a+ioo 


+ 


27 ri J 1 — } 


a-hioo 


e*»ds + 


a—ioa 


-X^+s^ 

“ 7(1^) J di, 

0 

-|-A C08^;^(l — A*)®}”!- 


^ r _ e*» 

2iri J 1 — A*+«* 


da 


a -100 


+ 


A® 


by (7.13.2), (7.13.3), and (7.13.8). 


V(l-A*) 


sin{V(l— A*)*}, 


11.6. Another type. Another integral equation which can be 
solved formally by means of Fourier integrals is 


w 

g(x)= j k(x-y)f{y)dy. 

— 00 

This gives formally 

00 00 

G'(«) = j j 


(11.6.1) 


t Fock (1). 
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^ QO 00 

.- 00 —00 

00 00 

= J J *(Oe''‘‘+">“d< 

— 00 —00 


= ^{2ir)F{u)K{u). 


Hence the solution is 



K{u) 


g-fxu 


( 11 . 6 . 2 ) 

(11.6.3) 


For this to be an actual solution K{u) has to satisfy special condi- 
tions. 


Thbobbm 148. Let g{x) belong to L^{—aa,oo), and k(x) to L(— oo,oo). 
Then, in order that there should be a solution f(x) of L\—co,ao), it is 
necessary and sufficient that G{u)IK{u) should beUmg to L’^{—co,oo). 

Suppose that gr, ^,and /belong to the given Z-classes, and (11.6.1) 
holds. Then (11.6.2) holds, by Theorem 65, p. 90, and F is L^. 
Hence GfK is L*. 

Conversely, if GJK is L*, then /, defined by (11.6.3), is L®, and, 
by Theorem 66, the transform of the right-hand side of (11.6.1) is 


V(27r)A^(tt) 


1 G{u) 
K{u) 


= G(u). 


Hence (11.6.1) holds. 

A similar equation soluble in terms of Mellin transforms is 


g{x) = J k{xy)f{y) dy. (11.6.4) 

0 

This gives formally 

00 00 

©(«) = J a:*-* dx j k{xy)f{y) dy 

0 0 

00 00 

= / /(y) dy / k{xy)3f-' dx 
0 0 

00 00 

= J f{y)y~'‘ dy I k(u)u*-^ du 
0 0 

= 5(1 -«)«(«)• 
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Hence 

and the solution is 







c+ioo 

r ^lr«) 
J m-s) 


c—ico 


X-* ds. 


(11.6.5) 


1 1 .7. Laplace’s Integral equation. This is 

00 

g{x) = \ S{n)e-^y dy. (11.7.1) 

0 

A formal solution 

i-loo 

is given by (11.6.6). The equation can, however, be solved directly 
by Fourier’s integral formula. This gives 

00 

g(ix) = J f(y)e-^^y dy, 

0 


00 

and hence /(*) — ^ J dy (*>0), (11.7.3) 

— 00 


the right-hand side being zero for x < 0, 

If g{x) is given originally for real x, the solution (11.7.3) involves 
an appeal to analytic continuation. The solution (11.7.2), with the 
usual definition of ®, only involves explicitly g(x) for real x\ but 
it contains the factor l/r(l— «), which is exponentially large at 
infinity, and it seems difficult to justify it except by an argument 
involving analytic continuation. In fact the equation (11.7.1) can 
only be satisfied if g(x) has the values assumed on the real axis by an 
analytic function g{z) regular for a: > 0, so that some reference to 
the analytic character of g(x) is almost inevitable. 

We shall prove that a necessary and sufficient condition that (11.7.2) 
should exist in the mean-square sense, and define a solution of (11.7.1) 
belonging to L\0,co), is that g(x) should have the values assumed on 
the real axis by an analytic function g(z), regular for [arg^i < and 
such that QQ 

J |j7(re<*)|*dr< A' (11.7.4) 

0 

for —{it <6 < ^ir. 

Suppose first that f{x) satisfies the equation and belongs to L^(0,oo). 
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Plainly g{z) is regular for R{z) > 0, i.e. jargz] < Jtt. Now by 
Theorem 99, p. 131, we can write 

S(U) =/(+)(«)+/(_){«), 

where /(+>(«>) is regular for argw > 0, /(_)(m^) for argw < 0. Then if 

00 00 

y(fe‘«) = f c-""“/(+)(tt) du + f du. 

0 0 

111 the first integral we can turn the line of integration through an 
angle Jtt— 0, and in the second through We obtain 

00 00 

g(re^) = J dp 4.e-«‘”+«) J e*'P/(_,(pe-«»"+®>) dp, 

. 0 0 

and since /(+) and /(_) belong to along every line arg w == const, 
(11.7.4) follows. 

Conversely, suppose that (j{z) satisfies the above condition. We 
have 

®(1— 5 ) = J g{x)x-^dx. 

0 

If ^ > 0, we rotate the line of integration through — Jtt, giving, 

00 

(5(1— «) — i J g{—iy)(ye-^‘"*)-’>dy 

(I 

QO 

= _/c47riag-l7r^ j fj( — iy)y-^~^^dy, 

0 

For (7 = i this is multiplied by a function of 1/^(0, cx)); a similar 
argument with ^ < 0 and a rotation through \tt shows that ®(1— «) 
is multiplied by a function of Z/*(— oo,oo). Also 

Hence the integral in (11.7.2) exists in the mean-square sense. That 
the f{x) so defined satisfies the equation follows from Theorem 72. 

Alternative forms of solution have been given by Widder (1), 
Palcy and Wiener, § 13. 

11.8. Stieltjes’s integral equation. If we iterate the previous 
equation, i.e. put 

00 00 

= J dy, h{x) J g{y)e-^^ dy, 

0 0 
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we obtain formally 


h{x) = J dy J du 

0 0 

00 CO 

= J f{u) du J e“(^+w)y dy 


OQ 

= J 


/(«) 

x-\-u 


du. 


( 11 . 8 . 1 ) 


another integral equation of a similar type. This equation has been 
considered in connexion with Stieltjes’s moment problem. f 

Putting a: = ef, 2/ = c^, e^ih{e^) = 0(f), e^^f{e^) = 0(f), the equation 
becomes 

dv. 

2 cosh 


QO 

J 


( 11 . 8 . 2 ) 


This is of the form (11.6.1), with 

A;(f) = |sech^f, K{u) = ^{^7r)8eclnrUy 
and the formal solution is 

00 

0(f) = — y - r T*(u)cosh7rwe~^‘f“ 

TTyjiZTT) J 
— 00 

00 


= *w)}, 


or 


/(*) = ■^{h(xe*")—h(xe-^”)}. 


(11.8.3) 

(11.8.4) 


An appeal to analytic continuation is again obviously involved. 
We shall show that a necessary and sufficient condition that (11.8.3) 
should define a solution of (11.8.2) belonging to L^{—od,qo) is that 
ip{z) should be an analytic function, regular for — tt < y < tt, and that 

00 

J \il)(x+iy)\^ dy < K 

— CO 

for — TT <y <7T. 


t See Hardy (7), Paley and Wiener, § 14. 
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As in § 5.4, the condition implies that there are limit-functions 
and 0(a:— -iTr) belonging to oo,cx)). 

If <f> is and ifs is defined by (11.8.2), then 0(2) is plainly analytic 
for — TT < y < tt; and by Theorem G4, 


00 

0(2) = V(^^) f du, 

J cosh TTU 

— 00 

where ® is the transform of 0. Hence 

00 00 

r dy — TT^ f du 

J J cosh^Tm 


00 


coshVt^ 


du. 


Hence the condition is necessary. 

Conversely, if 0 is of the given form, then 


c« 

J ^(|±i7r)c<f“ du 


belong to iy2(0,oo) and i^^^oo^O) respectively. Hence 'F(w)cosh7m 
belongs to i^(— oo,oo), and (11.8.3) defines a function <f> of L^, That 
it is a solution of (11.8.2) follows from Theorem 64. 

In terms of the original functions, a necessary and sufficient condi- 
tion for (11.8.1) to have a solution of is that g{z) = gr(re’^) should 
be analytic for —tt < 6 < tt, and that 


J \g(re^^)\^dr 

0 

should be bounded for — w < 0 < w. 

That (11.8.4) is a solution of the original problem is easily verified, 
for the right-hand side of (11.8.1) is then 

1 f — L f du. 

2n J 2tt j x-{-u 

0 0 

Rotating the line of integration of the second integral through 27r, 
and allowing for the residue at = xe^^, we see that this is equal 
to h(x). 
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11.9. Stieltjes’s moment problem.f A note on Stieltjes’s 
moment problem itself may be inserted here. The problem is to 
determine f{x) such that 

OO 

j x^f(x) dx = (»^0, 1,,..), 

0 

where c,, Ci,... are given. 


Suppose that f{x)^''^ is 2/(0, oo) for some positive k. Let 


#0=2 




(2n)i 


= J /«2 

r *1 


( 2 «)! 


dx 


00 00 

= J f(x)co^8^x dx = 2 J if($^)cos8^ d^. 

0 0 


The inversion is justified by the convergence of 

00 00 

0 "“® 0 

provided that |s| <1:. The final integral, however, converges if 
s = a-\-U, —k<t<k. Hence <f>{8) is an analytic function, regular 
in this strip, and <^{s) -> 0 as a ±oo in the strip. Also 

A 

0 

for almost all f . Hence /(x) is unique apart from sets of zero measure. 
To show that this is actually a solution, we have, if a > 0, 

ia + oo 




<a-oo 


Hence 


oo w 

J x»/(*) dx = 2j di 


(_l)n+l2ftj 


Trt 


00 ia+oo 

J mnmd( j 


ia--oo 


t See Hardy (7). 



11.9 


INTEGRAL EQUATIONS 


321 


ia+oo 

(-l)«+i2n! j- 

iri J «*»+! 

ia— CO 
itt ^ 00 

wi J 5*“+^ 

ia-00 


— CO 

ds. 


The inversion is justified by absolute convergence if n > 0, and by 

the bounded convergence of the 3-integral if n = 0; in the latter case 

ta+A 

the final integral is lim J . The result is, of coiu^, a case of Par- 

seval’s formula. 

Now 


f ' J f ^(— ff'+ia) j* <f>{a'—ia) , , 

J J (-a'+ta)*»+i J (a'-to)*»+i ’ 

— 00 —00 —00 

since ^ is even. Hence 

ia+oo , ia+oo —ia+oo. 

'Vy. — — in — nr» ' 


2n\ 


ia—oo — ia — 00 


by the theorem of residues. The desired result therefore follows. 

The method, of course, does not show whether a particular set of 
c„ correspond to a function /(x) of the class considered. For example, 
if c„ = 1 for every n, then <f>(s) = cos a, which is not the transform of 
a function integrable in the ordinary sense. It is here that Stieltjes 
integrals become relevant. 

If c„ = l/(n4-l), then 

<f>{a) — 2a“*(asina+cosa— 1), 
and ^ 00 

1 r /2sina 1— co8a\ 

= (-J 

0 

= f (0<|<1), 0 (^>1). 

Since 

? . . . J 1 !-./»+ 1\ • (»+l)!* 

J a:’‘e"®^®““8m(x<*sma) dx = — 

if /* > 0 and 0 < a < Jw, the function 


/(*) = e~®'‘°°*'‘’'sin(*t‘8injinr) 
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satisfies J x’^f(x) dx — 0 (n = 0, 1,...) 

0 

for every value of (i less than The solution is therefore not unique 
if we merely assume th&tf{x) = where yt. < \. 


11.10. Finite limits. The equation 

X 

g{x) = I k{x—y)f{y) dy (« > 0) (11.10.1) 

0 

is, formally, the particular case of (11.6.1) in which /(x) and k(x)y 
and BO also g{x), vanish for oj < 0. The formal process of § 1 1.6 gives 

as before ^ ^(2n)F(w)K(w), (11.10.2) 

and the formal solution is 

ia+QO 

ia — co 

As before, for this to be a solution, special conditions on K(w) or 
special relations between 0{w) and K{w) are required. 

Theorem 149. Let g{x)e-^^ belong to L\0,co), and k{x)e-^^ to 
Zr(0,oo). TheUy in order that there should be a solution f(x) such that 
f{x)e-^^ belongs to ^*( 0 , 00 ), it is necessary and sufficient that 


/ 


— 00 


G(u~\-iv) 

K{u-j-iv) 


2 

dU ^ My 


where M is a constant independent of v, for all v ^ c. 

We can replace /(x), g{x)y and k(x) in (11.10.1) by e-«^/(a:), e-^^g{x) 
and e~^^k(x) respectively, and the result follows from Theorems 148 
and 96. 


That the solution of (11.10.1), if it exists, is unique, can be proved 
more generally. 

Theorem 160. Lei f{x)e-^^ and k{x)e'^^ belong to L(0, oo) for some 
positive c, and let 

X 

J Hx—y)f{y) dy = 0 (x > 0). 

0 

Then at least one of k and f is null. 
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For (11.10.2) holds, the inversion in the proof being justified by 
absolute convergence; and now 0{w) = 0. Hence either F(w) or K{w) 
is 0 for all w, and the corresponding / or k is null, by Theorem 14. 

We shall next show that the same result holds without any restric- 
tion on the behaviour of the functions at infinity. f We use the 
following lemmas. 

Lemma a. Let be regular in the upper half -plane ^ 

<1 {w u-\-iv), 

and let be real. If e > 0, tAe connected region in which 

\<t>{w)\ > 1 + e, 

if it exists, contains arbitrarily large purely imaginary values of w. 

Let be a point (if there is one) at which \(l>{w^)\ > l+€, let D be 
the connected region containing w^ in which \(f>(w)\ > l+€, and let 
Dj and Dg be the parts of D in the first and second quadrants. If the 
lemma is false, and Dg most along a finite stretch of the 

imaginary axis. Let \<l>(w)\ < m on this stretch. Since (f>(w) = l+e 
on the boundary of D, \(l>{w) \ ^ M ,= max(l +€, m) on the boundary 
of and so, by the Phragm6n-Lindel5f theorem, throughout D^; 
and similarly throughout Dg. 

But actually l+e, so that M — l+e. For the function 
iff(w) = (w-\-i)~'^<f>{w), where t; > 0, satisfies \i/j(w)\ ^ l+€ on the 
boundary of D, and ^(tt?) ^ 0 as |ti;| -> oo in D. Hence \^(w)\ ^ l+€ 
throughout D, Hence 

\<f>(w)\ < (l+€)|w;+i|’' 

throughout D, and, making rj-^0, \<f>{w)\ < 1+c. Since the reversed 
inequality also holds, <f>{w) == C, where \C\ = l+e. This is incon- 
sistent with \<f>(u)\ < 1, so that D must contain arbitrarily large 
purely imaginary values. Also since <l>(iv) is real, the region 

|^(l+t^)| > l+€ 

is symmetrical about the imaginary axis, and it is easily seen that 
two regions with the properties of the above D would have to overlap. 
Hence there is only one such connected region. 


I Titchmarsh (8), Crum (2). 
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Lemma /3. Let F(w) and K{w) both have the properties of the above 
4>(w), and let \F(w)K(w)\ < e-v®, where y > 0, for all v > 0. Then 
there exist <x and P 8tich that a+P = y,and \F{w)\ < 
for all V > 0. 

Consider the regions D and D' in which 

^ l+€, \K{w)eP'^\ > 1+e, 

where a' and p' are any fixed real numbers whose sum is y, and € > 0. 
We shall show that either D or D' is empty. 

By applying Lemma ex to F(w)e^'^ and K{w)eP'^, we see that D and 
D', if they exist, both contain arbitrarily large purely imaginary 
values of w. Let iv^ be a point of Z), iv^ a point of D' with 
and iv^ a point of D with Since Z> is a connected region, and 

is symmetrical about the imaginary axis, there must be a closed curve 
joining iv^ and iv^, l 3 dng entirely in D, surrounding iv^. On this 
> l+€, and so 

< 1/(1 +e). 

This inequality therefore holds throughout the area enclosed by the 
curve, and in particular at iv^. This involves a contradiction, so that 
either D or i)' is empty. 

Suppose that, for some 

> e-®'®* and |^(W 2)1 > 

Then, for some positive e, 

|i^(Wi)| ^ (l+O®-"'”'. |i^(M^a)l > (l+cM'®*. 

Since we have shown that this cannot be so, it follows that either 
|J’(w)l < e-“'® for all t; > 0, or |iC(w)| ^ c~^'® for all v > 0. Let a be 
the upper bound of values of a.' for which the first inequality holds. 
If it held for all a', F{w) would bo identically zero; if it held for no 
the second inequality would hold for all /3', and K(to) would be 
identically zero. Otherwise 0 <a <oo, |.F(m;)| < c-(“-*>® for all w 
and arbitrarily small e, and so |.F(m;)| < e““®. If a' = a+e, the 
second of the above alternatives holds, so that 

|iL(tt»)| < e-<y-“-«>® = e-<^-*>® 

for all w, and so |if(w)l < e“^ for all w. This proves the lemma. 
Theorem 151. Let f and k belong to L{0,y), and let 

X 

g{x) =r. J f(y)k(z—y) dy = 0 
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for almost all x in (0,y). Then f(x) = 0 for almost all x in (0, oe), and 
k{x) = 0 for almost all x in (0,j3), where a+j3 = y. 

We may suppose that 

0 0 

and that/(a:) and k(x) are null for a; <0 and x > y. Then g(x) is null 
for a; < y and x > 2y, and 

2y 2y x 

/ \9{x)\ dx^ j dx j \f{y)k(x—y)\ dy 
y 0 0 

2y 2y 

= / l/(y)l dy f lk(x-y)l dx 

0 y 

2y 2y 

< J l/(y)l dyj 1*;(<)I dt < 2n. 


As before, the transforms F(w) of /(a:), etc., are related by 
0(w) = ^(2Tr)F(w)K(w); 

hence 


\F{w)K(w)\ = , 


27r 


2y 


2y 


I g{x)e'^dx < J |?(a:)| dx < c-v®. 

I y y 

Hence, by Lemma |3, either F(yo) = 0 or = 0, or there exist a 
and /3 such that a+/3 = y, and |^’(m>) 1 < e-“®, |iL(w)l < C"^ for 
V > 0. Now 

f A 

1 


0 -A 


-dw 


-iw 


by Theorem 22, and the ordinary method of integrating round a 
contour in the upper half-plane shows that this is 0 if | < a. Hence 
f(x) is null in (0,a), and similarly k(x) is null in (0,j3). 


Theorem 152. If f and k are integrable over any finite interval, k is 
not null, and 

X 

I f(y)k(x—y) dy = 0 {0 <x <qo), 

0 

then f is null in (0,oo). 

By the previous theorem / is null in (0, a), where a+jS = y, y is 
arbitrarily large, j3 bounded. 
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11.11. Another example of an equation with finite limits isf 

1 

f(x) = f k{t)f{x-t) dt, (11.11.1) 

0 

where k{t) belongs to L^{0, 1), and f{t) to over any finite interval. 
Here the integral represents a continuous function, so that f{x) is, in 
fact, continuous. 

Let f{x) = ef^g{x). Then 

1 

g(x) = I* k{t)e-^g(x—t) dt. 

0 

1 

Taking c so large that J \k{t)\e-^dt < 1, it follows that 
0 

|gr(a;)| < max |j 7 (|)|, 

and hence that g{x) is bounded as a: oo. Hence /(*) = 0(e®*). If we 
assume also that f(x) = as a:-)- — oo, the theory of § 11.2 

applies, (11.11.1) being the particular case of (11.2.1) in which 
k(t) = 0 for i <0 and for < > 1. 

We can, however, prove without this assumption 

Thbobbm 163. The solution o/ (11.11.1) is 


/(*) = ( 11 . 11 . 2 ) 


where w, runs through the zeros of 

1 

0(w) = 1— J k(t)e*'^dt 
0 


with I{w^) ^ c, and is a constant at simple zeros, linear at double 
zeros, etc. 


Let 


■fa(w) = J /(a:)e<«'* dx 


(11.11.3) 


(cf. § 10.16). Then FJ^w) is regular for v > c, with the above c. The 
formal a,rgument is then as follows. If a > c, 


ia+oo 


ia— 00 


■iWX ^y, 


f(x) (x > a), 
.0 (x < a). 


(11.11.4) 


t Schurer (1), Titohmarah (16). 
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Hence, if a; > a+1, 

1 ia+oo 1 

J k{t)f{x—t)dt = — J FJw)e-*^^dwj k(t)e*'^dt, 

0 ia — oo 0 

and (11.11.1) gives 

ia+co 

f FJw)G{w)e-*'«^ dw = 0 (a; >«+!). 

ia—co 

Multiplying by where ^ = !+»’?. »? > ®. and integrating over 
(a+l,co), we obtain 

ia + oo 

I FJw)0{w) — dto = 0. 

. J 4— 

ia — oo 

The result may be justified by mean-square theory, as in 
Theorem 141. 

Moving the integral to the parallel line through ia', where a' > r), 
we obtain 


ia'+oo 

FJw)0{w) dw = —2iriFJ,0G(0- 

J 4— w 

ia'— CO 

The left-hand side is an analytic function of regular for 'q < a'. 
It therefore provides the analytic continuation of the right-hand 
side throughout q < a'. It follows that is regular for q < a\ 
except possibly for poles at the zeros of 0(^). Also 

F^am) = o(6-^«+i)) 


as 5 -> 00 uniformly forq ^ a < a'. If the zeros of 0(C) are separated 
by suitable contours on which [0^(01 > const., (11.11.2) follows on 
applying the usual contour integration to (11.11.4). The result cer- 
tainly holds if k(t) is absolutely continuous near i = 1, and i:(l) 0; 

for then we can integrate by parts and obtain 


0(w) = 1 


k(\)ei^ /e-^\ 

iw 


from which the result easily follows. 
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Finally, the are independent of a; for example, at a simple zero 

la'+oo 

ia'— 00 
%'+< 

/ 


dC, /(a()e<"’><“+« '^c'^0(w) e-*'" 

dot 2irO’(Wy) J Wy — W 


’ + 


ia'—oo 


ta'+Qo 




Each of these integrals is zero by Cauchy’s theorem, the integrands 
being regular in the half-plane below the path of integration. 

Similar methods can be applied to the solution of many other 
problems-t 


11.12. Examples. The following example of (11.10.1) is considered 
by Bateman (6). A tradesman buys and sells various articles. It 
is assumed (i) that buying and selling are continuous processes, and 
that goods bought begin to be sold at once ; (ii) that when the trades- 
man buys a new supply of any article, he buys just as much as he 
can sell in time T, the same for all such purchases ; (iii) that the new 
supply sells uniformly during the time T, 

The tradesman starts with a new supply of unit value, and it is 
required to find the law according to which purchases must be made 
if the value of the stock is to remain constant. 

The amount of the original stock remaining after time t is k(t), 

k(t) = l-t/T (t^T), 0 (t>T). 

Suppose that articles of value /(r) Sr are purchased in the interval of 
time between t and r-f-Sr. This stock is reduced by sales in such a 
way that the value of the remainder at time ^ > r is 

Aj(^~t)/(t) St, 

The value at time t of the unsold stock due to purchases is therefore 

t 

j k(t—r)f(r) dr. 

0 


t Busbridge (6), Cooper (2). 
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Hence /satisfies the integral equation 


l—k(t) = J A(t— t)/{t) dr. 


and „ 

0 

_ 1 K( ^ 

V(2ff)w yl(2n) Tw^ ■ 

We can take l{w) > 0, and the solution is 

ia+oo 

fit) == — — I — dw {a > 0). 

ia—oo 

This can be expanded in various forms. If we move the line of 
integration to a parallel line through w = —ib, where 6 > 0, we 
obtain -iA+w 

2 1 /* 1 pirJBt 

* 1 X o _ * 


/(O = J 


— dw. 


and the last integral is exponentially small as ^ cx). Further terms 
in the approximation arise from the zeros of the denominator.! 

11.13. As another example we shall sum the seriesj 

/(x) = inJ»4(^). (11.13.1) 

n-1 

We have lJ„(x)| < 1 for all n and x, and hence 

m\ = < * 

for » ^ 1 and * ^ 0. Also, for a fixed as n -*■ co 

JJi) = 0{(iO"/n!}- 

Hence we may multiply (11.13.1) by JJit—x)lx and integrate term- 


t See also Goldstein (1). 


% See Watson, § 16.32. 
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by-term over (0,^). We obtain 

t 


J (fo: = 2 J ^Mt-x) dx 

A n=*l Ji 


= 2 JniiW) = 


n«l 


by (7.14.6) and the ‘addition formula’ for Bessel coefficients. f 
This is an integral equation for f{x)lx of the form (11.10.1); by the 
above inequalities, /(a;)/a; is bounded, so that it is given by (11.10.3). 
Here 

" VM / “ JfSitsS))’ 

0 

where u > 0, and the branch which is real and positive on the real 
axis is taken. Similarly, 

00 

o{w) = 2 ;^/ 

0 

00 

0 

on integrating by parts. Hence 

ia+A 00 

= f dw f U{t-$)-Ji(t)Jome^ dt, 

X 47rA-*-oo J IW J ^ XX / 1 ux ^ 

ia-A 0 

where a > 0. Now 
ia+A 


-Abm J e-<^ dw j dt 


ia—X 


and the remainder is 

ia+flo 


0 

flo ia+oo 


ia— CO 


<a— 00 


The inner integral is 0 if < > x (by making a -> oo). For < < x its 

t See Watson, § 2.4. 
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derivative with respect to t is 2iTJ^{t—x)l{t—x), by (7.13.8). Hence, 
on integrating the repeated integral by parts, we obtain 

X 

^ J dt 

0 

X 

= ^ J dt 

by (7.14.6). Hence 

^ ^ J dt 1 J dt, 

0 0 
again by (7.14.6). 

11.14. Abers integral equation. This is 

X 

g{x) = J (x--y)-<‘f{y) dy (0 < a < 1), 

0 

and is of the form (11.10.1), with 1c{x) = a;""®. Here 


K(w) 


oc 

7(2?^) J 


y.-oceixu,dx= . ™(_w)o<-ir(l— a), 

V(27r) 


where (— is real on the positive imaginary axis. The formal 
solution is therefore 

ia + oo 

f(~\ _ r G(w) g-iXV dy, 

ia—oo 

If this is an L* solution, its integral is 

ia + 00 


/i(^) 




1 r G(w) 

,r)r(l-a) J 


G(w) 1— 


tw 


dw 


ia—oo 
ia-hoo 


1 /* p~ixu) I r 

— — — - dw I g{t)e"^ dt 

277r(l-a() J (-IWY J 

ia—oo 0 

00 iafoo 

1 r r piMi-x) piuv 

= g{t) dt . dw. 

277r(l-a) J j (-tw)“ 


U ia—00 

The inner integral is 0 if «> a: (by making a -> +oo). For 0 < < < x 
the contribution of e*’'"' is still 0, while the other part is (by deforming 
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the line of integration into the negative imaginary axis) 

00 

J ^ 2sin7rQc r(l — cx)(a; — 

0 X 

Hence Mx) = J di, 

0 

X 

and f{x) = ^ f 

7T ax j 
0 

the usual form of solution.t 

11.15. An equation of Fox. Another equation of ‘resultant’ 
type is 

S{x) = g{x)+ J k{x+y)f{y) dy. (11.15.1) 

— 00 

This is equivalent to the equation considered by Fox (2). The solu- 
tion is a little more elaborate. We have as before 

00 00 

Jf’(«) = (?(«)+ ^ J e'^'^dx J k{x-\-y)f{3i) dy 

— 00 —CO 

00 00 

= (?(«) J f(y)dy J l:(x+y)e<*“ da: 

— 00 — 00 ^ 

00 GO 

= (?(«) J f 

— 00 —00 

= 0(u)+^(2ir)F(-u)Ji[(u). 

Changing the sign of u, 

F{—u) — 0(—u)+^(2n)F{u)K{—u), 
and, eliminating F{—u), 

F(u\ = 0W+\ l(^)0(-^mu) 

' ^ i- 2 trA(tt)A(— It) ’ 


' ' l-2nK(u)K(-u) 

_ 1 f Q(it)+V(2^)g(-tt)A(tt) ^_,,„^^ 




2irA(«)A(-«) 


The form actually considered by Fox is 


f{x) = g(x)+ J k{ux)f{u) du. 


(11.16.2) 


(11.16.3) 


t See Bosanquet (1) for a direct study of the solution. 
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which is connected with (11.15.1) by obvious transformations. The 
corresponding analysis for this equation goes in terms of Mellin 
transforms, and the solution is 


c+ioo 



c— ioo 




x-^ds. 


(11.15.4) 


Theorem 154. Lei g{x) belong to and k(x) to L, and let the upper 
bound of K{u)K(—u) be le88 than l/27r. Then the eqmtion (11.15.1) Juis 
ju8t one 8olution of L\ given by (11.15.2). 

As in § 11.1, f{x) belongs to and satisfies the equation. Also the 
difference between two solutions of satisfies 


/(.t) = J k(x+y)f(y) dy, (11.16.6) 

— 00 

and so its transform satisfies 

F(u) = ^(2it)F(-u)K(u). (11.16.6) 

Hence F{—u) = ,J{2 it)F(u)K{—u), 

and so F{u)F{—u){\—2itK{u)K{—u)) = 0. 

Hence F(u) or F(—u) is 0 for almost all u. But, by (11.16.6), if 
F( — «) = 0, then F{u) = 0. Hence F{u) = 0 for almost all u, and 
hence f{x) = 0 for almost all x. 

There are obvious extensions, e.g. we could simply say that 
\l-2rrK{u)K{-u)\ A > 0, 


Examples, (i) In (11.16.3) let 


cos a:. 


Then ft(«) = Ar(«)cos \sit, 

and B(a)ft(l-«) = A*. 

Hence, if A* ^ 1, the solution is 


c f ioo 


Six) = J {®(s)H-A®(l-s)r(s)cosisv}*-d« 


1 / M ^ 


giu)co&xn du. 


' l-A^ 

This may be verified by Fourier’s cosine formula. 



334 


INTEGRAL EQUATIONS 


Chap. XI 


(ii) In (11.15.3) let k{x) = and 

> (0<*<1). (,>1). 

X XX 

Then «(s) = 7r-»r(a), ®(s) = 

1 — d\sin57r / 

and the solution is 

C + ^QO 

C — too 

I 1 — / 1 — 6“^ 77 / IX 

= Vtt (0 < X < 1), Vtt (x > 1). 

a; XX 


11,16. ‘Dual* integral equations. In some problems the un- 
known function satisfies one integral equation over part of the range 
(0,oo), and a different equation over the rest of the range. 

For example, f let v(p, z) be the potential of a flat circular electrified 
disk of conducting material, its centre being at the origin, and its 
axis along the axis of z. The potential satisfies the differential 

^, + l^+p.o. (. 1 . 16 . 1 ) 


Let 

Then 

and 

Hence 


dp^ p dp dz^ 

00 

V(u , «) = J pv(p, z)J^(pu) dp (z > 0). 


( 11 . 16 . 2 ) 


dW 

dz^ 


oW 

0Z* 


Hence 


u u 

J ~ ~ J 

0 0 

00 00 

= J ^puJ,o(pu)dp = —u j v{J!^{pu)+puJo(pu)} dp 

0 0 
00 

= J vpjf,{pu) dp = 

0 

V = ^(m)c-"*+B(«)c'“ 


t Riemann-Weber, 1, § 134. 
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and plainly B(u) = 0. Hence, by Hankel’s theorem, 


v{p,z) — J uA(u)e-'^J^{fm) du. 

0 

Taking the radius of the disk to be unity, the boundary conditions 
are 

V = const, (z = 0, 0 < p < 1); t = 0 (« == 0, p > 1). 

dz 

Hence, writing uA{u) = f{u), f{u) must satisfy 

00 

J fWMpu) du = g{p) (0 < p < 1), (11.16.3) 

0 

GO 

J f(u)uJa(pu) du = 0 (p > 1), (11.16.4) 

0 

where, in the above case, g(p) is a constant. 

To solve these equations formallyf, apply Parseval’s formula for 
Mellin transforms to the left-hand sides. We obtain 

fc+<00 

i I = (0 <,<i). 

(11.16.5) 

fc+ioo 

k—ioo 


where 0 < ifc < 1. Putting 




r(i-i») 

k—ioo 

fc+too 

= 


the equations become 

At-f-ioo 


k-ioo 


(11.16.7) 


(0 < p < 1), 

(11.16.8) 
(p > 1). (11.16.9) 


In this form the T-function factor in (11.16.8) has no poles or zeros 
for <7 > 0, and that in (11.16.9) has no poles or zeros for a < 1. 

t See also Busbridge (2), Copson (2). 
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Multiplying (11.16.8) by where a—u > 0, and int^rating 
over (0, 1), we obtain 

fc+iflo 1 

is j = = 

0 

Moving the line of integration to q — h' <u, 

*r+ioo 

_2_ I* r'(i*) x(*) ^ _ (5 (i_m>) 

Jfe'— ioo 

The left-hand side is regular for u > h', and so for « > 0. Hence so 
is the right-hand side. Hence so also is 

Hence (assuming suitable conditions at infinity) 

Jk+too 

*-<» ‘ (11.16.10) 

Similarly, multiplying (11.16.9) by p~”’, where q—u < 0, and 
inte^ting over (l,oo), we obtain 

>.7“’n^Wjc<*)* = o (»>n 
27rt J 

k'—ioo 

We conclude as before that {r(l— J«)/r(J— J«)}x(«), and so x(«)» 
regular for a < 1. Hence 


« •+» 

f 

27rt J 


ds = 0 {u > k'). 


Moving the line of integration from k' to k > u, 


too 

2^ J = («<*). (11.16.11) 


Prom (11.16.10), (11.16.11) 


= — f ds (tt < i), 

' 2ni J r(i«) s-w 


(11.16.12) 
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and this, with (11.16.7) and Mellin’s inversion formula forf{x), gives 
the solution. 

If 9(p) = 1^0 == const., then 

®(1— «) = Volp-*da = 

J 1 — s 

0 

k+ico 

ylw) = f _da t;o 

2m J (1— «)r(i «) «— 10 Vit( 1— to) 

Jk— ioo 

(from the pole at « = 1). Hence 

2T{io) _ Oo2*-»r(io) 

^ Vir(l-o) r(i-io) - VirFd-i*)’ 

and, by (7.9.6), = (11.16.13) 

It u 

Hence « 

2«o f .«r/ xSiniij 
V == — 9 1 c“*“Jo(/m) - — - du 
IT J U 

0 

2oo . f 2 \ 

- ir ”““W{(p-i)*+**}+V{(P+l)*+*‘})’ 

the solution obtained by Weber. 

The pair of equationsf 
00 

J y°‘f(y)J,i^) dy = g{x) (o < a; < i), (Ii.i6.i4) 

0 

00 

/ SWyipy) dy = o (X > 1) (11.16.16) 

0 

can be solved in a similar way. They are equivalent to 


Ic+ioo 

JL f 

2m J r(j4-jv— ^a+l*) 

k—ioo 


x(»)**-^-“ ds = g{x) 


Jfc+ioo 

J_ f 

2m J ni+iv+ia— is) 

Is— ioo 


X(«)x*“^ ds = 0 


where 


5(0) = 2*-« 


ni+jv+i*) 

r(i+iv4-io(— is) 


x(«)- 


(0 < X < 1), 

(11.16.16) 

(x > 1), 

(11.16.17) 


f See King (1). 
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Multiplying (11.16.16) by where a—u > 0, and integrating 
over (0, 1), we obtain 

k+ia, 1 

J_ f da = f g(x)x°^-'« dx = ©(«—«>+ 1). 

*-100 0 

Moving the line of integration to a == A' < we obtain 
*' + <00 


_1 r _nH+±|i)_ xw da 

2m j r(i+iv-ia+ia) s-w 


*'—<00 


= Y(M>)+(5(g(— w+1). 

Hence the right-hand side is regular for u > 0, and we deduce as 
before that 


* + <00 


^ J 


r’(i+J»'+i«) 


®c 


«— a-f l)j-^^ = 0 {u<k). 

) a — w 


* — <00 

From (11.16.17) we deduce (ll. 16.11) as before. Hence 
* + <00 


vf«,) = JL r r(i-f|v-i«-f-ia) ® (u-H-a) 

^ 27 r» J r(Hi''+i«) 

*—<00 

* + <00 1 1 

/ Ti++K) - I ^ I ““ 

*—<00 0 0 

1 1 *+<00 


*-<00 


diJL 


0 0 
1 1 
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Af-f too 


J 


ft- too 


Ja— i^) 


da 


A X 

^ wil^p) J J dp X 


ik+too 


/ 


2«-a ^ i 


k—ioo 


r(|+iv+iat— 1«) 


(px)-*da 


(2ie)i-l« 

r(f 


— J /i^+‘“J,+ja{/ia:) d/i J sr{p/i)p*'+Hl— />®)*“-^d/). 


For this form of the solution to hold we must suppose that a > 0; 
the previous equations correspond to v = 0, a = — 1. 

As an example, let a = 1, v = 0, g(x) — 1; the solution is 


. 2/sin X cosx\ 


11.17. The method of Hopf and Wiener .f A method of Hopf 
and Wiener for solving the homogeneous equation 

00 

f{x) = J k{x—y)f{y) dy (0 < x < oo) (11.17.1) 
0 

will now be given. It depends on the following lemma. 

Lemma. Let <l){w) be an analytic function, regular in the atrip 
— 1 < t; < 1, and let 
00 

J |^(«+tv)|* du < K = K{a) 

— 00 

in any interior atrip — 1 < — a ^ w ^ a < 1 (so that, in partictdar, 
by the lemma of § 6.4, <l>(u+iv) -> 0 os « -> ± oo uniformly in any 
interior atrip). 

In any irUerior atrip — 1 < — )8 ^ v ^ p < 1, has only 

a finite number of zeroa. If they are Wi,..., w„, we can write 

l-<f>(w) = fy^^Aw—Wi)...(w-w„), (11.17.2) 

Y2\^) 

t Wiener and Hopf ( 1) ; Hopf, Radiative Equilibrium, Chap. IV ; Paley and Wiener, 
Fourier Transforme, Chap. IV. 
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where 4^i{w) is regular and free from zeros in r < jS, ^ 2 (^) ^ regular 
and free from zeros in v ^ — jS, and, in their respective half -planes of 
regularity. 


where k is a positive integer depending on 
Let = 


(11.17.3) 


where (w;*+ 1)*" is that single-valued branch in the strip —p < v < 
which behaves like for large w, and where k is an integer still to 
be determined. Then i/tiw) 1 as -> ± 00 . Hence we can choose 
k so that the variation of log0(u’) along the whole strip is 0. Having 
fixed k, let log ifsiw) denote the branch which tends to 0 as u-> ±QO. 

|log^(w)| belongs to uniformly in the strip. Hence 


1 


-iy+00 iy+ao 

f L»S«1)*_±, f 

J z—w 27ri J z—w 


-iy+00 iy+00 

log#(») = 

— iy — 00 ty — oo 

= XiM-Xii^) {— y <v<y), 
where 0 < /3 < y < 1, but y — /S is so small that no zeros of 
lie in j8 < « ^ y. Now Xi(w’) is regular for v > — y, and regular and 
bounded for v ^ — /3; and similarly X 2 ior v ^ p. Since 

1 A, ^ eX‘<«') (m,_ »•)-*»-* 


the result now follows. 

Suppose now ihatf(x) is a function which satisfies (11.17.1) for 
all real x, and is 0(e®*) as a; -> oo, where 0 < c < 1 ; and let 
k(x) = 0(e“**'), or more generally let e^'®'A;(x) belong to L^(—co,co) 
for all A < 1. Then as a; -> —oo 


f{x) = J e^^-y^\h(x—y)\e^ dy^ 

for any A < 1, where h(y) is L*(— oo,cx)); and by choosing A > c, and 
applying Schwarz’s inequality, we have 

/(X) = O(c^) 

for any A < 1. Thus F^iyo) is regular for v > c, F^{w) is regular for 
V < I, and K{w) is regular for — 1 < v < 1. 
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oo 

/ k(x-y)f{y) dy= j k{x-y)f^{y) dy 
0 -00 
(where /i(y) =/(y) {y > o), 0 (y < 0)) 

ia 4-00 

= J f'^(w)K{w)e-^"<’ dw (c < a < 1), 

ia—co 

by Theorem 64, The equation (11.17.1) therefore gives 

ia -f- 00 ta + 00 

J F^{w){\-^(2n)K{w))e-<’=^dw J F_(w)e-*^'‘’ dw = 0. 

ia — Vi ia—co 

Here each integrand is regular throughout the strip c < v < 1, and 
so in this strip we must have 

F4w){l-^{27r)K{w)}+F_(w) = 0, 

which implies that in fact each term is regular for v < 1. If 
are the zeros of 1 — ^{2tt)K(w) in — j8 ^ v ^ )3, by the 


lemma 




where and have the properties stated in the lemma. We can 
write this ^ 

and here the left-hand side is regular for v > — j8, the right-hand side 
for V < j8. Hence each side is an integral function, and by (11.17.3) 
this must be a polynomial of degree not exceeding \n-\-k. Hence 

F(w\ = 

where P(w) is a polynomial. Hence 

<a4-oo 


f , X _ 1 r 

' ^{2n) J (w—Wi)...(u>—w„)'' 

ia—oo 

satisfies the original equation (and vanishes for x <C 0). 
As a simple example, let 

k(x) = Ae-'*> (0 < A < jt), 


F(w) = 


g-lxl+ixw (Jj. 


^(27r) l-t-w*’ 


l-^(2rr)K(w) = J+r 
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The roots are w = ±V(2A— 1) = and 


(«)— 1»2) 






W — l 


<j>z{w) = w-\-i, 




ia+oo 


<a— 00 

ri'f ^ + V(1 2A) ^ ~ V( ^ g-ava-aA)] 

“ 1 2V(1-2A) ~ 2V(1-2A) /• 


11.18. An equation of A. C. Dixon. A similar problem is pre- 
sented by the equationf i 

/(x) = sr(a;)-fA dt. 

6 

This is satisfied formally by 

1 

f(x) = g(a:)-}-A J g(t)x(x,t) dt 


(11.18.1) 

(11.18.2) 


if x(x, t) satisfies the integral equation 


x(*.0 = 


x-\-t 




X 

J 


x(y»0 

*+y 


dy. 


(11.18.3) 


Putting X — e-f, y = e~’J, t = e-P, this is 


or, writing €-^xir^>^~h = ^(f). 


00 

/ 




2 cosh ^(^—i;) 


di). 


(11.18.4) 


Suppose that (^(f) = 0(eP^) as ^ cjo, where 0 < c < Then, as 
in § 11.17, <^(^) = 0(e*^) as ^ — oo. Let c < o < |. Then 0+(t«) 

is regular for v > c, <I>_(t4’) is regular for v < ^, and so (11.18.4) is 
equivalent to 

fa +00 fo+oo 

J dw-\- J dw 


ia— 00 


fa— 00 

t A, C. Dixon (2). 
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i6 + 

=VI) J 


cosh TTW 


dw-\-TT\ 


O^w) 


div, 


(11.18.6) 


where — J < 6 < J. We can take b = a. It follows that 

W.-- „ug.5) 
\ cosh TTW?/ V \2/ coshTTK; 

and — are regular and equal in the strip —a < v < a. Hence 
(11.18.5) is regular for v < ^. Hence is regular for v < 

except possibly for simple poles at the zeros of coshTrw;— ttA. Suppose 
for example that ttA = sin otTr, where 0 < a < J. Then the zeros 
are at /i / o i i \ • / r. ■ \* 


(i— <*)*> (—f— «)»>—. (— i+a)», (— i+a)t,.- 
^(m;) = 


Hence 


is regular for v < J. 

To cancel the poles of sechTW in (11.18.5) we must also have 

at w = —it,..., — (ra+J)t Hence 

r(~| + > a- |nTr(“r«':q^) = 

say. The most obvious function with these properties is 

i ^(- 1 )" «» 


'F(m)) = 


r(i— iw) »! w+(w+i)» 


and it is easily verified that this does in fact give a solution. 
The difference between two solutions of (11.18.4) satisfies 


00 

^(I) = aJ 


2coshi(^— 1}) 


(11.18.6) 


which is of the form (11.17.1). Here 


l-yl{2ir)K(w) = 1- 


COShTTW 


2wr(i— tw)r(i+w) 

"" r(i-t«+J»M')r(i- j«- iw)r(i+ jw)r(i+ i«-iw) 
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where 




2iTV(\-\-iw) 

Hi— i«+i*«>)r(i+ia+itw)’ 




r(f— 

r(i— w) 


have the properties stated in § 11.17. 


11.19. A problem of radiative equilibrium.! Consider a 
medium stratified in planes perpendicular to the axis of x, extending 
indefinitely on the positive side of its boundary x = 0. 

Let I (a function of x and 6) be the intensity of radiation of all wave- 
lengths, at any point, in a direction making an angle d with the nega- 
tive direction of the axis of x. Let p be the density at any point, and 
h the coefficient of mass-absorption, supposed independent of the 
wave-length. Let B (a function of x) be the intensity of black-body 
radiation corresponding to the temperature of the matter at x. 

The rate of absorption of energy per unit volume from the radia- 
tion in a solid angle to is 

kp jj I dot, 

while the rate of emission is 

ip jJ B dot = kpBot. 

Consider a narrow circular cylinder, area of cross-section a, the 
centres of whose ends are at x and x', and whose axis makes an angle 
d with the negative x-axis. The energy radiated from the x'-end 
through a distant area in the line of the axis of the cylinder, at which 
all points of the cylinder subtend approximately the same small solid 
angle ot, is /(x', Oytot; this is made up of /(x, 6)aot from the x-end, 
together with 

from the interior of the cylinder, v being its element of volume. 

In the limit as a ->■ 0, a» ->■ 0 we obtain 

7(x',0) = Hx.d)- j kp{B-I)8eced(. 

X 

and, making x' -»■ x, 

^ = ipsecd(/— J5). (11.19.1) 

For radiative equilibrium, the rate of absorption of energy per 
t E. A. Milne (1), Hopf (3); Hopf, Radiative Equilibrium, 
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unit volume from all directions is equal to the rate of emission in all 
directions: this eives 

27r IT 

4tTTkpB ^ fcp J J / sin 6 dO 


u u 


i.e. 


IT 

2TTkp J I Sind dd, 


2B = f /sin0 dd. 

j 

0 


(11 19.2) 


ji 

J kp dxy 


Putting 

(11.19.1) becomes 
Hence I = J B(t)secOe-^^^ dt 


^ = aecd(I-B). 

dr 


(11.19.3) 


The boundary condition is that the incident radiation is zero, i.e. 
that / = 0 for a; = 0, < 0 < tt. Hence 

T 

I = — J jB(<)8ec0e-<“*» dt (Jw < 0 < n). 

» (11.19.4) 

For 0 < 0 we choose K so that I is not exponentially large as 
T -> 00 , i.e. we obtain 

00 

/ = J ^(Osec e dt (0 < 0 < in). 

T 

Inserting these results in (11.19.2), we obtain 

lir 00 

B(r) = i j J B(t)aecee-*^Ut - 

0 T 

IT T 

— i J Bind do j B(t)aecOe-*""^ dt 

in 0 

00 iff 

= J J B{t) dt J €^^-*^^t&nede — 

T 0 

T W 

— t J B(<)d< J 


Z 



346 


INTEGRAL EQUATIONS 


Chap. XI 
(11.19.5) 


where 


J B{t)k{r — t) dt, 

0 

m = hj « 


dO 


00 

=*/ 


We can now appeal to the theory of § 11.17. We have, if » < 1, 

00 00 ^ 00 00 


00 

If. , 1 

^(27r)w J X ^(27t 


arctanw; 

) w * 


so that 1 ^J{2it)K{w) = 1 - 

w 

This has a double zero at the origin, and no other zeros in the strip 
— 1 < v < 1. Hence, with the notation of § 11.17, we put 


arctanu; 


... L arctanii;\ti;2+l 

m = (i — 

no additional factor being needed. Hence 

<y+oo 

iy— 00 

Also P{w} = «+j5t», where a and j3 are constants, and the solution is 


io+ 

J 




11.20. The limiting form of Milne’s equation. f Writing 

X 

J B(t) dr = f{x), (11.19.5) may also be written 


00 00 

m = ^jmdt j ^~dy 

0 |l-<| 

00 X+V 

“‘It"" j 


0 inax(0.x~y) 

t E. A. Milne (1), Hardy and Titchmanh (1), (2). See also Hopf (2). 
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X 

= i f ^{S{x+y)-f{x-y)] dy 

0 » (11.20. 

For large values of x this approximates to the form 




/'(*) = ^ J ~{f(^+y)—f(x—y)} dy. (11.20.2) 
0 


Theorem 165. ///(*) = O(c'W), where 0 < c < I, and both sides 
of (11.20.2) are finite and eqtud for every x, thenf(x) is a quadratic. 

The formal argument is similar to that of § 11.2. We have 


ia ^oo 


ib + co 


(11.20.3) 


ta—co ib—oo 

where l>a>r, — 1<6< — c. Hence 


/(*+y)— /(*— 2/) = — J F^(w)8}nywe-*^‘^dw —..., 

ia — oo 

00 

J y{f(^+y)-f(^-y)} % 


ia-l-oo 


ia—oo 0 

ia + oo 

2i r 

— 77 ^ I J’.(te)arctanwe-*'*“’dw — ..., 
V(2v) j 


(11.20.4) 

the dots indicating in each case the corresponding term involving 
F_(w). Also 

' ' ia+® 

._J_ f FJw)we-^^dw — .... (11.20.6) 

^/(27r) J 


m 


Hence (11.20.2) gives 

i<i4- 00 

f F+(w)(w—arctanw)e-^^dw +... = 0. 
ia—oo 

Hence, by Theorem 141, p. 255, FJw) and FJw) are regular for 
6 ^ < o, except possibly for a triple pole at the origin corre- 
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sponding to the triple zero of arctant^;; and F^{w) = 
Evaluating (11.20.3) by the calculus of residues, it follows that f(x) 
is a quadratic. 

To justify the process we shall first prove that belongs to 

Z/*(— cx),oo) if c* > c. For (11.20.2) gives 

/(,) _ j ftehfcM ij, + 

j y 

0 

00 

+ f {iix+y)-h^-y)} 
y J y 



say. If |/(a:)| < iTe'l*', 

1 00 

\ilt{x)\ <K ^ dy + ^ dy < KeP'^K 

0 1 
a:+l 

We may write <^(x) = f dt, 

J t—x 

where the integral is a principal value at ^ = x. We now appeal to 
the theory of conjugate functions. Let 

f-2 

f + l 00 f + 2 

Then J |<^i(ar)|® cfo: < J \^i(x)\^ dx = J \f{tWdi 

f-l -oo f-2 

by (5.3.3). Also, for 1 < a: < ^+1, 
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Altogether it follows that 


) dx < A f \S(x)\^dx < 

f-i iU 

Hence ^ i 

f \r(x)\^dx<Ke^^&, 

1-1 

I \f'{x) \^dx<K , 


and the result stated follows. 

It now follows that the integrals (11.20.5) exist in the mean-square 
sense, wF^{w) being jL*(ia— oo,ia-foo) if o > c. Also the inversion 
of (11.20.4) is justified by absolute convergence; for smyvo is 0(c“‘') 
for all y, and 0(|yu»|) for small \yw\, and so is 


0(|yt«l*e“i') 

for all y and w, and 

ia + Qo 00 

J \t\{w)w^ dw\ J dy 

ia—oo 0 

is convergent. This completes the proof. 

It has been proved by a more complicated method! that the result 
holds under less restrictive assumptions. 


11.21. Bateman’s equation.! Suppose that a function f(x) is 
represented by Fourier’s single-integral formula (1.1.7), not merely 
in the limit, but for some value of A, A = a say, exactly. Then 

TT J x—y 

— 00 

for a given a and all x. 

This is an integral equation of the form (11.2.1), but the conditions 
if § 11.2 are not satisfied, and the solution takes quite a different 
form. 

Suppose that /(a;) belongs to Let 

g{x) = sinaxlx, 0{x) = (|a:| < a), 0 (|a:| > a). 


t Hardy and Titchmarsh (9). 

t Bateman (1), Hardy (2), Hardy and Titchmarsh (1), (2). 
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Then (2.1.8) gives 



fm 

— 00 

—a 

(11.21.2) 

Hence 


(11.21.3) 


—a 


i.e. f{x) is a finite trigonometrical integral. Conversely, if f{x) is of 
the form (11.21.3), where F is (11.21.1) follows from (11.21.2). 
Hence 

Theorem 156. A necessary and sufficient conditicm that a function 
f{x) of should be a solution of (11.21.1) is that it should be of the form 
(11.21.3), where F is L^{—a,a). 

There are, however, simple solutions of (11.21.1) not belonging 
to L^; for example, cos 6a; and sin 6a; are solutions if —a < b < a, 
though not if |6| > la|. The next theorem includes these solu- 
tions. 

Theorem 167. ie^/(a;)/(l+|a;|) belong to L^(—aOy(X>), and let 
J sm X J sm X 

— ►—oo 

exist. TheUy iff(x) satisfies (11.21.1), it is of the form 

a 

fix) = fiO)+x J du, 

— O 

where xW belongs to L^{—a,a). 

It is easily verified that 

f = 2y(8_ma (y-y) _^| 

J X [ a;— y y J 

—a 

Hence .,,00 

^ J \ x—y y f 

—► — 00 

-►00 a 

— ^ J dy j (gtvu_g<wo8gnu)g-teuj;„ 
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tl —>00 

= ^ J e-^'^du J e'J'o**”") dy 


if we can invert the order of integration. This is obviously per- 
missible for the part with |y| < 1, and for the part involving 
and \y\ > 1. Also f{y)jy is L*(— oo, — 1) and L\\,co), and the 
integrals _i „ 

j y j y 

— 00 1 

exist in the mean-square sense. The inversion for these is a case of 
Parseval’s formula in theory. The y-integral represents a function 
of a,a), and this is the result stated. 

Theorem 158. Let 

a 

f(x) — f{0)+x J 

—a 


where ** L{—a,a). Then 

/(«) = - Jim f ^^S{x-y)dy. 

7T A — J y 


We may suppose /(O) ~ 0. Then 

A A a 


{^^f(--y)dy^ \^^ix-y)dy r 

J J y J 

—A —A ~a 


x(m)c-«®-«')“ d% 



A 

x(M)e~’^dM J sinaye**'” dy. 


The first term tends to ttx J e-*^"x(M) du = rrj{x), by the bounded 

—a 

convergence of the inner integral. The second term is 


a A 

— 2 i J J sin ay sin yw dy 

— O 0 


= _i r e-^u (^)(»m(«-«)A_s in(a-f-«)A l 

J a+u ) 

—a 

which tends to 0 as A oo with the given conditions. Hence the 
result. 
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The function f(x) = sin&x (16| < o) is a case of both these 
theorems; /(x) = sinoa; is not a solution of the equation. 

Also, if 0 < m < n, x-”'J„{x) is a solution of the equation with 
0=1. For 


Jn(x) _ a:«-m 

“ 2'‘V7rr(n+i) 




1 

J 

-1 

1 


{l^y^)n-ke^xv dy 


-1 


2»Vfrr(»+i) 


11.22. Kapteyn’s equation.f A Neumann series (for an odd 
function) is an expansion of the form 

( 11 . 22 . 1 ) 


f{x) — 2 ®2n+l*^n+l(*)- 


n*-0 


If/(x) is given, the coefficients Ojn+i may be obtained formally as 
follows. We have (e.g. from (7.10.1)) 

Hence, multipl3dng by «^to+i(<)/< and integrating over (0,oo), we 
obtain „ 

02m+i = (4m+2) J dt. (11.22.3) 

0 

The series formed with these coefficients is 
00 

2 (4n+2)J,„«(x) r dt 

nTo ^ ^ 


00 ^ 

0 '»-» ' 

(provided that we may integrate term-by-term) 

0 u 

- i f •'.<*-») f + -Irir) * 

0 0 

t See Watson, § 16.4, Hardy and Titchinarsh (1). Also Sears and Titchmarsh (1). 
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by § 11.12. The inner integral is 


00 00 

f du { f(u—v)'^^- du 

j « J u 

— « V 

00 V 

= f {/(^+^)+/(w— v)} - du +2 [ /(v— du, 

J u J u 

0 0 

and the last term gives 

XV XX 

J J^{x—v) dv J du j f{u) du J Jq{x—v)^^^ — — dv 

0 0 0 u 

X X 

— J du == f{x)— J f(u)jQ(x—u) du 

0 0 

on integrating by parts. The sum of the series is therefore f(x) if 

X X CO 

J /'(“)</o(a;— «) du = I j Jo{x—u) du J {/(^+tt)+/(|— «)}--— di, 

0 0 0 

and, by Theorem 150, this implies that 

00 

/'(«) = i J {/(^+w)+/(f-«)}‘^p di. (11.22.4) 

0 

This is Kapteyn’s integral equation. 

11.23. Before proceeding to rigorous analysis, we shall prove the 
following lemma. 

Lemma. For x > 0, t > 0, 


2(4?i+2)|y2„+i(x)J2„+i(<)| = 0{min(a:»,a:«)min(<», «-»)}. 

n **0 


We have 


J^(x) = 0(X-*) (n < ^z), 

— 0(1) (all n and x). 


(11.23.1) 

(11.23.2) 


and J„(x) == 0[^J"j = 0j^(g)”j (all « and X). (11.23.3) 


so that in particular 


Jn(^) = 0(2-«) (n>cx). 


(11.23.4) 
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2n+l 


= 0(xH-^)+0{t-^)+0{e-^) = 0{xH-i). 


For 1 < a: < < < 2ca: it is 


y 0{n)+fo{^]^0{x^)=0{xH-i). 

2n+T'-.3 ^ ' 


For X < 1 < < it is 


= - ‘>( 5 - 


2n+l-3 


For X ^ 1, j < 1 it is 


2 


Theorem 169, Let f(x) be an odd function of and let f(x)l{l + \x\)^ 
belong to 2y(— cx),oo). Then a necessary and sufficient condition that 
f{x) shonM be expressible by the Neumann series (11.22.1), with the 
coefficients (11.22.3), is that f(x) should satisfy (11.22.4). 

Suppose first that f(x) is expressible by the above series. 

It follows from the lemma that, for a fixed x, 

2(4«+2)1J2„+i(x)/2„+i( 01 = 0{min{l, «-»)}, 

0 

and the inversion of the above summation and integration is justified 
by absolute convergence. 

It is also clear from (11.23.3) that, if f(x) is expressible by (11.22.1), 
it is (like the sum of a power series) differentiable any number of 
times within the range of convergence of the series (here 0 to cx)). 
The final integration by parts is therefore justified. Hence Kapteyn’s 
equation holds. 

Conversely, if (11.22.4) holds, then f(u) is continuous, by the 
uniform convergence of the integral. The argument can therefore be 
reversed. 
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11.24. Solution of Kapteyn*s equation. Since, in § 11.22, f{x) 
is odd, (11.22.4) may be written 


or 


00 

/'(«) = i J 

U 

00 

f'{x) = — J f f{x—y)'^^^Bgnydy, 
j y 


(11.24.1) 

(11.24.2) 


and in this form f(x) is not necessarily odd. 

Theorem 160. Let f{x) belong to L\—co,co). Then a necessary and 
sufficient condition tfuit (11.24.2) should hold for all values of x is that 


L 

f{x) == J ^(tt)e-^“ du, 
-1 


where ^(u) belongs to L*(— 1, 1). 

The Fourier transform of g{x) = a:“Vi(x)sgna: is 


0{x) = i /(-) ^^^-sinxydy 


- i Rx (\x\ < 1), 


I / - r T V 


sgno; 


7^1 Ixl+^Jix^-'^) 


Hence, if F is the transform of/, 

‘70 1 


+i 


tF(t)e-(^ dt +i / - 


(1*1 > 1). 

+ 

F(t)e-i^ 




dt; 


— ^ of the integral of this with respect to a: is 


-1 

“V('2^ / 


F{t)e-^ di 

4 . • 


1<1+V(<*-1) t 
1 


+- 


F(t)e-*^ dt 

T)t' 


V(2w) J '\/(2"’) J 

and, by the theory of § 3, the necessary and sufficient condition 
that this should equal f{x), or differ from it by a constant, is that 
F(t) = 0 for |<1 > 1. This proves the theorem. 
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Thbobbm 161. If 

1 

f{x)=f{0)+x j x{u)e-i-«du, 

-I 


where belongs to 2/(— 1, 1), then f(x) is a solution of 

(11.24.1). 

The term /(O) is a solution, so may be omitted. We then have 

00 

0 

00 1 

= I J ^ (*+l) di j du - 

0 -1 

00 1 

-I J ‘7^- ^ J du 

0 


1 00 

= — i* J J* — sin^df + 

-1 0 

# 

1 00 

+ J J Ji(i)oos^udi 

~1 0 


= —ix J + J =f(x) 

-1 -1 

(Watson, § 13.42) if the inversions are justified. 

The repeated integral with the factor x outside is absolutely 
convergent; the inversion of the other is justified by dominated 
convergence provided that 

T 


J Ji(^)cos^udi 


< 


K 


for all T. 




Here the leading term in the asymptotic expansion gives terms like 

T T 

f cosf cosfu f co8f(l~w) 1 ) , 

J J “" Vf "" ^ ® fenr .-) +■■■■ 

11 

and the result follows. 

f{x) = sin a; is an example of this theorem. 
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Theorem 162. Let /(«)/(!+ kl) belmg to L^—oo,co), and 
/(^)/(l + to i(— (X),oo). Then, if f{x) satisfies Kapteyn's eqiiation, 

1 

f(x) = ^ J 
-1 

where x{tt) belongs to L\—l, 1). 

The formal argument here is that, if f{x) satisfies Kapteyn’s 
equation, it is expansible in the form (11.22.1); and then 

’-L ' -i 

= 2 ®2n+l*^2n+l(^^) = /(^)' 
n“0 

Thus/(a;) satisfies Bateman’s equation (with a = 1), and so is equal 
to a Fourier integral with limits (—1,1). Owing to convergence 
difficulties we have to apply the argument indirectly. We have 
instead 


1 F /(x)— aiJx(x) Bind— a;) ^ ^ f *^2n+i(a^) 

ir J 3^ X J X 3^ 


ao 

-Z” 


n«l 


/(g)-OiJi(g) 

2n+l ^3 ^3 


This inversion is justified by absolute convergence, since the lemma 
of § 11.23 shows that 


2(4„+2)JfV„„(oU/|“f:7> 

0 “00 

is convergent. 

It now follows from Theorem 156 that 

where <f>{u) belongs to 2/^(— 1, 1). Hence 

i(„) = i- f dx (-l<u<l), 

' 277 J a;® 


^2n+l i^) 

/y»3 


da; 
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and, since {fix)—a^Ji{x)}lz belongs to 2/*( — 00 , 00 ), <f>{u) is the integral 
of the integral of a function of L^. Integrating by parts twice, we 
obtain 


/(g)-OlJl(x) 

X 


1 

= *(oc**+6e-<*)+(ce‘*+de-<*)+ J 

-1 


where x is 1> i); since the left-hand side is 00 ), a, 6, c, 

and d must vanish. This proves the theorem. 


11.25. A differential equation of fractional order. The 
integral equationf 00 

/(*) = J (y-«)“"y(») dy (11.26.1) 

X 

may be regarded as a differential equation of order a. Suppose, for 
example, that a is a positive integer p, that f(x) tends to 0, as a; 00 , 
with sufficient rapidity, and that 


/i(*) = / f(y) = J Uy) # 

X X 


Then, if we integrate repeatedly by parts, and write z for /^(x), 
(11.26.1) becomes 

= (-1)»'A2. 
dxP ' ' 


The only solutions of this are finite combinations of exponentials. 
The general equation (11.26.1) is of the form (11.2.1), with 

Hx) = (x > 0), 0 (x < 0). 

The theory of §11.2 is not applicable, since k{x) does not satisfy 
(11.2.3). But the equation still has exponential solutions. The 
conditions that /(x) = should be a solution are that R(o) > 0 
and A = a®, where o“ means and logo has its principal value. 

If A > 0, o may have any of the values 

XV<xetniioi (r = 0,±l,.-) 

for which \2ml<x\ < Jtt. If a < 4, and in particular if a < 1, the 
only admissible value of a is A*/“. We shall prove that in this case, 
at any rate, the solution is unique. 


t Hardy and Titchmarsh (7). 
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Theorem 103. Let f(x) be mtegrable over any finite interval 
0 < ^ X ^ x.y, let X > 0, 0 < OL < 1, and let 

m == f4) J <y-^)^-Wdy (11.25.2) 

-►X 

for every 'positive x. Then 

fix) = Ce-'", 

where a — A*/“, and C is a constant. 

If (5(s) is the Mellin traasform of fix), wc have formally 

00 ao 

r^) J j* 

0 X 


00 y 

= f^) J ^y J* ^~\y-^Y~^ dx 


Ar(5) . , 

1 (5 + oc) 

We shall prove that this is in fact true, and base our solution on it; 
but we cannot justify the inversions as they stand, and we have to 
proceed indirectly. We require the following lemma. 


Letf f*ix) = J /(y)(y-a:)“-» dy 

-*X 

for every positive x. Then, ^/j3 > 0, 

r c 

r’ljS) J "" i\a+p) J ^y’ 

i.e. (11.25.3) 

To prove this, we have to justify the inversion 

c c r y 

j («— 1)^’^ dx j fiy)iy-x)°‘-^ dy = j fiy) dy j ix-i)^-^y—x)°‘-^ dx. 

■>f -*x f 

r c c y 

Clearly | ... /.••=/ ... / .... 

and it is sufficient to prove that 

f I 8 y 

d = I f(y)dy f ix-i)P-\y~x)^-^ dx -> 0 

i 

t Soo Bosariquet (1) for a proof under much more general conditions. 
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as 8 -> 0. Now 


c 

•^ = f /(y) f (*— <ix 0 

f+« i 

ow f+8 


and the result for this follows from the second mean- value theorem 
and the existence of f /(y)(j/— dy. 

Also „ f+8 

J= j f(y){y-ir-^dy j 

i-hS ( 

and the inner integral is steadily increasing with y, and its value 
when y = c is 0 ( 8 ^). Hence the result for this part also follows from 
the second mean-value theorem. 

Proof of Theorem 163. Let c > 1, 0 < a; ^ Jc, and write 

C ->oo 

/(*) = p^-j J fiy){y-x)'=^~^dy I f{y)(y-x)<^-^ dy 
say. Then a 

fSi^) = J {/^(y)+g'(y)}(y-a:)“-‘<^y 

—►X 

= V2a(«)+Agr*(a:) 
by (11.26.3). Hence 

fix) = Ay(*)-f-AV*(x)-f-A*/J.(a;;. 

Repeating the argument, we obtain 

fix) = Agf(a:)+A!V;(«)+...+AVn-i)a(^)+^’‘/^(*). (11-25.4) 

C 

where f*^ix) = J /(y)(y-*)’*“-^ dy. 

X 

By taking n large enough, in particular noc > 1, we obtain 

c 

|/(x)l < i>ix)+-^ J |/(y)l dy, ( 11 . 26 . 6 ) 

X 

where tftix) is bounded as x ^ 0. Hence fix) is boimded as x 0; 
otherwise there would be a sequence of values of x such that 
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l/(*)l >f(y) (a: ^ y ^ c)y |/(^)|->cx), which is inconsistent with 

(11.25.5). It then follows that is continuous for 0 ^ a; ^ c, and 
hence so is /(a:). Denote its limit as a: -> 0 by /(O). 

We can also differentiate (11.25.4), and it follows that /'(a:) is 
bounded near the origin. The argument could be carried on in- 
definitely, but all we require is that 

m-m = o(x) 

as a; 0. i 

Now gf{a) = J {f{x)—f{0)}if-^dx + J f(x)x’-^dx 
0 1 

primarily for 0 < c < a, and then, as an analytic continuation of 
*S(s), for —1 < a < a. Since 

00 

J /(O)a--I dx = (<T < 0), 

1 

—►00 

we have g(5) = J {f(x)—f{0)}x^-^dx (— 1 < a < 0). 

0 

Inserting values of f{x) and /(O) given by (11.25.2), we obtain formally 

—►00 —►00 

5(«) = J* j ^y + 

0 X 

—►>00 X 

'^ ~r\(x) J j y°"^f^y)^y 

0 0 

—►00 y 

= J fiy) dy j dx + 

0 0 

+ p^ J J 3*-^dx 

0 V 

r(«) J ■''*"\r(«+«)’ » I 

0 

— ►oo 

+.rt) J IW^-'dy 

= f <^3/ = 5(«+«). 

r(3+(x) J ^ r(a-f-at)"' 

0 

We shall show that this process is valid if *~a < a < 0. 
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For the first term, the integral over y ^ N can plainly be inverted, 
and it is sufficient to prove that 

{(y-x)«-^-y--^}f{y) dy (11.25.6) 


N 


and 


j x>-^dx j {{y-x)‘-^-y«-^}f(y) dy (11.25.7) 

N X 


tend to 0 as iV^ ->QO. Now by the second mean- value theorem 
-►00 ^ ^ i 

J {(y-a;)“-*-y“-^}/(y) dy = [(l— J l/“~V(!/) dy\ 

N N 

the last integral is bounded, and 

N 1 

j* a:<'-ij|l_^j“‘'-lj dx = N” j* {(l-M)“-i-l}M<'-idtt = 0(iV‘'), 
0 0 

giving the result for (11.25.G). Also (11.25.7) is 

—►00 00 — voo 

J .•c*-V'(x) dx — j x*-i dx J y“-y(y) dy, 


r(«) 

A 


.V N 

which plainly tends to 0. 

The inversion of the second term is equivalent to integration by 
parts: 


J X’-^ dx j y^^-^fiy) dy = j j y°‘~^f{y)dy — j J x’+°‘-^f{x) dx, 
0 0 *- 0 0 0 


and the integrated term tends to 0 at each limit. 


Let 


x(«) = A*/» 


m 

r(s)- 


Then the above result is equivalent to 

X(«+oi) = x(«)- 

Thus x(^) has the period a, and is regular for — 1 < a < 0, and so 

~>a0 

everywhere. Also, if h{x) = J dy = o{l), 

X 

— >00 

g(s) = 0(1)+ I f{x)x’-^dx 

1 

GO 

= 0(l)+A(l) + (5-a) J A(x)x*-“-idx 

-0(|<|) i-KaKO). 
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Hence ;^(a) = 

for — 1 < a < 0, and so on any line parallel to the imaginary axis. 

Hence , , 

Icdogz 

2ni 

is one-valued, and 0(log^rri“) as |z| = r->oo, and O(log"^{l/r)r-i“) 
as r ->■ 0. Hence x{«) is a constant, 

g(«) = C'r(a)A-*'“, 

and, by Theorem 32 , 

Ac-fioo 

f{x) = ^ J r{s)A"*/“a:-* ds (0 < ^ < a) 

k-ioa 

11.26. A probability problem .| A function f{x), such that 
f{x) > 0 and „ 

J f(x) dx == 1, 

— 00 

defines a law of errors, which asserts that the probability that the 
error in making a certain measurement lies within the range (x^, 

is I f{x) dx\ or that, for small 8x, the probability that the error lies 

Xx 

in (x,x+8x) is to a first approximation f(x) 8r. 

Suppose that we observe two quantities P and Q, and that the 
errors in observing them, p and q, are distributed according to laws 
/(x) and g{x). It is required to find the corresponding law for P+Q. 

If p and q are capable of taking integer values only, and the x>ro- 
portion of times that p is x is/(x), and that (7 is y is g(y), then the 
proportion of times that is f is 

2 1fix)9iy) = 1f(x)g($-x), 
i.e. the ‘resultant’ of / and g. 

In the continuous case, a similar argument with f{x) Sx and 
g(g) Sg leads to „ 

J f(^)g(i-x) dx 


t P<iiya (2). 



INTEGRAL EQUATIONS 


364 


Chap. XI 


as thelawforjp+g. We can prove this rigorously as follows. Strictly, 
p and q run through sets of points and such that 

X X 

mEyip < a:) = J /(«) du, mE^{q < a;) = J g(u) du. 


— 00 
X 


Let /i(a;) = J /(«) du, g^ix) — J g(u) du. 

— 00 — oo 

Consider the sum 

n“ — 00 

The term in n represents the probability that p is in (nS, (n+ 1)8) and 
q is ^ f — wS. For such p and q, p+q < ^+8. On the other hand, 
if p+q < I, then nS ^ p ^ (n+l)8 and q < ?i8 for some n. 

mE(p+g < S < mE(p+q < ^+8). 

Since / is L, and is continuous and tends to 0 as x -> — oo and 
to 1 as a; -> 00 , it is easily seen that 

00 

2 f di = 0, 

S-^0 n** — 00 A 


i.e. that 
Hence 


n8 

QO 

UmS= f /(08'i(|-<) 
8-^o J 


mE(p+q < I) = J /(i)ffi(i—0 ^ 


— 00 


J f(t) dt J g{x) dx- j f{t) dt J g(u—t) du 


— 00 

i 


= j du j f(t)g{u—t) dt, 

— 00 —00 

which is equivalent to the result stated. 

lif(x) gives a law of errors, so does -/(-V We now ask for what 

a \aj 

law of errors the resultant of two laws of this form is also of the same 
form. 

Theorem 164. Let f(x) ^ 0, letf{x) and x^f{x) belong to Z/(-— oo,oo), 
and let 

//•A //*• « A 

(11.26.1) 




for every x, where a, 6, c, are given positive numbers. 
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Then the conditions are consistent only if and in thut 

case I 

f(x) = ~ 

^ ^{2nk) 

almost everywhere^ where h is a constant. 

The integral „ 

J x”'f(x) dx = K^ 

— ao 

exists for m — 0, I, 2. Now, for m = 0, 1, 2, 

I J iy 

— 00 — 00 — 00 

= s I •^(i) '*>' J <’+“>"■^(1) '*“■ 

— 00 —00 

and, in the three cases m = 0, 1, 2 this gives 

Ao = Kl (11.26.2) 

cAi = cAiAo+feAoAi, (11.26.3) 

= a^K^K^+2abK\+b^K^K^. (11.26.4) 

Assuming that f{x) is not null, (11.26.2) gives Aq = 1* Hence 


(11.26.3) gives (a+6-c)Ai = 0, 

and (1 1.26.4) gives _ 2a6A?. 

But by Schwarz’s inequality 

K\ < AoAj = Ao, 

so that (11.26.6) gives 

c^—a^—b^ < 2ab, 
c <! flt-f-6. 

Hence (1 1.26.5) gives A^ = 0, and (11.26.6) gives 

c* = o*+6*. 

T X ® ^ — a 

Let - = a, z P’ 

c c 

Then, putting x = c$, y = c-q, (11.26.1) becomes 


(11.26.5) 

(11.26.6) 




a*+/3* = 1. 


where 


(11.26.8) 
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Let <I)(a;) = ^J{27t)F(x) = J dt. 

— CO 

Then, by Theorem 41, (11.26.7) gives 

<^(x) = ^(aix)<^(Px), (11.26.9) 

Using (11.26.9) for each term on the right, we obtain 
<I>(a:) = 0(a®a:)0()3ota:)C>(a)3x)C>()3*a;), 

and so generally 

0(a:) = <I>(ym,i^)‘I*(ym, 2 a:)...<l>(y„,„a:), 
where m = 2"^, and the rn numbers Ym^m *^^0 the 2" terms 

obtained by expanding 

Hence y^,i+yk 2 +-+y^m = = 1. 

Also Yjn^^ is of the form where p-\-q = n\ and hence, supposing 
a > we have ^ ^ 2,..., m). 

Hence maxy,„ „ -> 0 as w -> oo. 

Now since /(a:), xf{x), and x'^f{x) belong to Ly<b(x), and O'' (a:) 

are continuous: and 

' 00 

‘i>(0)= jmdt=^K^ = \, 

— CO 
00 

a)'(O) = J S{t)it dt = iKi = 0, 


<I)''(0) = - J dt = -k, 


say. Hence, in the neighbourhood of a; = 0, 
logO(a;) = u(x)+iv(x), 
where u{x) and v(x) are continuous, and 

u(0) = v(0) = u'{0) == v'(0) = 0, 
and Z4"(0) = — fc, ^"(0) = 0. 

Hence 

m 

log<I)(a;) = 2 {<Ym.^^)+iv{Ym,i^x)} 

ft-i 

m 

= ym.M *) + ym.^ *)}. 

where 0 < 0^^ < 1, 0 < 6^ <1. As m ->• oo, each y„ -»• 0, and 

hence so does each 0m,nYm,n> uniformly with respect to [i. 
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m 

logO(a:) = lx^J,Yl,.^L{~^+o{i)} 

/i»l 

== — \1cx^-\-o ( 1 ), 
logO(a:) = (^{x) — 

and so (by Theorem 27) almost everywhere 

00 

— 00 

i.e. the law is Gauss’s law. 


11.26, 11.27 

Hence 

i.e. 


11.27, A problem in statistical dynamics. f Consider an 
assemblage of atoms moving in one dimension in such a way that the 

r 4 Sv 

fraction of them with velocities between v and v+Sv is J f{x) dx, 

w -I Sir 

At a subsequent instant let a fraction J (f){v, x) dx of those with 

ir 

velocity v have acquired increments of velocity between w and w+8w. 
Then, by an argument similar to that used in the previous section, 
the fraction of the whole which finish with velocities between v' and 

v'+Sv' is J g{x) dxy where 

V* 

oo 

g{v’)= J f{v)4>{v,v'—v)dv. (11.27.1) 


For a steady state g ~ fy so that / satisfies the integral equation 

00 

/(«')= J f{v)<f,(v,v'-v)dv. (11.27.2) 

— 00 


Suppose now that the motion is defined as follows. The centre of 
mass of atoms moving with velocity v moves according to the 
equation 

dt 


-XV (A>0), 


so that after time t its velocity is ve-^. Superimposed on this motion, 
the atoms are given increments of velocity u in time ty the proportion 
of those with increment between u and u-\-hu being ils(u) 8w; and this 
increment is uncorrelated with Vy so that the proportion of those 


t K. A. Milne (2); Fowler, Statistical Mechanics, §19.5. Milne’s original method 
requires heavier restrictions than those assiuned here. 
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with velocity v having the additional increment between u and 
is also ^{u)hu. It follows that 

== ^(u)y 

where ^{u) is independent of v, but of course depends on t. Putting 
v' = ve'^^+u, this is 

</>(v,v'—v) = 

The condition for a steady state is therefore 

00 

f(v') = J /(v)^(v' —ve~^) dv. 


where, as in the last section, 

OO 00 

J f{x) dx = \, J ^(x) dx = 1. 

— 00 —00 

Let F and T be the transforms of / and tfs. Then 

00 00 


— 00 —00 

We now show that a certain assumption about the limiting behaviour 
of ffi(x) aat->0 actually determines all the functions completely. We 
assume that positive and negative increments u are equally likely, so 
that t(i{u) = and also that, as < ->• 0, for any fixed positive 8, 

6 00 

J x^{x) dx at, J ^(x) dx — o (<), 

where a is a constant. It follows that, as < -> 0, for a fixed 

00 00 

V(2ir)TO-l = J 0(x)(c<f*-l)dx = 2 J^(x)(cos|x-l)dx 
— 00 0 
a a 

= — J xhfi{x) dx + j ^{x)0{x^) dx +0 
0 0 

= -|V+o(0}+<?(8*0+o(<), 



>p(v' —ve~^)e^^'°' dv’ 
0(ar)e»f“-"+<f* dx 
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and by choosing first 8 and then t sufficiently small it follows that 

V(27r)'F(|)~l Pat 

Hence 

y(^)- F{$e-^M2ny¥(i)-l] a$F{0 

A 

aa « 0; i.e. F'(i) = -a$X-^F(i). 

Hence F(() = C 7 e-*“f'\ 

and C = F{0) = (27r)”^. Hence 




i g-iAxVa 


i.e. the distribution is ‘Maxwellian’ 
Hence also 


and hence 


\j{27r) ^J(2 'it) \ 2A 
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